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CHM 304 — Thermodynamics (Revised)
First law of thermodynamics
Introduction
Scope of thermodynamics, system and surrounding/universe, states and state functions.
Thermodynamic variables.
Expansion or pdv work. Relationships between AE, AH and q. Common thermodynamics
problems — partial derivatives of heat capacities (Cp and Cy) and relationships heat capacities of
gas, liquid and solid. Thermochemistry — temperature dependence of enthalpy, Kirchoff’s law.
Application of first law of thermodynamics to (a) ideal gases (b) real gases.

Second law of Thermodynamics

Introduction

Need to study the second law. Mathematical statement of second law — Carnot cycle, Carnot
theorem. Entropy of a system — Isothermal, adiabatic, isobaric and isochoric changes and
calculations. Entropy of irreversible processes, carnot refrigerator.

Free Energy function, Pressure and temperature coefficients of free energy (AG) and equilibrium
constant, AG and AH relationship, Variation of equilibrium constant, K, with temperature, AG and
maximum work, AG and electrical work, Clapeyron, Classius-Clapeyron, Gibbs-Helmholtz
equation equations.

Third law of Thermodynamics - Entropy at absolute zero temperature and total entropy of
phase changes

Application of Thermodynamic concepts to mixtures and solutions; Entropy, enthalpy, and free
energy of mixing, Open system and Chemical potential, Chemical potential of ideal gas mixture
or solution, Fugacity function, Partial molar quantities — Gibbs-Duhem equation, Phase rule and
phase diagrams, Ideal binary mixtures — Rauolt’s and Henry’s laws, Solubility and Pressure,
Solubility and temperature, Solutions of involatile solutes — The colligative properties, Colligative
properties of electrolytes




The First Law of Thermodynamics
There are several word statements of the first law of thermodynamics:
Energy is conserved.

(Which is another way of saying that energy cannot be created or destroyed. You can
change its form, but you cannot create it or destroy it.)

It is impossible to make a perpetual motion machine of the first kind.

(A perpetual motion machine of the first kind is a system that gives energy to the surroundings,
but produces no change in the system itself and no other change to the surroundings. This
statement implies that there is a perpetual motion machine of the second kind. We will find out
about a perpetual motion machine of the second kind when we meet the second law of
thermodynamics.)

The mathematical statement of the first law is phrased in terms of a process. Given any change or
process,

initial state — final state

AU = Ufinal = Uhnitial 5
or

state 1 — state 2

AU=U,—-U:.
(Initial and final states must both be at equilibrium.)
Then the first law of thermodynamics says that

AU=gq+w.
The first law of thermodynamics is a law of observation. No one has ever observed a situation
where energy is not conserved so we elevate this observation to the status of a law. The real
justification of this comes when the things we derive using the first law turn out to be true - that
is, verified by experiment.
(Actually there are situations were energy is not conserved. We now know that in processes
where the nuclear structure of matter is altered mass can be converted into energy and vice versa.
This is a consequence of special relativity were it is found that matter has a "rest energy," mc?,

where m is the mass to be converted to energy and c is the speed of light. As a consequence of
nuclear energy we should say that,



Energy + the energy equivalent of mass is conserved.
Then the first law would be written,
AU=q+w+ Amc>.

For chemical processes the change in energy due to changes in mass is negligible - though not
Zero - SO we can ignore it.)

The first law can be written in differential form,
dU=dq + dw
Which is called the differential form of the first law.

(Actually, this is the differential form of the first law for a closed system, that is, for a system in
which no material moves in or out of the system. Later we will write the differential form of the
first law for an open system, where material can move in or out of the system.)

Note: Some writers like to use a special symbol for the d in dg and dw to indicate that these
differentials are not in the same mathematical class as, for example, dU. We will not use this
notation. As soon as we have learned what the difficulty is with the present d you will be
expected just to remember that the d in dg and dw is different than the d in dU.

pV Work

We have seen that the expression for work must be obtained from physics. The expression for
mechanical work, force times distance, is given by,

dw = felx
or, for a ﬁn’ite change,

W= ] F(x)dx.

We would now like to apply these expressions for mechanical work to the case where work is

accomplished by the expansion or contraction of a system under an external pressure.

Let us consider a cylinder of cross-sectional area A fitted with a piston. The apparatus is arranged
so that the piston encloses a sample at pressure pin, and the piston is attached to a mechanism
which will maintain an external pressure, pext, in the apparatus. We will assume that pint > pext.

It turns out that it is easier to calculate the work done on the surroundings, w'. (Recall that w' =
—w.) In this case,

dw' = fdx. (1)



The piston is released to move a distance dx. Since pressure is force per unit area, the force
against which the piston moves is pext 4. So the work, dw' is

dw' = fdx = pext Adx. (2)

But Adx is a differential volume swept out by the piston in the expansion. Call the differential
volume Adx = dV. Then

Aw' = fdx = pext Adx = pexi dV. (3)
Going back to work done on the system, dw, we find,
dW = - dW' = _pext dV (4)

Reversible and Irreversible Processes

A reversible process is one that can be halted at any stage and reversed. In a reversible process
the system is at equilibrium at every stage of the process. An irreversible process is one where
these conditions are not fulfilled.

If pint > pext in an expansion process then the process is irreversible because the system does not
remain at equilibrium at every stage of the process. (There will be turbulence and temperature
gradients, for example.) For irreversible processes, p}/ work must be calculated using

dw = _pexth. (5)

On the other hand, if pint = pext then the process can be carried out reversibly. Also, there is then
no need to distinguish between external pressure and internal pressure so that

Pint = Pext = P

and there is only one pressure defined for the system. In this case, which will account for the
majority of problems that we deal with,

dw=—pdV, (6)
and
¥
w=—| pdV.
'[Vl (7)

Example Calculations
First example: A reversible expansion with dp = 0. That is, a process at constant pressure.

We write our expression for reversible work done on the system,

w——jyzpa’V
ne o (7)

If pressure is constant then the p can be brought outside the integral to give,



= —p_L; av
=-p(y-7)
=-pAV. (8. a,b, c,d)

(The answer will come out in Latm and should be converted to J using 1 Latm = 101.325 J.

Second example: An isothermal reversible expansion. That is, d7 = 0. We use the same starting
place

4]
W= —I pdV,
g (7)
but this time pressure is not constant and will change as V' changes,

¥
W= —L{ p()dv. o)

In order to do the integration we must know how pressure varies with volume. We can obtain
this information from the equation of state. If our substance is a gas we can get an approximate
value of the expansion work using the ideal gas equation of state, where

_nRT
% (10)
Substituting the ideal gas expression for pressure into Equation (7) we get
% RRT
- —J'V’ = av
S (11)

This time 7' is constant so that we can bring the nRT outside the integral to get.

v,
W= —nRTJ'V‘ %d v,
1

(12)
Which integrates to give
w=-nRT(InV, - I])
=-nRTIn 14 .
4 (13a, b)

The next best approximation would be to approximate the volume dependence of the pressure
using the van der Waals equation of state.

= nRT  an’

V-nb V'
We will leave it as an exercise for the reader to calculate the expansion work for a van der Waals
gas.




A better approximation yet could be obtained using the virial expansion to give the volume
dependence of pressure,

2
o= ?’IRT(1+ B(T)n N C(T)n > .

v v 2 )

The General Case

Suppose we go from p1 V1 to p2V> by some general path. The reversible work is still represented
by Equation (7),

4

W= —_[ pdv.
g (7)

The path from p1V1 to p2V> can be represented by a curve on a p-V diagram.

j 21

o

The integral in Equation (7) can be represented by the area under the curve which goes from p1 /1
to p2 V>, so that the work becomes,

w = — area.
Notice that there are many possible curves which would connect the points p1 /1 and p2V> and
each curve would have a different area and give a different value for w. We conclude that w
depends on the path, unlike AU which only depends on the initial and final states. We call
variables like U, p, V, T, and so on, state variables because AU, Ap, AV, AT, and so on, do not



depend on the path, but only on the initial and final states of the system. A quantity like w which
does depend on path is not a state variable. We will never write w with a A in front of it.
We will soon see that ¢ is also path dependent.

Heat and Heat Capacity

If we add heat to a sample of material, often the temperature will increase. (If we are at the
temperature of a phase change, for example ice in water, the temperature will not change it will
just melt some of the ice.) Away from a phase change adding heat will always give an increase in
temperature. The amount of the temperature increase depends on how much heat was added, the
size of the sample, the original temperature of the sample, and on how the heat was added. The
two obvious choices on how to add the heat are to add it holding volume constant or to add it
holding pressure constant. (There may be other choices, but they will not concern us.)

Let's assume for the moment that we are going to add heat to our sample holding volume
constant, that is, dV'= 0. Let g, be the heat added! (the subscript, V, indicates that the heat is

a

being added at constant V). Also, let AT be the temperature change. The ratio, AT depends on
the material, the amount of material, and the temperature. In the limit where g, goes to zero (so
that AT also goes to zero) this ratio becomes a derivative,

|9 _
[ BT]V <
v : (1)
We have given this derivative the symbol, Cy, and we call it the "heat capacity at constant
volume. Usually one quotes the "molar heat capacity,"

4y
AT

g?—>0

\. C
ol )
We can rearrange Equation 1 as follows,
dgy =CydT

3)
Then we can integrate this equation to find the heat involved in a finite change at constant
volume,

T?
7y =j CydT

d 4)
If Cyis approximately constant over the temperature range then C, comes out of the integral and
the heat at constant volume becomes,

‘S’V:CV(TZ_TIJ. (5)

Let us now go through the same sequence of steps except holding pressure constant instead of
volume. Our initial definition of the heat capacity at constant pressure, C, becomes,

]_irn q_p = a_g =C
g —0| AT ar), ¥
’ P : (6)



The analogous molar heat capacity is,
C

=l = 4

Cp = Cpm - T

: (7)

Equation (6) rearranges to,

dg ,, =C»dT
fpoEpdt (®)

which integrates to give,

T’!
qp=j CpdT

T . )

When C, is approximately constant the integral in Equation (9) becomes
¢, =Cp(T27T1) (10)

Very frequently the temperature range is large enough that C, cannot be regarded as constant. In
these cases the heat capacity is fit to a polynomial (or similar function) in T. For example, some
tables give the heat capacity as,

Tp=+ 6T+ T (an
where a , f, and y are constants given in the table. With this temperature-dependent heat
capacity the heat at constant pressure would integrate as follows,
T2
g,=n| (@+sT+ »TAT
T

e R L S N . O
7 @ (T Tl)+’32(72 72)“33(7‘% le). (12a, b)

Occasionally one finds a different form for the temperature dependent heat capacity in the
literature,

~ = o+ + .7 "2
Cp=a +bT +cT 72 13)

When you do calculations with temperature dependent heat capacities you must check to see
which form is being used for C,.

1. We are using the convention that ¢ will always designate heat absorbed by the system. ¢ can
be positive or negative and the sign indicates which way heat is flowing. If g is positive then heat
was indeed absorbed by the system. On the other hand, if ¢ is negative it means that the system
gave up heat to the surroundings.

Energy, the First Law, and Enthalpy



We have agreed that work, potential energy, kinetic energy, and heat are all forms of energy.
Historically, it was not obvious that heat belonged in this list. But beginning with the
experiments of Count Rumford of the Holy Roman Empire, and later the experiments of Joule, it
became clear that heat, too, was just another form (or manifestation) of energy.

Recall that we defined the internal energy, U, as the total energy of the system. (Although the
existence of atoms and molecules is not relevant to thermodynamics, we said that the internal
energy is the sum of all the kinetic and potential energies of all the particles in the system. This
statement is outside the realm of thermodynamics, but it is useful for us to gain an intuitive "feel"
for what the internal energy is.)

Recall also that energies are always measured relative to some origin of energy. The origin is
irrelevent to thermodynamics because we will always calculate changes in U and not absolute
values of U. That is, we calculate

AU = Uﬁnal_Uinitial. )

In words, this equation reads, "the change in the internal energy is equal to the final internal
energy minus the initial internal energy." This equation also reminds us that U is a "state
function." That is, the change in U does not depend on how the change was done (in other words,
on the path), but depends only on the initial and final states.

Recall that the first law of thermodynamics in equation form for a finite change, is given by,

&U=q+w. (2)

Equation (2) tells something else of importance. We know that U is a state function and that AU
is independent of path. However, w is not a state function so that w depends on path. Yet the
sum of w and ¢ is path independent. The only way this can happen is if ¢ is also path

dependent. We now see that we are dealing with two path-dependent quantities, g and w.

For a differential change we write the first law in differential form,

The w in Equation (2) or the dw in Equation (3)3 includes all types of work, work done in
expansion and contraction, electrical work, work done in creating new surface area, and so on.
Much of the work that we deal with in thermodynamics will be work done in expansion and
contraction of the system, or pJ work. Recall that the expression for pV work is,

dw = —pdl/ . (4)

If we want to include both pJ work and other types of work we can write the first law as,

dU=dg=pdV +dw 0, )

Let's now confine ourselves to systems where there is only pV work. In this case the first law can
be written,

Suppose we now regard U as a function of 7"and V. That is, U = U(T, V). Then, for dU we can
write,



dU = [gl dT+[g] av
v T

aT av %
For a process at constant V' (dV = 0) Equations (6) and (7) become,
dUy =dgqy )
and

dUy = [&] dT
aT )y
)]
We know, from our discussion on heat and heat capacity , that the differential heat at constant
volume can also be written as,

daw =

S0,

AUy =CypdT ‘ (1)

Comparing Equations (9) and (11), and recognizing that the change dUy is the same in both
cases, we see that,

-
F Ty (12)

We shall regard Equation (12) as the formal thermodynamic definition of the heat capacity at
constant volume. This new definition is more satisfactory than our previous temporary definition,

Equation (12) is a better definition of the heat capacity because it is usually more satisfactory to
define thermodynamics quantities in terms of state functions, like U, T, V, p, and so on, rather
than on things like ¢ and w which depend on path.

One other comment, we can integrate Equation (8), at constant volume, to get,

AUy =av (14)

In words, for any process at constant volume the heat, g, is the same as the change in the internal
energy, AU.

Enthalpy

It turns out that V' is not the most convenient variable to work with or to hold constant. It is much
easier to control the pressure, p, on a system than it is to control the volume of the system,
especially if the system is a solid or a liquid. What we need is a new function, with units of
energy, which contains all the information that is contained in U but which can be controlled by
controlling the pressure. Such a function can be defined (created) by a Legendre transformation.
There are particular criteria which must be met in making a Legendre transformation, but in our
case here these criteria are met. (A full discussion of the mathematical properties of Legendre
transformations is beyond the scope of this discussion. There are more details given in the

10


http://www.chem.arizona.edu/~salzmanr/480a/480ants/heat/heat.html

Appendices to Alberty and Silby.) In our case we will define a new quantity, H, called the
enthalpy, which has units of energy, as follows,

We can show that H is a natural function of p (in the same sense that U is a natural function of V)
as follows,
dH =dU + pdV +Vdp

=dg — pdV + pdV + Vpd

=dg +Vdp . (16a, b, ¢)
One of the great utilities of the enthalpy is that it allows us to use a state function, H, to describe
the heat involved in processes at constant pressure rather than the heat, g, which is not a state
function. To see this, let's go through the same process with dH that we did with dU above. Let's
regard H as a function of 7 and p (for now). Then we can write,

dH=[%] dT+[E;£] dp
» 2T (17)

Consider a process at constant pressure (dp = 0). From Equation (16c) we conclude that.
=d
dif p=dg, (18)

and from Equation (17) we get,
aH

dH p = [ﬁ]pcﬂ”
(19)

We know, from our discussion on heat and heat capacity , that the differential heat at constant
pressure can also be written as,

dg,=CpdT 20)
S0,
dHp=Cpdl b

Comparing Equations (19) and (21), and recognizing that the change dH, is the same in both
cases, we see that,

2
Poer), . (22)

We shall regard Equation (22) as the formal thermodynamic definition of the heat capacity at
constant pressure. Again, this definition is much more satisfactory than our previous temporary
definition,

o
o[
Ty 23)

since it defines the heat capacity in terms of the state function, H, rather than in terms of ¢ which
is not a state function.

Just as we integrated equation (8), we can integrate Equation (21), at constant pressure, to get,

11
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A p=ap (24)
In words, for any process at constant pressure the heat, ¢, is the same as the change in enthalpy,
AH. This equation contains no approximations. It is valid for all process at constant pressure.
Equation (24) is vastly more useful than its counterpart at constant volume because we carry out
our chemistry at constant pressure much more often than we do at constant volume.

People sometimes ask, "What is the meaning of H?" Unfortunately, there is no simple, intuitive
physical description of enthalpy like there is for the internal energy. (Recall that the internal
energy is the sum of all kinetic and potential energies of all the particles in the system). The
nearest thing we can come to as a description of H is the one above where AH is the heat (gain or
loss) in a constant pressure process. For this reason the enthalpy is ocassionally referred to as the
"heat content."

Reminder: Nuclear energy was unknown to the original formulators of thermodynamics. We
now know that matter can be converted into energy and vice versa. The "energy equivalent of
matter" is given by the famous Einstein formula, £ = mc?, where m is the mass of the matter and
c 1s the velocity of light. Since the velocity of light is very large, about 3 x 10® m/s, a small
amount of mass is equivalent to a very large amount of energy. Strictly speaking, the statement,
"energy is conserved," should be replaced by the statement, "energy plus the energy equivalent
of mass is conserved." That is, energy + mc? is conserved. The conversion of mass to energy or
energy to mass in chemical reactions is so small that it is virtually never observed in chemical
problems. So, for chemical thermodynamics, the simpler statement that energy is conserved is
sufficient.

The Joule Expansion

Much of the early progress in thermodynamics was made in the study of the properties of gases.
One of the early questions was whether or not gases cool on expansion. (Our intuition might tell
us that they would, but is our intuition correct?)

Joule designed an experiment to find out whether or not gases cool on expansion and if so how
much.

The Joule apparatus consisted of two glass bulbs connected by a stopcock. One bulb was filled
with gas at some p and 7. The other bulb was evacuated. The entire apparatus was insulated so
that ¢ = 0. That is, the experiment would be adiabatic.

The stopcock was opened to allow the gas to expand into the adjoining bulb. Since the gas was
expanding against zero pressure no work was done, w = 0. With both ¢ =0 and w = 0 it is clear
that,

AU=g+w=0.
The process is at constant internal energy.

Clearly, AV # 0 because the gas expanded to fill both bulbs. The question was, did 7 change? AT
was measured to be zero, no temperature change.

12



(It turns out that the Joule experiment was sufficiently crude that it could not detect the
difference between an ideal gas and a real gas so that the conclusions we will draw from this
experiments only apply to an ideal gas.)

In effect, Joule was trying to measure the derivative,

or
aV U,

and the result was that,

oT
— | =0

This particular derivative is not all that instructive, with U being held constant. We can use our
version of Euler's chain relation to obtain information that is more instructive.

.

7 )y~ [0
or ),
U
7 )
CV
=0. (2a, b, ¢)
We know that Cv for gases is neither zero nor infinity, so we must conclude that,
au .
o )r

3)
This is an important and useful result. It says that the internal energy of an ideal gas is not a
function of 7 and V, but of T only. That is, in equation form,

for an ideal gas U = U(T). 4)

For real gases, and most approximations to real gases, like the van der Waals equation of state,
ou
— | #0.

(&),

However, this quantity is quite small, even for real gases. We will have occasion to calculate it
for the van der Waals equation of state later on.

This result extends to the enthalpy of an ideal gas.

H=U+pV=UT)+ nRT=H(T). (5)
Thus, for an ideal gas both U and H are functions of 7 only.

Then all of the following derivatives are zero:

13



I"aU\
Ul =,
kaV,T

. \
ar)
k@ir

. \
aH) g
OV )r

. \
GH| _,.
\ & /T (6a, b, ¢, d)

We will now use some of these results to discuss that adiabatic expansion of an ideal gas.

Adiabatic Expansion of an Ideal Gas

The definition of an adiabatic expansion, for now, is dg = 0. That is, no heat goes in or out of the
system. However, dw # 0. As the gas expands it does work on the surroundings. Since the gas is
cut off from any heat bath it cannot draw heat from any source to convert into work. The work
must come from the internal energy of the gas so that the internal energy decreases. Since the
internal energy of an ideal gas in only dependent on 7 that means that the temperature of the gas
must decrease.

From the first law with only pV work we have

dU =dg— pdV
=—pdV (7, b)

because dg = 0 for an adiabatic process.

Regarding U as a function of 7'and V. That is, U = U(T,V), we get

_(euU ou
w-(2) ar+(2Z) av

= CVdT, (83., b)

because of the definition of Cy and because our gas is an ideal gas so that the second derivative
vanishes (Equation (6a)) .

The dU''s in Equations (7) and (8) must be equal so that

—pdV =CdT

RT
B iy - cdT
4 (9, b)
Rearranging Equation (9b) we get

14



(10)
By the same token, using enthalpy, we find
dH =dg + Vdp

=Vdp,
and

dH=[a—HJ daT +[6—H} dp
or ), & ),

(11a,b)

=C,dT,

From which we deduce that

(12a, b)

(13)
Comparing Equations (10) and (13) we see that

nRdV _nRdp

(14a, b, ¢)
Where we have written C,/Cy =1 .

If we regard C, and Cy as constant then Equation (14c) can be integrated to give,

—yln§=ln&,
4 P
ylnﬁ=ln&,
2 o)
Y
ln[{iy]ﬂn&,
2 P
W_nr
ZE )
i = pas.

(15a,b,c,d, e)

15



Equation (15¢) is the equation for the adiabatic expansion of an ideal gas. You have probably
seen it before.

Adiabatic Work - Ideal Gas

We can use Equation (15¢) as the equation for an adiabatic path on a p}” diagram.

pvT=pif
_ nt
p T
_ constant
=

(16a, b, ¢)

where p; and V| refer to some arbitrary constant point on the path. Equation (16b) gives p as a
function of V" along the adiabatic line. We have added Equation (16¢) just to emphasize the point
that p1 and V7 refer to some fixed (constant) point on the adiabatic expansion curve. With this
expression for p the work can be easily calculated,

dw = —pd V"
¥
w=—jﬁ pdv

constant{ 1 1
A i e
4 2 1 (17a, b, ¢, d)

The constant is easily found from the knowledge of one point on the adiabatic line (path).

The Joule-Thompson Expansion

It soon became apparent that the result of the Joule expansion experiment was not valid for real
gases. A more accurate experiment, slightly different, was carried out by Joule and J. J.
Thompson to further elucidate the properties on real gases under expansion.

A sample of a gas, initially at p1, V1, and 71 was forced through a porous plug at constant
pressure, p1. The gas came out of the other side of the plug at p», V>, and T». The apparatus was
insulated so that ¢ = 0. The work has two terms, the work done on the system to force the gas
through the plug and the work done by the system on the surroundings as it came out the other
side of the plug.

The total work is

16



w=-p,0-V]) - p, (5 -0)

=D — pybse (18a, b)
Since g = 0, the change in internal energy of the gas is,
AU=g+w

=0+ p|— PV,

#0. (19a, b, ¢)
This process, unlike the Joule expansion, is not at constant internal energy.

The enthalpy, however, is given by,

AH=AU+A(pV)
=P — P+ PV - oY
AH =0. (20a, b, <)

So the Joule Thompson experiment is a process at constant enthalpy. In the experiment they
could select a value for Ap, and then measure AT. The ratio of these two quantities is an
approximation to a derivative,

AT [ E'}TJ

Rl THT

Ap op Jy (1)

Lt 1s called the "coefficient of the Joule-Thompson effect." This coefficient is not zero for a real
gas (or for realistic equations of state like the van der Waals equation of state), but we will now
show that it is zero for an ideal gas. Applying the Euler chain rule to Equation (21) we obtain,

oH
or ),
[EJ oH
o7
6_H
@ )
'

» (22a, b)
The numerator in Equation (22b) is zero for an ideal gas, but not necessarily zero for a real gas.

7

The coefficient of the Joule-Thompson effect is important in the liquefaction of gases because it
tells whether a gas cools or heats on expansion. It turns out that this coefficient is a decreasing
function of temperature and it passes through zero at the Joule-Thompson inversion temperature,
T1. In an expansion dp < 0. Whether dT is positive or negative depends on the sign of

wr. Looking at the definition of wyr,

17



_ [@J
Kt o ;

9

we see that if 1t 1s positive then d7T is negative upon expansion so that the gas cools. On the
other hand, if gyt is negative, then dT is positive so that the gas warms upon expansion. In order
to liquefy a gas by a Joule-Thompson expansion the gas must first be cooled to below the J-T
inversion temperature. Some inversion temperatures are:

He 40K

N2 621 K
02 764 K
Ne 231 K

We see that N2> and O; will cool upon expansion at room temperature, but He and Ne will warm
upon expansion at room temperature.

The "Thermodynamic Equation of State"

We have seen that the results of the Joule expansion (valid for ideal gases) demonstrated
experimentally that for an ideal gas,

6U]
= | =o0.
%),

It would be advantageous to be able to calculate this quantity from an equation of state or other
pVT data. There is an equation which we will prove later, but which we introduce now because it
is so useful, called the "thermodynamic equation of state, which will allow us to do this. It allows
us to calculate the derivative in Equation (1) from an equation of state.

The equation is,

oU

— —— T @ — p_
This equation will be proved easily once we have the second law of thermodynamics. For now
we will just accept it conditionally until it can be proved. Notice that the right- hand side
contains nothing but pV'T data. We can see that the equation is at least plausible by checking that

it does give zero for an ideal gas.

For an ideal gas,
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o) nR
az’l, v
Then,

We can also check to see what our thermodynamic equation of state would give for a van der
Waals gas. For the van der Waals gas we find,

_ RBRT an’
Poy T v
SO
)  nR
(E]V_V_Hb,
and
[G_U] =T( nR ]_[ nRT _cmz]
ov ), V-nb) \V-nb V*
an’
=+7.

We know that a is small and #n?/V? will be small except at very high pressures (densities).

(The above result can be understood based on what is going on in the gas. When a gas expands at
constant temperature it absorbs heat from the surroundings and does work on the surroundings. If
the gas is ideal the heat and work exactly balance so that there is no change in the internal energy
of the gas. In a van der Waals gas - and real gases - the expansion must also overcome the
intermolecular forces so part of the heat absorbed from the surroundings goes to overcoming the
intermolecular forces. The a term in the van der Waals equation of state accounts for
intermolecular forces. If you calculate the work in expanding a van der Waals gas you will see
that that the part of the work that is proportional to a is positive so that this work was done on the
system - it raised the internal energy of the system.)

In most cases

ouU
is still pretty small, even for a van der Waals gas.

19



There is a companion to Equation (2),

[@_H] -v-1(%).
& ), or J, .

This equation can be derived (without the second law) from Equation (2) so that if Equation (2)
is correct, so is Equation (3).

We will leave it to the reader to show that Equation (3) gives zero for an ideal gas. Applying this
equation to the van der Waals gas is a little more involved and not particularly enlightening.

Relationship Between C, and Cy

C, and Cy are related to each other and their difference can be calculated from an equation of
state. We wish to prove that

c,-ce1( 2] (%)
T ), \ 8T},

(8d)
Let's begin with the definitions of C, and H,
oH
C =] £
g af]p
_ o[U+ pV]
or ),
aUJ [GVJ
=|— | +p|—| .
or ), “ler),

(4a, b, c)
The second term in (4c¢) is in an acceptable form, but the first term is not. (The wrong variable is
being held constant.) To deal with the first term regard U as U = U(T,V). Then,

dU=[a—U] m["’_U] av.
or ), o ). S

Now divide Equation (5) by d7 and hold p constant. (Your calculus teacher won't like this, but
you can prove that the result is correct and that this procedure will always work.) We obtain,

(7)) () ()
or }, \ar ), \av )(\oT ), 6

Now we substitute Equation (6) for the appropriate term in Equation (4c) to get,
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Substituting Equation (2) in for (0U/0T)r in Equation (7b) gives

(5, (5),(5), #(5)
(%) (), 2) ) (5,
-501(2) (Z) -o(Z) /%)

< A8)(5)
OT jy\ 0T J, (8a, b, c, d)

Which is the desired result. We will let the reader show, using Euler's chain relation and the

definitions of a and x , that this relation can be rewritten as
2

C, =G, +TV .

x )]
The second term on the right of Equation (9) is necessarily positive because « is always positive.
a can be negative (water near 0°C), but it appears here as the square. Thus C, > Cy. For solids
and liquids the second term on the right of Equation (9) is usually small. For gases it can be
large. For an ideal gas we found earlier that a = 1/T and x = 1/p so that

C, =C, +nR.
Thermochemistry

Thermochemistry is the subject that deals with the heats involved in chemical reactions. A
typical chemical reaction might have a form similar to the following hypothetical chemical
reaction:

aA+bB—cC+dD. (D)

(In Equation (1) the upper case letters stand for elements or compounds and the lower case letters
stand for small whole numbers which balance the reaction. You would read this as saying, "a
moles of A reacts with » moles of B to give ¢ moles of C and d moles of D.")
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A chemical reaction is a process just like any other thermodynamic process. It has an initial state
(the reactants) and a final state (the products). We can calculate the changes in internal energy,
enthalpy, and so on for the reaction. For example,

AU=U products— U reactants

and

AH=H products— H reactants.

One thing is sometimes not made very clear. "Reactants" and "products" in these equations
means that the reactants and products are separated, isolated, and pure. Furthermore, the
reactants and products are all at the same temperature and pressure. So, for example, the AH
above is the enthalpy of ¢ moles of C (isolated and pure in its own container at temperature, 7,
and pressure, p) plus the enthalpy of d moles of D (isolated and pure in its own container at
temperature, 7, and pressure, p) minus the enthalpy of @ moles of A (isolated and pure in its own
container at temperature, 7, and pressure, p) minus the enthalpy of » moles of B (isolated and
pure in its own container at temperature, 7, and pressure, p).

From time to time we will add a superscript ° to H or U to indicate that reactants and products are
in their "standard states." That is, they are in their most stable state at 7"and p. For example, the
standard state of water at 25°C and 1 atm pressure is liquid water.

If our reaction takes place at constant V, as in a bomb calorimeter, dV =0 and

AUy =gpy.

If the reaction takes place at constant p, as in open to atmospheric pressure, dp = 0 and

AHp = qp.

If AH, <0 we say that the reaction is exothermic. That is, the system gave heat to the
surroundings. On the other hand, if AH, > 0 we say that the reaction is endothermic. The system
absorbed heat from the surroundings.

From the definition of enthalpy we find that

AH=AU+ A (p)), (2)

where

A (pV) = (pV) products — (pV) reactants.

For liquids and solids A(pV) is quite small. A(p¥) is not necessarily small for gases, but we can
get a reasonable estimate for this quantity by approximating the gases as ideal. Then

A (pV)gas ~ (pV)gas products — (pV)gas reactants ~ M gas products RT—n gas reactants RT=RTAn gass

where An g 1s the difference in the number of moles of gaseous products and reactants. Using
this approximation we get

AH = AU+ RTA n gas. 3)

However, we have to be careful how we understand this equation because the conditions of the
reaction must be the same on both sides of the equation. Since AH is the heat we measure if the
reaction is run and constant pressure (AH, = g,) and AU is the heat we measure if the reaction is
run at constant volume (AUy = gv), it 1s tempting (and common) to write Equation (3) as
qp=qv+ RTA n gs. (4)
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However, Equation (4) cannot be rigorously true since the ¢'s refer to different conditions, one at
constant p and one at constant V. We can get an indication whether or not Equation (4) is a good
approximation with the following example:

Consider the reaction.

2 C(s) + O2(g) — 2 CO(g), (5)
run at V' =0.
A@PV)=A (pV)gas = RTA n gas = RT.
The heat measured is gy. Now let us find a way to measure g, Consider the following two steps
2 C(s) + O2(g) - 2CO(g) — 2 CO(g) (6)
pi, V1, T, qv  p, V1, T, AH, p1, Vo, T.

The first step is the constant volume reaction we had before with AUy = gy. Notice that the
pressure increases. The second step takes the product of the constant volume reaction and
reduces the pressure back to the original pressure. We call the heat for this step AH>. So it is
rigorously true that

AH,=AHy+ AH> = qv+ RT + AH.. (7)

However, the AH> term is the enthalpy for the expansion of a gas at constant temperature. If the
gas is ideal this term is zero. For real gases this term would be very small, so we make a
negligible error is neglecting it. So to pretty good approximation we can use the equation,
qp=qv+ RTA n gs. (4)

Hess' Law

Hess' law states that if you add or subtract chemical reaction equations you can (must) add or
subtract their corresponding AH's or AU's to get AH or AU for the overall reaction. For example,
if we add the reaction

aA+bhbB—->cC+dD. AH1, AU,

to the reaction

eE+fF—-gG+hH AH, AU>

to get

aA+bB+eE+fF - ¢cC+dD+gG+hH,

Then, for the overall reaction

AH = AHi + AH» and AU = AU, + AU..

The great utility of Hess' law is that we don't have to tabulate AH for every possible reaction. We
can get AH for a particular reaction by adding and subtracting AH's for a much smaller set of
reactions, called formation reactions. We define At ° for a compound to be the enthalpy of the
reaction:

pure, isolated elements, in their standard (most stable) states
— one mole of compound in its standard state.
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For example, the heat of formation of liquid water is defined as AH ° for the reaction,

Ha(g) + 1/2 O2(g) — H20()).
By definition, then, the heat of formation for an element in its most stable state is zero.

To obtain AH ° for the hypothetical reaction, Equation (1), we add and subtract the appropriate
heats of formations,

AH° = cAtHc® + d AsHp®— a AtHA’— b AtHEB°. (8)
For example, AH ° for the reaction,

CHa(g) + 2 O2(g) — CO2(g) + 2 H20()), (9)

is given by

ArHO - AfHSOz(g) N ZAfH?HOU) o AfHSHa,(g)

=1mol x (-393.5 lﬁ) +2 mol x (—285 .83£) —1mol x (—74.81£)
mol mol mol

= -890.36 kI.

(We don't always write out explicitly that the coefficients which balance the reaction have units,
but we have done so here to make it clear that these numbers have units. This will become an
issue later.)

AH at Other Temperatures

Tables of heats of formation usually give data for reactions at 25°C. We frequently need to know
the heat of a reaction at a temperature other than 25°C. If we know the heat capacities at constant
pressure we can calculate the heat of reaction at a temperature other than 25°C. We use the
following chain of reasoning. We know that,

[6_H] _c
er ), 7

then

oH _ o
oT #
»
and

OAH™ | _ ACe,
oT .
P (10a, b, ¢)

where AC,° is defined for our hypothetical chemical reaction, Equation (1) as,
ACy=c Cp+d Cpp—a Cyy -5y (11

¥
Prepare Equation 10c for integration as
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dAH® = ﬁC’; dT,
and integrate,

AH?(T) = AH*(T)+ j; ACedT.

(12)

(13)

For very accurate work we will have to use the temperature dependent heat capacities in
Equations (11) and (13), but more often than not we can regard the heat capacities as
approximately constant over the temperature range, so that Equation (13) becomes,

5H0($)=£Ho(ﬂ)+ﬁcg(?a—j;) (14)

As an example, let's calculate the heat of reaction for the reaction in Equation (9) at 95°C.

AC,° for the reaction in Equation (9) is given by,

A,C0=Creo, 0t 2Com0m ~ Coen 0~ 2 o000
=1mol x(37.11 ) +2 mol x(75.291 )
Kmol K mol
J J
~1mol x (35.31———) — 2 mol x (29.355 )
K mol K mol
=93.67 i
K (15)
Then, Equation (14) gives,
AH(95°C)=AH"(25°C) + ACZ(368.15 - 298.15)
=-890.36 kT + 93.67i><70 Kl—kJ
K 10007
=— 883.80 kJ (16)

(Note: There is another way to do this problem. Calculate AH° for cooling the reactants down to
25°C, calculate AH ° for the reaction at 25°C, calculate AH ° for heating the products back up to
95°C, and then add them up. Since H is a state function AH is independent of path. This method
will also work if one of the components of the reaction has a phase change somewhere in the
temperature range.

For example, if we let the new temperature be over 100°C we would have to account for the
vaporization of the liquid water product. This is not hard to do, but requires some extra steps,
including also the use of the heat capacity of water vapor. If the upper temperature in this
problem is above 100°C we carry out the reaction in several steps:

Step 1 - Cool the reactants from the upper temperature to 25°C,
Step 2 - Run the reaction at 25°C,

Step 3 - Heat the product CO from 25°C to the upper temperature,
Step 4 - Heat the liquid water from 25°C to 100°C,
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Step 5 - Vaporize the water at 100°C,

Step 6 - Heat the water vapor from 100°C to the upper temperature.

The heat of reaction at the upper temperature is the sum of the AH's for all six steps. Again we
have taken advantage of the fact that AH is independent of path.)

A H as Making and Breaking Chemical Bonds

Breaking a chemical bond is an endothermic process. That is, you must put energy into the
system to break the bond.

Forming a chemical bond is an exothermic process. The energy released in forming the bond
goes into the surroundings.

We can make an estimate of the AH for a chemical reaction by adding the bond energies of all
the bonds broken and subtracting the bond energies of all the bonds formed.

AH = BE ponds broken — BE bonds formed-

Let's try it on the gas phase reaction,

N2 + 3 H2 — 2 NHas.

(There are tables of bond energies in physical chemistry texts and in data handbooks. From the
tables we find the following bond energies:

N-N 945kJ
H-H 436kJ
N-H 388KklJ.

In the reaction we break 1 N—N bond and 3 H-H bonds. We form 6 N— H bonds. The
approximate AH is then,

AH=1x%x945+3 x436 -6 x 388 = —75KklJ.

This can be compared to the actual value of — 92 kJ. The method is not super accurate, but it
gives a ball-park answer and might be useful in cases where other data are not available. Further,
however it demonstrates graphically that the heat of a reaction is related to the making and
breaking of chemical bonds.

Heats of Formation of Ions in Water Solution

When you look in a table of heats of formation you find values listed for ions in water solutions.
That is, you will find an entry for species such as Na'(aq). It is fair to ask where these numbers
come from. We know that in equilibrium chemistry it is impossible to prepare Na'(ag) ions in
solution all by themselves. It is possible to prepare a solution that has both Na“(aq) and Cl- (aq)
ions, but not a solution that has only ions of one charge.
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The heats of formation of solutions of soluble ionic compounds can be measured. That is, we can
measure the heat of formation of HCl(ag). The heat of formation of HCl(aq) is defined as AH°
for the reaction,

1/2 Ha(g) + 1/2 Cla(g) — HCl(aq). (17)
Since ionic compounds in solution are completely dissociated, it must be true that

AsHpca = BeHyuggy + B - (18)

We cannot know the heat of formation of either of the ions in solution, but we do know their
sum.

By convention we arbitrarily set the heat of formation of the H'(ag) ion equal to zero. That is,

"ﬁfHH*(an =0. (19)

Then the heats of formation of all other aqueous ions can be determined relative to the heat of
formation of the H(aq) ion. As a start, we see that

AH = A Hywy — A HC

CI™ (ag) HCX(ag) H*(ag)

= A HJ
HCY(ag) (20a, b, ¢)
This convention allows us to build up a table of heats of formation of aqueous ions.

For example, from the measured value of the heat of formation of NaCl(ag) and the knowledge
that

ﬁfH?Ii:h:ﬂQ] = &fHO

Na*(ag)

+ AcHLL o @D

we find that

u] 4 u) u)
AfHNa+(aq) = ArHyuciag) = AfHCl_(aq)
— ] _ o
=AH NaCl(ag) AH HCl(ag)" (22a, b)
Continuing these procedures we can define the heats of formations of other aqueous ions,
o 4 o _
6fHBr'(aq) - ré‘fHHBr(c:«;') Ay H:I"’(aq)

— (u}

= A iy (agy- (23a, b, ¢)
We now have enough data in our table to calculate the heat of formation of aqueous NaBr
without measuring it.,

0 —
AfHN&B?‘(G?) | Aff{;a"'(c.qq) + Ai‘H‘;r_(m‘.\q)
y &THNaCl(aq) - fflf‘HHCI(aq) S AfHHBr(an' (24a, b)
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If the heat of formation of H'(ag) were set to some value other than zero, it would have cancelled
out of Equation (24b). In this manner an entire table of heats of formation of aqueous ions can be
built with all values relative to the heat of formation of the H(ag) ion.

Exact and Inexact Differentials

A Mathematical Digression

We have mentioned, from time to time, that the quantities, U, H, and so on, are state functions,
but that g and w are not state functions. This has various consequences. One consequence is that
we can write things like AU and AH, but we never write g or w with a A in front them. A more
important consequence is that in a process AU and AH are independent of path. That is, AU and
AH depend only on the initial and final states. However, g and w do depend on the path one takes
to get from the initial to the final state.

Another consequence is that the differentials, dU and dH are mathematically different, in some
sense, from dg and dw. Some writers write dg and dw with a line through the d to indicate this
difference. We have not chosen to use such a specialized notation, but expect that we all will be
able to just remember that JU and dH are mathematically different, in some sense, than dg and
dw.

We must now consider in detail the nature of this difference.

Let's think, for the moment, in terms of functions of the variables x and y and consider the
differential,

df = 2xy°dx +3x%y3dy. M
We ask the question, does there exist a function, /= f{(x,y) such that,

df = %J dx+[%] dy.
" g )

In other words, does a function f{x,)) exist such that,

(% =2xy°

and

[zJ =3x%y??
¥, (3a, b)

Euler's test provides a way to see whether such a function, f(x,y) exists. Euler's test is based on
the fact that for "nice" functions (and all of our functions are "nice") the mixed second
derivatives must be equal. That is,

(&5)52)
*y) \9a) @

Y
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(On the left-hand side we take the derivative with respect to y first and then take the derivative of
the result with respect to x, and vice versa on the right-hand side.

Let's try Euler's test on our differential, df. If f'exists then the Equations (3a) and (3b) are correct.
Use Equations (3a, b) to obtain the proposed second derivatives,

2(@] = 223;);3 = 6xy2
ylacy, o

and

ol =E3x2y2=6xy2.
acley) @

(5a,b)
The mixed second derivatives are equal. So we conclude that there exists a function, f{x,y)
(actually x%y*) such that Equations (1) and (2) are equal.

The differential df, in Equation (1), is called an "exact differential" for the very reason that a
function, f, exists such that Equation (2) can be used to calculate it.

Now, let's consider the differential,
dg = 25y dx + 37y 2dy. ©)

Is dg an exact differential? Use Euler's test to find out. If dg is exact then the coefficients of dx
and dy are the respective partial derivatives of g. Euler's test would then compare

%)

—2x? y3 = 6x° y2
&y

with

%)

—3x°y? =9xy”.
a (7
These are not equal so that the putative second partial derivatives are not equal to each other. The
differential, dg, is not exact and there does not exist a function, g(x,y), such that dg gives
Equation (6).

Both of the differentials, df and dg can be integrated from, say, x1, y1 to x2, y2. The integral,

Jaf = fGay2) = ). &

depends only on the initial and final points because df is exact and the function fexists.

The differential dg can be integrated, but there is no equivalent to Equation (8) for the integral of
dg because there is no function, g(x,y) which gives Equation (6). The integral of dg would have
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to be carried out along some path and we would find that the value of the integral depends on the
path as well as on the initial and final points.

So, what is the purpose of all this? We are getting ready to present the second law of
thermodynamics. One of the consequences of the second law will be the demonstration that for a
reversible process dq/T is exact. dgrev 1S not exact, but dgrev/T 1s exact. That means that dgre /T is
the differential of some new function (a state function) whose integral is independent of path. We
will call the new state function, S, and name it the "entropy."

The absolute temperature, 7, is called an "integrating denominator" for dgrev. That is, when we
divide the inexact differential, dgrev, by T  the resulting differential becomes exact. Notice that
the inexact differential, dg above, has an integrating denominator. The variable, x, is an
integrating denominator for dg. You can see this by noticing that dg/x = df.

Second Law of Thermodynamics - Introduction
Word Statements of Second Law

When we introduced the first law of thermodynamics we claimed that it is a statement of
repeated observation elevated to the status of a law. No one has ever been able to make a
machine that produces work out of nothing (a perpetual motion machine of the first kind), so we
assume that no such machine can be made.

We then write this statement in mathematical language and begin deriving the consequences of
the statement. Ultimately, the validation of the law comes from the experimental verification of
the consequences.

The second law of thermodynamics is also a statement of repeated observation (or perhaps better
yet, a statement of some things that have never been observed).

Here are two things that have never been observed:

1. Heat has never been observed to move spontaneously from a cold body to a hot body.

2. Heat has never been observed to be converted entirely into work with no other result.

So the second law, in words, is just the statement that these two things are impossible. that is:

1. It is impossible for heat to move spontaneously from a cold body to a hot body with no other
result.

2. It is impossible to convert heat quantitatively into work with no other result.

The latter statement is sometimes phrased: "It is impossible to make a perpetual motion machine
of the second kind."

(A perpetual motion machine of the second kind is a machine that converts heat into work
without doing anything else. Imagine an ocean liner that scoops up liquid water out of the ocean,
pulls the heat out of the water and uses it to power the ship, and dumps the left-over ice cubes
out the back of the ship.
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Note that a perpetual motion machine of the second kind would not violate the first law. Energy
would be conserved because any heat extracted would be converted into work.)

The second law is why automobiles have radiators. Someone might ask why we throw away all
that energy that dissipates from the radiator. Why not capture the energy and use it do decrease
our gas mileage? The answer is that if you don't dissipate the heat the engine burns up, as you
would quickly find out if you bypassed the radiator with a hose or if you drained the coolant
from the radiator.

In order to convert these word statements into mathematical statements we can use we will have
to develop some apparatus.

First we define the "heat engine." A heat engine is a cyclic process that absorbs heat from a heat
bath and converts it into work. We shall see that in the cyclic process the engine also dissipates
some heat to a heat bath at a lower temperature.

A crucial feature of the heat engine is that it returns to its original state after each cycle. That
means that for each cycle of the engine itself, AH =0, AU=0, AT =0, and so on. Presumably,
less heat is given back at the lower temperature than was absorbed at the upper temperature so
that the difference can be used to supply work to the surroundings. (Otherwise we wouldn't have
much of an engine.)

If you run the engine backwards by providing an external power source you get a heat pump (or
a refrigerator), that is, a machine that absorbs heat from a lower temperature heat bath and gives
it back to a heat bath at a higher temperature. But it takes work to do this.

Our procedure will be as follows:

1. Define and characterize a particular heat engine, the Carnot Cycle. The Carnot cycle is a heat
engine operating between two heat baths, one at an upper temperature, which we shall call 7y
and the other at a lower temperature, 71.. The Carnot cycle uses the expansion and compression
of an ideal gas to convert heat into work.

2. Define the efficiency, e, of a Carnot cycle.

3. Assume that we can find a heat engine, operating between the same two temperatures, which
has efficiency greater than a Carnot cycle efficiency and then show that this violates both of the
word statements of the second law given above. This leads to the conclusion that no heat engine
or cycle can have an efficiency greater than the efficiency of a Carnot cycle.

4. The conclusion that no cycle can have an efficiency greater than a Carnot cycle will lead us to
the further conclusion that the integral of dgev/T is independent of path. Therefore, the
differential dgre/T must be exact, which means that it is the differential of some state function
which we will call, S. That is, dgrev/T = dS.
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5. Another cycle can have an efficiency /less than the efficiency of a Carnot cycle. This will lead
us to the conclusion that dg/7 might be less than dS if there is some irreversibility in the process.
Putting the two possibilities together we will conclude that, dg/T < dS. This is the mathematical
statement of the second law of thermodynamics.

One further comment. We have seen processes where heat is converted into work before. The
isothermal reversible expansion

Ideal Gas

of an ideal gas is such a process. Recall that the work is the negative of the area under the curve.
However, this is not a cyclic process. A change has taken place: the volume has increased and
the pressure has decreased. In order to get more work out of the system you would have to
expand the gas even further. This is not a process in which heat was converted into work and
nothing else happened.

Heat Engines and the Carnot Cycle

A heat engine is a cyclic process that absorbs heat and does work on the surroundings. "Cyclic"
means that the system returns to its initial state at the end of each cycle so that there is no
permanent change in the system. The only cycle we will work with in this course is the Carnot
Cycle which is shown below on a p-V diagram.
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Carnot Cycle
Ideal gas working fluid

The curves labeled Ty and 77 are isotherms. 7 is the temperature of the upper temperature heat
bath (reservoir) and 77 is the temperature of the lower temperature heat bath. The two steep
curves, BC and DA, are adiabatic curves. The cycle begins at the point A. The system undergoes
an isothermal expansion at temperature, 7y , to point B. In this isothermal expansion the system
absorbs heat from the upper heat bath (gv > 0) and does work on the surroundings (recall that w
is defined as work done on the system so wag < 0). The system is then isolated from the heat
bath and is expanded adiabatically to the point C. There is no heat in this adiabatic expansion,
but the work for this step is also negative (wac < 0). At point C the system is placed in contact
with a heat bath at 71 and undergoes an isothermal compression to point D. For this segment of
the cycle g2 < 0 and wep > 0 because the surroundings are now doing work on the system and
heat is being dissipated to the heat bath at 7;. At point D the system is again isolated from the
heat baths and compressed adiabatically to point A. In this adiabatic compression the heat, of
course, is zero and the work is positive (wp4 > 0)

We can analyze the Carnot cycle as follows: The heat, ¢, for the whole cycle is

(1) q =q48 7+ qcp,

and the work for the entire cycle is,

(2) W = w4+ wpc+wcpt+ Wpa .

Since the initial state of the cycle is the same as the final state we know that the change in U, the

internal energy, is zero. (That's part of the first law, because the first law says that U is a state
function, which means that the value of U for any state of the system does not depend on how the
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system got to that state, only on what the state actually is.) The first law of thermodynamics then
tells us that

from which we see that
© iy

Notice that when the Carnot cycle is operating as a heat engine (going around clockwise), w <0,
so that -w >0 and ¢ > 0.

As we have said, the Carnot cycle is a heat engine. That means that we want it to absorb heat and
convert that heat energy into work. We certainly should care about how much work we get out
for the heat we absorb. Thus we will define the efficiency, e, of a cycle as

-—W

e=—

(5) 9B

9

which, when combined with Equations 1 and 4 gives

- ¢art D
(6) (1

In order to conform to the usual notation we note that the A— B segment of the cycle is at the
temperature of the upper heat bath, 7y, and the segment C— D is at the temperature of the lower
heat bath, 7. Thus equation 6 becomes

+
2 :M :l-}-q_L
(7) qir E4is

The A— B and C— D segments are an isothermal expansion of an ideal gas at 7y and an
isothermal compression at 77, respectively. For isothermal expansions and compressions of ideal

gases, AU=¢+w=0 Tpus we can write

Gy ="WABR= +)3RTU].0 Q
(8) V4
and

g5 =—WCD=+)3RTL11’1@
©) Ve

34



Let's plug these heats into Equation 7, (right hand side) to get,

#RT;In Yo
Ve
e=1+ —
#RT, In-£
(10) Va |
The nR cancels leaving,
T ln Y
Ve
e=1+ 7
Tpln 2
Vy .

(11)

If we are looking for an expression for efficiency in terms of temperatures Equation 11 won't do
the job because of all the volumes in the equation. However, there is another set of relations
between the volumes from the fact that the paths B— C and D— A are adiabatic and we know
the volume relationships for adiabatic processes in an ideal gas. Recall that for an adiabatic
expansion of an ideal gas we had the expression (using the temperatures, pressures, and volumes
appropriate to our Carnot cycle here)

(12) PV s=pole

for the B— C segment of the cycle and a similar equation for the D— A segment. (Recall that y
is the "heat capacity ratio," C,/Cy.) Let us eliminate the pressures from Equation 12 by inserting
the value of pressure from the ideal gas equation of state, remembering that at points A and B the
temperature is 7y and at points C and D the temperature is 77.

nRT;
(13) Ve

F

_»RT,
-

2

7

Cancel nR from both sides and combine the volumes to get,
Ty =T,
(14) vl =4 Ve

From which we obtain

L _ve
=—=
(15) 7 Vr

Note that there is an equivalent expression for the D— A leg of the cycle,
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L _VE
Loy

(16)

From these two last equations we conclude that

ARAS
P G ¥
(17) Vg ¥V a ,
or
Ve _Vo
(18) Ve Va

or, on rearranging,

Va_Vb

(19) Ve Ve
We now apply this result to Equation 11 to get,

Tzlnﬂ
Vs
7
T,In £
UnV

(20) 4.

e=1+

The two logarithms are the negatives of each other so we conclude that,

Notice that the highest efficiencies are obtained with a low temperature for the heat bath at 7}
and that you could only obtain unit efficiency if the lower heat bath were at absolute zero. Since,
in most cases, 77 is constrained by the surroundings engineers try to use the highest feasible
operating temperature, 7v . Real heat engines, of course, are not Carnot cycles, but the second
law of thermodynamics requires that no heat engine operating between 7y and 77 can have an
efficiency greater than a Carnot cycle efficiency. So the Carnot cycle provides an idealized upper
limit to the efficiency of heat engines. Even though the Carnot cycle is idealized the general
principles of heat engines remain the same. If your lower temperature, 77, is constrained (by
design or operating considerations) you can increase the efficiency of your heat engine by
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increasing 7Tu. If your upper temperature, 7y, is constrained you can increase the efficiency by
lowering 77.

You may have noticed that all of our temperatures are ideal gas temperatures. That is,they are
measured on the ideal gas temperature scale. It is possible, and desirable to use the Carnot cycle
to define a "thermodynamic temperature scale." We will not do this here. Suffice it to say that by
choosing a suitable reference temperature you can make the two scales identical.

Second Law of Thermodynamics - Two Cycles

We have seen that the Carnot cycle, a reversible heat engine with an ideal gas working fluid, has
an efficiency,

(1)

Is this the best we can do? Does there exist another cycle which has an efficiency greater than the
efficiency of the Carnot cycle? We will now show that if such a cycle exists, with an efficiency
greater than a Carnot cycle, then both of our word statements of the second law will be violated.
That is, if a cycle (a heat engine working between the two heat reservoirs at 7y and 71) exists
with an efficiency greater than the efficiency of a Carnot cycle, then we can see heat
spontaneously moving from a low temperature to a higher temperature with no other effect, and
we will be able to convert heat quantitatively into work with no other effect.

Let us call the cycle with higher efficiency the "better" cycle and just say about it that it has an
efficiency, €', which is greater than e.

We will set up the two cycles such that the "better" cycle drives the Carnot cycle. That is, the
"better" cycle will be operated as a heat engine and it will drive the Carnot cycle which then
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operates as a heat pump. We know that AU = 0 for each cycle independently and for the sum of
the two cycles. Then,

2

or

3)
We can adjust each cycle to alter the various ¢'s and w's by changing where the adiabatic curves
intersect the isotherms. Changing the positions of the adiabatic lines changes the area enclosed
by the cycle and also changes the heats absorbed and released on the isothermal lines.

As we have said, in both of our two experiments the "better" cycle runs clockwise - as an engine,
and the Carnot cycle runs counterclockwise as a heat pump. The engine drives the heat pump.
Some or all of the work produced by the "better" cycle is used to run the (Carnot cycle) heat

pump.

Experiment 1

Adjust the parameters of the two cycles such that w'+ w = 0. That is, the work produced by the
"better" cycle is entirely used up to drive the Carnot heat pump. This also means that there is no
net work either on the system or on the surroundings. Then,

w=—w',
which we can use in the expressions for the efficiencies,

(4a, b)
In Equation 4b use the fact that w = — w' on the left-hand-side. For the right-hand-side, use the
fact that qu is negative and move the negative side to the denominator so that both numerator and
denominator are positive on the right. Then,

(4a, b, c)
In Equation (4c) w is positive so we can divide both sides by w without affecting the inequality.

(5,ab)
since both ¢'u and — qu are positive. Then,
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(6)
If you were to stand back and take a look at the overall effect of this experiment, including both
cycles, you would see that, according to Equation (6), heat is being released into the heat bath at
the upper temperature. This is heat that must have been absorbed from the heat bath at the lower
temperature because of the first law and as indicated in Equation (3). However, we also know
that there is no net work being done on the two systems. The work of the "better" cycle is
entirely used up driving the Carnot cycle. It appears, looking at the overall effect, that heat is
spontaneously disappearing from the lower temperature heat bath and appearing in the upper
temperature heat bath and there is no other effect. This violates our first word statement of the
second law.

Experiment 2

This time adjust the parameters of the experiment so that heat given to the lower temperature
heat bath by the "better" cycle is exactly balanced by the heat absorbed at the lower temperature
by the Carnot cycle. That is, set

(7)
This time we find that

(8a, b, c,d)
Invert (8d) to get

(9a,b)
Recall that, by construction of Experiment 2, we have from Equation (7),

(10)
Equation (9b) becomes
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(11a, b, c)
The net effect is that heat has been absorbed at the upper temperature and work has been done on
the surroundings, but there was no net heat transferred to the lower temperature heat bath. This
violates the second word statement of the second law. If we regard the two cycles as one large
heat engine, then that engine has no "radiator." It would be nice if such an arrangement would
work, and from time to time people propose schemes which are designed to make it work, but it
appears that nature does not allow it.

Conclusion

The initial assumption that we can find another cycle, with an efficiency, e’, better than the
Carnot cycle efficiency, leads to a contradiction of both word statements of the second law. We
are forced to conclude that no cycle can have an efficiency greater than the efficiency of a Carnot
cycle. That is

(12)

Equation (12) is useful and has a number of interesting and important consequences, but it does
not yet provide us with the most significant result of the second law. On the next page we will
use Equation (12) to define a new state function, S, called "entropy," and write the second law in
a mathematical form which will give us enormous new calculating power.

The Second Law of Thermodynamics - The Equation

We have seen that there are two word statements of the second law of thermodynamics. Both
statements are just statements of universal observation. That is, no one has ever observed a
violation of these statements and no one expects that a violation ever will be observed. As we did
with the first law, we elevate these statements to the status of a "law" and assume that they are
universally valid. Then we derive the consequences of this law, which can be checked out by
experiment. So far, within the domain of its validity, no one has ever observed a violation of the
second law, and its consequences are consistent with experimental observation.

Recall that the word statements of the second law are:
1. Heat does not move spontaneously from a cold body to a hot body with no other effect.

2. You can not convert heat quantitatively into work with no other effect.
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The first statement is pretty obvious. Heat flows from hot bodies to cold bodies not the other way
around. It would be very startling if all of the heat in your pencil spontaneously flowed into the
eraser end so that the eraser melted and caught fire. The second statement is probably not so
obvious unless you are an engineer, but it is one of the reasons that automobiles have radiators.
In practice it means that you can't convert heat into work without dissipating some of the heat
into a heat bath at a lower temperature than your heat source.

We demonstrated on the previous page that both of these statements lead to the conclusion that
no heat engine can have an efficiency greater than a Carnot cycle.

(Recall that the efficiency of a cycle operating as a heat engine between two heat baths, one at an
upper temperature, 7u, and the other at a lower temperature, 71, can be written in several ways.
For the Carnot cycle we can write,

(=4

qy Ty Iy qu Gu (1)
Likewise, for some other cycle, which we will indicate by putting a prime on the heats and work
- still operating between Ty and 7. - we can write,
du Ty Ty gy du . )
We are now considering the cycles to be operating as heat engines (as opposed to refrigerators,
or heat pumps) - going around the cycle clockwise, so that w and w' are negative, qu and ¢'v are

positive, and g1 and ¢'L are negative. (We will need to know the signs of these quantities in order
to carry out the algebra of inequality signs.)

e

Since we know from the second law that no cycle can have an efficiency greater than a Carnot
cycle, we can write,

e'<e 3)

(We might ask what circumstances might cause the efficiency of an engine to decrease. The most
obvious answer is that irreversibility, for example, friction, would cause the efficiency to go
down. If there is any irreversibility in the cycle its efficiency will be degraded.)

Using our various expressions for the efficiency, Equations 1 and 2, we can rewrite equation 3 as

e’=1+ﬁ£e=1—£
du Ty ’ 4)
or,
G L
du Iy (5)

Multiply both sides of Equation 5 by — 1, which reverses the inequality,
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_g,L = 5

gv Ty (6)
In Equation 6 we have purposely associated the minus sign with the ¢'L which makes both the
numerators and denominators of both sides positive. With all quantities in this equation positive
we can cross-multiply at will without worrying about the direction of the inequality. Cross-
multiplying we get

~9L 5 9u
Lo f @
or
0> 9L
Iy &L )

The equal sign holds when the cycle is fully reversible and "greater than" sign holds if there is
any irreversibility in the cycle. In the case where the cycle is fully reversibly, then,
gU,rev + gL,rev =0

4 ©)

This latter equation makes it look like,

> dz=0

e T . (10)

(Recall that two of the "legs" of the cycle were adiabatic so that there is no reversible heat on
those legs.) We can generalize Equation 10 to an arbitrary closed path in p, V space by noting
that we can fill an arbitrary closed path with a large number of small Carnot cycles (an infinite
number in the limit of small cycles).
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When we sum over all the cycles inside the heavy line the inside "lines" of the cycles (for
example the blue filled Carnot cycle in the center) will cancel because each inside line is
traversed once clockwise and once counterclockwise. Therefore, only the outside lines (the
heavy lines) remain. If we index the (small) cycles making up the complete cycle, by an index, £,
where k ranges over all the cells inside the heavy line, this gives,

D 9 D % <
alleycks, & T;; axside lines, & ’}; (11)

In the limit where we approximate our arbitrary closed path by making the isotherms and
adiabatic lines closer and closer together to create an infinite number of cycles, the summation in

Equation 11 becomes,

4 g
closed path T . (12)
The equal sign holds when the entire path is reversibly,
d
gm = 0
closed path T . (1 3)

This equation says that the integral of reversible heat over temperature around a closed path is
zero. Equation 13 is independent of the shape of the path - as long as it is a closed loop - which
implies that,
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ey
{ (14)
is the differential of a state function. We will call this state function entropy and give it the
symbol, S. Equation 14 becomes
d
ds = Lo
T (15)
Combining Equations (12), (13), and (15) we get,
d d
§ U< § Bmo §oas
closed path T closed path closed path (16)

Since the closed path is arbitrary, Equation (16) must be valid for any possible closed path. The
only way this can be true is if the equation is true in its differential form. That is,

dg  d
9 % _ ds,
T T (17)
which can be rewritten as simply
d
i
r (18)
or, the best way to remember it,
d
ds =2
T’ (19)

with the understanding that the equal sign holds when the process is reversible and the greater-
than sign holds when the process is irreversible.

Equation (19) is the second law of thermodynamics in equation form. Equation (18) would work
just as well, but most of us would prefer (19) because it is in the form of a definition of dS.

Second Law Applications - Equilibrium and Entropy Changes
Fundamental Definition of Equilibrium

The second law of thermodynamics in equation form is,

dq
T’ (1)

where the = sign holds when the process is reversible and the > holds when it is irreversible. Our
first application of the second law will be to provide a thermodynamic definition of equilibrium.
We indicated very early in the course that at equilibrium none of the variables was changing in
time. (Of course, a system in a steady state has to be excluded from this definition.) Another
possible definition of equilibrium was that all the variables have the values they would have at
time equals infinity. Neither of these "definitions" provides an equation we can use to discuss
equilibrium systems carefully.

ds =z —
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The second law provides us with a definition of equilibrium that we can use to derive
equilibrium properties of thermodynamic systems. Consider a closed isolated system. In a closed
isolated system dg = 0 and dV = 0 which implies that dU = 0. (Actually, we should really say that
dw for all forms of work are zero, but for the time being we will only consider pV work.)

Under the conditions of constant U and V' the second law, Equation 1, becomes

dSyy 20. %)

This may look simple, but it is a very profound statement. It says that in a closed isolated system
(a system which us not being disturbed from the outside) any spontaneous change must increase
the entropy.

In a closed, isolated system the entropy seeks a maximum.

S / y\

?

If you plot the entropy of a closed isolated system against some system variable any spontaneous
change in the system must take the system to higher entropy. If the system is not in equilibrium
then

dSyy =0,

but if the system is at equilibrium any spontaneous change in the system must leave the entropy
unchanged,

dS=0.

Equation 2 is the origin of the somewhat arrogant statement that you may have heard, "The
entropy of the universe is increasing." If you regard the universe as a closed isolated system then
the statement is probably true, even though it is difficult to take such broad statements
concerning the nature of the universe seriously.

Combined First and Second Laws

The first thing we must do is incorporate our new-found equation for the second law into what
we already know. Going back to the first law, with pJ” work only, recall that we can write

dU=dg - pdV. (3)

If we restrict our attention to reversible processes this becomes,

dU =dg,,., — pdV, )
but we know from the second law that
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G = TdS. 5)

Merging Equations 4 and 5 we arrive at what is called the combined first and second laws,

dU = TdS - pdV’. ©

(Later on, when we want to include work other than p¥ work, we will add it in to Equation 6,

but for now we will just stick with pV work.)
Equation 6 implies that the natural variables of internal energy, U, are S and V. In previous

calculations we have regarded U and a function of 7" and V or of 7 and p, but nature - in the form
of the first and second laws of thermodynamics - gives us U as a function of S'and V.

Divide Equation 6 by d7T and hold ¥ constant:

6_Ef =T§ +0=C,,
aT g aT v

[@_S] _S
6T v T (88, b)

Equation 8b provides us with a way to calculate entropy changes for a certain class of processes,
namely processes at constant volume. Set up Equation 8b for integration,

ds, = Sy T,
T 9)

and calculate the entropy change for a constant volume process as,

5 C
AS, = | ' KT,

5T (10)
Continuing to incorporate the second law into our set of thermodynamic tools, recall that

H=U+pV
dH=dU+ pdV + Vdp
dH =TdS- pdV + pdV + Vpd
dH= TdS+ Vdp. (lla, b, c, d)
(Note that equation 11d implies that the natural variables of H are S and p.)

This time let's divide Equation 11d by dT and hold p constant,

O (%) Lo=c
er ), “\eor), ?

(5_3] _S%
or » 4 (12a, b)
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We can use Equation 12b to calculate entropy changes for processes at constant pressure. Set up
Equation 12b for integration,

C
ds,=—2dT,
r (13)
and integrate,
5C
As, = | =zdT.
iT (14)

What about processes at constant 77 We can calculate the entropy change for a process at
constant temperature by rearranging Equation 5 for integration,

d
as = Hwr
T (15)
The finite entropy change is,
d
As=| e
T (16)
If we now restrict consideration to processes at constant 7 Equation 16 becomes,
T
1
= EJ. d‘-?r Jrev
— gr rev
3 (17)

Example Calculation

Calculate the entropy change in heating 1.00 mol of Al from 300 K to 500 K at constant
pressure. The constant pressure heat capacity of Al is given to good approximation by,

! 1238x10° T 2‘T :
Kmol K “mol

The calculation is

C,=20.67

b2 b2 L
A, = ' 2dT= 1200774 [712.38x107T
i 7T i T i
500 K
=20.67In +12.38x107(500 K - 200 K)
300 K
13041,
K

47



Another Example - An irreversible Process

Often we must calculate entropy changes for irreversibly processes. We don't know how to
calculate entropy changes for irreversible processes, but it doesn't matter. Entropy is a state
function so AS is independent of path. All we have to do is imagine a reversible path which will
effect the same change and calculate the entropy change for the reversibly path.

Suppose we start with a 100. g block of Cu at 500 K and a 100. g block of Cu at 300 K. Bring the
two blocks into thermal contact and heat will flow from the hotter block to the cooler block until
they reach the same temperature. This is definitely an irreversible process. However, let's
imagine that we can reversibly cool the hot Cu block down to the final temperature and
reversibly warm the cold Cu block up to the final temperature. We can calculate the entropy
change for both of these processes from Equation (14). The total entropy change is just the sum
of the two individual entropy changes. Note that we expect the entropy for this process to be
positive because the process is spontaneous and the two Cu-block system can be regarded as
isolated.

We need the following data:

T
Cpn = 22,64
FW, =63.5-2-

mol

First we must find the final temperature. We do this by recognizing that the heat lost by one Cu
block is gained by the other Cu block. This is called "heat balance."

100 100
8% 2264(500-T, )=——222.64 (T, —300).
63.5-5 63.5-2—

mol mol

This is easily solved to obtain 7, = 400 K. Then
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As =998 o a3 _ 55T
500K

6352 K
mol
As,= 2998 2264102908 _ 10251
358 300K K
mol

AS=AS +AS, =2.30%.

Second Law Applications - Equilibrium and Entropy Changes
Entropy of Mixing (Ideal Gases)
Visualize that we have a container divided into two compartments. In one compartment we have

n1 moles of an ideal gas, gas 1, at pressure, p and temperature, 7. In the other compartment we
have n> moles of another ideal gas, gas 2, at the same p and T.

P p P
T T 7
Vi Vs Vit ¥
L "2 LT,

If we remove the partition the gases will begin to diffuse into each other and the system will
eventually reach the state where both gases are uniformly distributed throughout the container.
This is clearly an irreversibly process so that we would expect that the entropy would increase.

To calculate the entropy change we must find a reversible path to carry out the process, even if
the path is fictitious. Imagine that we can devise a process that will expand one gas reversibly
and 1sothermally, but leave the other gas undisturbed. We know how to calculate the change in
entropy for the reversible isothermal expansion of an ideal gas.

Recall that dU = 0 for the isothermal expansion of an ideal gas. Then,

dU =TdS - pdV =0.
So,

(1)
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TdS = pd vV

ds=Lq4y
T
nk
=Zav,
v (2a,b, ¢)
for an ideal gas. So, for gas number 1 in our fictitious isothermal expansion we have,
Vi + Vs
‘SSI =H Rlng,
4 (a)
and for gas number 2,
N+
AS,=nRInL =,
2 (3b)
The total entropy change is the sum of these two individual entropy changes,
W+ Vs i+ V5
AS , =AS +AS,=nRIn+—2 +n,RIn1 2.
" £ o)

Equation 4 could be used for calculations, but it is not in the form that we will see in other
contexts. To obtain the usual form factor the R out of Equation 4 and invert the argument of the
logarithms,

AS =-R|nln 4 + 1,1n 2|,
AN “

Since we are doing a calculation for ideal gases, notice that the argument of the first logarithm in
Equation 5 can be written,

mRT
v+ ¥, anT+n2RT n+n, .
P P (6)

where X1 is the mole fraction of component 1. There is an equivalent expression for the argument
of the second logarithm. The entropy of mixing becomes,

Equation 7 is also suitable for calculations, but it is not yet in the standard form. To obtain the
standard form write the total number of moles n; + n2 as n and multiply and divide equation 7 by
n. The result is

Equation 8 is the same form that we will find when we derive an expression for the entropy of
mixing ideal solutions and it is the same form that Shannon found for the "entropy of a message"
in his famous series of papers on information theory.
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If the two gases were not at the same initial pressure you would have to introduce some extra
steps. Expand or compress one of the gases to bring it to the pressure of the other gas, mix the
gases, and then compress or expand the mixture to bring it to the correct final volume and
pressure.

If the two gases are not at the same temperature and pressure it is more complicated. You must
find the final temperature using heat balance, reversibly cool and heat the two gases respectively
to the same temperature, expand or contract on of the gases, mix them, and then expand or
contract the mixture to the appropriate volume.

Equation 8 can easily be extended to more than two gases,

Example - The molar entropy of dry air

)

The composition of dry air is approximately 78% N2, 21% O, and 1% Ar by volume (which is
the same as mole percent). What is the molar entropy of mixing of air?

AS, ... =1mol x8.314

mix,

(0.78 In0.78+0.211n0.21+ 0.011n0.0 1))
K mol

=4.7i.
K

What Does Entropy Measure?
Entropy measures disorder.

If we look at the processes we have seen which have positive entropy changes we can see that in
each case an increase in entropy is associated with an increase in disorder.

An isothermal expansion gives the molecules more room to move around in, the molecules are
less localized.

Increasing the temperature increases the average speeds of the molecules. The molecules are said
to be more disordered in "velocity space" (or momentum space).

Mixing gases (or liquids) intersperses the molecules among each other increasing the disorder.
Phase changes, such as going from a solid to a liquid or a gas, or from a liquid to a gas, increase
the entropy because gases are more disordered than solids or liquids and liquids are more

disordered than solids.

For example, the entropy of fusion of 1.00 mol of ice at 273.15 (heat of fusion is 6.008 kJ/mol) is
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60087 _ ., 7

AS, = ————=22,

273.15K K
Vaporization of liquids has a large positive entropy of vaporization because gases are greatly
disordered compared to liquids. A typical value is obtained from the vaporization of benzene at
its boiling point. The heat of vaporization is 30.8 kJ at the boiling point, 353.1K. The entropy of
vaporization is

As, =208007_g7,7

¥ 3531K K

It is interesting that the entropy of vaporization of many substances at their boiling points is close
to about 86 J/K. (Water and helium are exceptions.) This phenomenon is called "Trouton's rule."
It is easily understood on the basis of entropy being a measure of disorder. The vaporization
process essentially "creates" a mole of disordered molecules (the gas) from a mole of highly
ordered molecules (the solid or liquid). The gases are all at one atmosphere pressure because we
are at their normal boiling point.

Some Tools of Thermodynamics
Some Miscellaneous Relationships

Recall that the combined first and second laws give the relationship

dU = TdS - pdV. 0

This implies that U is a function of S and V. Sometimes we call S and V the "natural variables" of
U. Regarding U = U(S,V) we can write

aw=(Z) as+( ) av.
as J, v J

2)
Comparing Equations 1 and 2 it is clear that
U
LA
% K (3a)
and
GU] - p

These two equations can be regarded as thermodynamic definitions of 7 and p.
Likewise, from the definition of enthalpy we wrote before that

dH = TdS + Vdp. )

Equation 4 implies that enthalpy is a natural function of S and p. Regarding H = H(S,p) we can
write
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dH=[6—H] dS+[a—H] dp.
a5 J, D )s

(5)
From Equations 4 and 5 it is clear that
oH
o5 J, (6a)
and

(%) -
P s (6b)

Equations 6a and 6b give us another thermodynamic definition of 7 and a thermodynamic
definition of V' (which is curious since we have always regarded V" as a purely mechanical
variable).

Helmbholtz and Gibbs Free Energy
When we made the transformation from U to H by the Legendre transformation,

H=U+pV, N

we remarked that / was not the most convenient independent variable. In the laboratory it is
usually much easier to control pressure than it is to control V. Since both U and H are natural
functions of entropy, it is fair to ask how convenient it is to have § as a variable. The answer is
that it is not at all convenient to control entropy or to have entropy as an independent variable.
We do not have a meter that reads entropy and we do not know how to hold entropy constant as
we change some other variable. (Recall that we can control temperature, pressure, and volume.)
So we make some more Legendre transformations.

(We will not give an extensive discussion of Legendre transformations here, but we should point
out that they are not arbitrary. You can't just pick any two variables you wish and put them
together to make a Legendre transformation. We could make the Legendre transformation from
U to H by adding the pV term to U only because V is related to p and U through Equation 3b.
Using this as a guide it would seem reasonable to use Equation 3a to change the variable Sto T’
in the function U, and use Equation 6a to change the variable S to 7' in the function H. Let's try
it.)

Define the Helmholtz free energy, A4, as

A=sU-T3. (8)
Then,
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dA=dU -TdS -SdT
= TdS - pdV - TdS - AT
=-54T — pdV. (9a. b, ¢)

Equation 9c tells us that the Helmholtz free energy is a natural function of 7' and V. That is, 4 =
A(T,V). T and V are much more convenient variables than S and V. Regarding 4 = A(T,V) we see
that

e ) (2]

oT o (10)
Now compare Equation 10 with Equation 9c to see that,
@A
&)
T Jy (11a)
and
(&),
OV Jr (11b)

Equation 11a gives us a thermodynamic definition of entropy and 11b gives another
thermodynamic definition of pressure.

We now have a function of 7"and V, but we didn't much like " as an independent variable before
so why should we like it any better now? Let's use the relationship 6a to define the Gibbs free
energy, G, as,

G=H-T15. (12)

Actually, we can use any one of the three equivalent definitions,
G=H-T5

G=A+pV

G=U+pV-T5. (13a, b, ¢)

Any one of Equations 13a, b, or ¢ will give us the correct natural variables of G. Use Equation
12.
dG=dH -TdsS - 5T

= TdS+ Vdp—TdS - 54T
=-5dT + Vdp. (14a, ¢, )

From Equation 14c we see that the natural variables of G are temperature and pressure. Write

dG=[§] dr+[a_G] dp.
or ), & ), o

Comparing Equation 15 with Equation 14c we find that.
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)
or B (16a)

and

[@] _
PD Jr (16b)

Equation 16a gives us another thermodynamic definition of entropy and 16b another definition
of volume.

Meaning of 4 and G

What do 4 and G mean and what are they good for? We said after the introduction of the first
law (which introduced the internal energy, U) that we would be introducing three more functions
that have units of energy. We now know that these functions are H, 4, and G. At the time we said
that only U has a simple physical meaning - the sum of all the kinetic and potential energies of
all the particles. There is no simple physical explanation for enthalpy and the two free energies.
The best we can do is tell how they are used.

1) Most simple-minded.

Set

dU =TdS — pdV +dw g, . (17)

Then, using the definition of Helmholtz free energy as we have done above we find that,

dA=-SdT — pdV +dw g, - (18)

For any process at constant temperature we have,
That is, for a constant temperature process the Helmholtz free energy gives all the reversible
work. For this reason the Helmholtz free energy is sometimes called the "work function." When
a physicist says "free energy" without indicating Helmholtz or Gibbs, he usually means

Helmholtz free energy.

Similarly, we can write,

dG =-8dT + Vdp + dw g, - (20)

For a process at constant temperature and pressure we get,

dGr,p =dW ., =dwale_pv. o)

That is, for a process at constant temperature and pressure the change in Gibbs free energy gives

all the reversible work except the pV work. This work might include electrical work, work
creating surface area, and so on. Chemists do most of their reactions on the bench top at constant
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pressure. When a chemist says "free energy" she almost always means Gibbs free energy unless
she specifically states otherwise.

2) More useful - two new criteria for equilibrium

Recall that the second law of thermodynamics,

5=,

T (22)
gives us the fundamental criterion for equilibrium. That is, in a closed isolated system entropy
seeks a maximum,

dSyy 20 @3)

Although this is the fundamental definition of equilibrium it is not the most useful definition
because we do not often work with closed isolated systems. More often we work with systems at
constant temperature and either constant volume or constant pressure. We can use the second
law, Equation 22, and our new functions 4 and G to find criteria for equilibrium under these
conditions.

Rewrite the second law, Equation 22 as follows:

TdsS =z dg
0=dg- Tds, (24)
or
dg — TdS <0. 25)
Now, going back to the original form of the first law with only pV work,
dU =dg - pdV, (26)

and making the transformation to Helmholtz free energy we get,

dA=dU -TdS - 54T
=dg — pdV -TdS -5dT
=(dg — Td5) — pdV - ST, (27a.b. ¢)

For a process at constant temperature and volume we have,

dA,, =dg - TdS <0. os)

We conclude that for a process at constant temperature and volume the Helmholtz free energy
seeks a minimum. Any spontaneous process in a system at constant 7 and /" must decrease the
Helmholtz free energy (if the system is away from equilibrium) or leave the Helmholtz free
energy unchanged (if the system is at equilibrium).

By the same token, we can use the Gibbs free energy to discuss processes at constant
temperature and pressure,
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dG=dH -TdS -5dT

=dg+ Vdp —TdS - 4T

= (dg — TdS) + Vdp — 4T, @9, b, 0
from which we conclude that for a process at constant 7" and p,
dGr’p =dg - Tds <0. (30)

That is, at constant 7 and p the Gibbs free energy seeks a minimum. Any spontaneous process in
a system at constant 7' and p must decrease the Gibbs free energy (if the system is away from
equilibrium) or leave the Gibbs free energy unchanged (if the system is at equilibrium).

Maxwell's Equations

We now have the tools to derive some very useful relationships between thermodynamics
variables. Maxwell's equations are based on the same principle as was Euler's test for exact
differentials, namely that mixed second derivatives of "nice" functions must be equal. Applying
this principle to our two new free energy functions we find,

A 74
oveT oTov’ 31)
but we already know the first derivatives of 4 from Equations 11a and 11b. So,

RN

aver ov\er ) erev er\ev
o (a4 o o a4 o
2] = Z()=2[ 2] =Z(p),
ovier), ov oT\ ov ), or

)2
oV OT Jy (32a,b, ¢)

We obtain another similar equation from the Gibbs free energy,
&G &C
poT  OTép (33)

which becomes, using Equations 16a and 16b,
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@oT ®l\oT), ot oT\ @

o (o= 7. o { oG s,
3o, 5wl e

o
& fr \OT ), (34a, b, ¢)

There are two more Maxwell's equations from dU and dH, but these are not as useful as the ones
just derived. We will leave it to the reader to find the Maxwell's equations from dU and dH.

0 5(2)-22-2(2)

First Application of a Maxwell's Equation

As our first application of a Maxwell's equation we will derive the so-called thermodynamic
equation of state which we stated without proof earlier. Write the combined first and second
laws,

AU = TdS - pdV. 0
Divide Equation 1 by dV and hold T constant to get,
ouU as
=T - P.

o), v,

(35)
Using the Maxwell's Equation, Equation 32c, to substitute for the entropy derivative we obtain,
oU
— — T @. — p.
ov ). “\er),

(36)
Equation 36 is the equation that was written down without proof at the time we were discussing
the Joule expansion.

The other version of thermodynamic equation of state, based on H instead of U, will be left as an
exercise for the reader.

Summary

We now have four interesting and useful derivatives of entropy,
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asy G asy G,
&5 (&7
s (@ as)  (ov
Wl ) (51/ [El J [E’]
There are two other derivatives of entropy which might prove useful,
2 (7%
& ), \OT jy\ & ),

s
T Naépy, (37)

oS
. \ev )T
The other derivative, 7 will be left to the reader.

Adiabatic Compressibility

The speed of sound in a gas depends on the "springiness" of the gas. That is, it depends on how
the volume of the gas responds to changes in pressure. We have already seen one measure of this
response, called the isothermal compressibility,

). ? l[aV]
r___ _— -
V@ Jr (1)

Equation one gives a parameter that determines how the gas responds to changes in pressure if
the temperature remains constant.

Sir Isaac Newton assumed that the speed of sound was an isothermal process and used the
parameter defined by Equation 1 to calculate the speed of sound in a gas. His answer did not
agree with experiment.

It turns out that sound transmission in a gas is an adiabatic process rather than an isothermal
process. The sound wave causes oscillations in pressure but the oscillations are fast enough that
heat can not move from compressed regions to rarified regions in order to keep the temperature
constant. Before the heat can be conducted away from the compressed regions the compression
has moved on so that sound propagation is adiabatic.

We define the adiabatic compressibility as,
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ov
KS=_F( @DJ
& (2)

We can calculate the adiabatic compressibility in terms of quantities that we already know (using
the Euler cyclic rule twice, once the normal way and once in reverse).

1{ eV
TCS=—F

(2]
1@,
[ )3]]

1EE .,

where we have used Euler's cyclic relation to go from Equation 3a to 3b and the chain rule in the
denominator and numerator of 3b to go to 3c.

We already know that

%) (&

o7 y i (4a)
and

B\ _[%

o7 » T (4b)
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(5a, b)
In Equation 5b we can use Euler's cyclic rule in reverse to write

(6a,b)

Since C, > Cy The isothermal compressibility is always greater than the adiabatic
compressibility.

For a monatomic ideal gas, where C, = 5nR/2 and Cy = 3nR/2 we see that

K.=—X,.
b 5 r (7)

Adiabatic Gas Expansion Revisited

Early in the course we derived the equation for the adiabatic expansion of an ideal gas,
p V" = constant,

or

Pl%r = PzV{,

(8a, b)
where,
y o
Cy

)

You may recall that the derivation was sort of "round-about." Here we would like to use some of
our new thermodynamics tools to provide a much more direct derivation.
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The goal is to discover how the pressure changes with volume if entropy is held constant. That
is, we would like to find the derivative,

(),

Then we can integrate this derivative to find an expression for p as a function of V. First, let's
find the derivative. Notice that this derivative is just the reciprocal of the derivative in Equation 2

so most of the work has already been done. Using the same procedures we used above we fin
that,

&

3)- 15

6;
[ ]

(3

(o)
T\ov),
S (o1
A3l

)
Cp ov )

() a ),
ov ) oV Jr (10a,b, ¢, d, e, )

Equation 10f is a general thermodynamic relationship. It contains no approximations. To proceed
further we must decide what material we want to consider. The equation we were trying to derive
was based on the ideal gas for which

(@] __NnRT
)

Il
|
= '

(11a, b)
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So,

)7
ov ). v 12)

Set up Equation 12 for integration, (don't forget to put all the p stuff on one side and all the
stuff on the other)

d av
LA
P (13)
and integrate between p1, V1 and p2, V>,
» dp BdlV
e

where we have made the approximations that y is independent of volume and factored it out of
the integral. Equation 14 integrates to

ln&=—ylnE

P "

(15a, b, ¢)
from which we conclude that

P _ W
n (16)

or

= py (8b)

Just for the record, we add that the correct formula for the speed of sound is

K (17)
where p is the density of the gas (in kg/m?).
Gibbs Free Energy and Chemical Reactions

We have seen that the Gibbs free energy, G, seeks a minimum at constant 7" and p. The question
now is does this have anything to do with chemical reactions. We define the change in Gibbs free
energy for a chemical reaction as,

63



"ﬁrGo . Gpmducts - Gmactams' (1)

It is understood in Equation 1 that both the reactants and the products are pure, isolated, in their
standard states, and at the same temperature and pressure.

When we first introduced heats of reaction we said that it is not feasible to tabulate the AH ° for
every possible reaction. Instead, we tabulate heats of formation for compounds and use Hess' law
to find the heat of a reaction involving those compounds.

In the same manner we define the Gibbs free energy of formation for a compound as AG ° for the
reaction:

pure isolated elements in their standard states —
one mole of pure compound in its standard state.
For example, AfG ° for CO2(g) at 25° and 1 atm is defined to be the AG for the reaction:

C(s, graphite) + 2 Oz(g) — CO2(g).

Then, using Hess' law, the A:G ° for some arbitrary reaction, say

aA+bB—-cC+dD, (2)

is

AG°=c AfGc®+d AiGp® — a AiGa° — b AtGB°. 3)

Rarely one might want to run a reaction at constant volume and, therefore, would need the
change in the Helmholtz free energy. We can obtain A:4° using the same approximations we
used to obtain AU from AH. That is, from

G=A+pV

we see that,

AA=AG- A(pP).

Using, as before, the approximation that the change in the pJ product for liquids and solids is
small and the approximation that the gases are ideal, we obtain the equation,

AA = A G — RThn,. @

Processes at Constant Temperature

Knowing that G = H — T§, and that reactions are constant temperature process, we can relate the
Gibbs free energy of a reaction to the enthalpy of a reaction. That is,

G=H-TS,
AG = AH — A(TS)
AGT = AHT ) TASI'. (Sa, b, C)

We have written a subscript, 7, in Equation 5c to indicate that the equation is only valid at
constant 7, but it is unusual to include the 7. Usually we see
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AG=AH- TAS, ©)

and it is left to the reader to understand that the equation is only valid at constant 7.

The "Driving Force' of a Chemical Reaction

Recall that at constant 7 and p the Gibbs free energy seeks a minimum. That means that we can
use A:G ° to tell whether or not a reaction will proceed spontaneously as written:

If A:G ° > 0 then the reaction will not go as written (the reverse reaction will go)
if A:G ° <0 then the reaction will go as written.

Sometimes people say that A;G ° is a measure of the "driving force" of a chemical reaction.
Although the use of the word "force" is probably not appropriate, the statement conveys the
correct idea that A;G ° tells us whether or not a given reaction will really run spontaneously. (You
can probably write and balance a large number of reactions, but just because you can write and
balance a reaction is no guarantee that it will run.)

We see from Equation 6 that the "driving force" of a chemical reaction has two components:

AH is the drive toward stability. When AH < 0 the products are more stable than the reactants
(and vice versa).

AS is the drive toward disorder. When AS > 0 the products are more disordered than the
reactants.

(The negative sign in front of the 74 S shows that a positive AS makes a negative contribution to
AG which tends to drive the reaction in the forward direction.)

Note that increasing 7 increases the influence of AS on the reaction "driving force."

For a chemical reaction AH and AS are independent of each other. that is, you can not calculate
one from the other. You can have situations where both are positive, both are negative, or one is
positive and the other negative. Notice that if AH and AS have the same sign they are working
against each other. You can make the entropy win by increasing the temperature or you can
make the enthalpy win by decreasing the temperature.

We will show later that A;G ° is related to the equilibrium constant for the reaction ( as you might
expect).
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CHM 304 MID-SEMESTER TEST (2023-2024 SESSION) Time allowed: 30 min.

.

ro

(93]

Which of the following has a higher chemical potential? If neither, answer “same”. (a) H20(s) or H20(1) at
water’'s normal melting point, (b) H20(s) at — 5°C and 1 bar or H20(1) at — 5°C and | bar, (c) benzene at 25°C
and | bar or benzene in a 0.1 M toluene solution in benzene at 25°C and 1 bar.

. At45°C, the vapour pressure of water is 65.76 mmHg for a glucose solution in which the mole fraction of

glucose is 0.080. calculate the activity and activity coefficient of the water in the solution. The vapour
pressure of pure water at 45°C is 71.88 mmHg. |

. Calculate the molal boiling-point elevation constant (Kp) for water. The molar enthalpy of vaporization

(AyapH) of water is 40.79 kJ mol™ at 100°C. R = 8.314 J mol~' K-, molar mass of water is 18.02 g mol™".

i .
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