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Preface

It is very gratifying to be able to introduce the second edition of a textbook.
The first edition of Chemical Calculations clearly addressed a need in chem-
istry courses, and I believe that this has grown since its first publication. There
has also been a growth in the number of textbooks addressing the mathemati-
cal skills of chemistry students, so it has been a considerable challenge to try
to improve on the first edition while retaining those elements that gave it a
distinctive flavor.

My philosophy regarding the overall structure of the book remains the same
— it is arranged by chemical rather than mathematical topics. This approach
does, I believe, remain unique. [ have retained this so that the book can be used
throughout a chemistry course long after any specialist module on mathemat-
ics for chemists has been completed.

A few chemical topics have been removed where I felt that they did not
provide the best means of introducing a mathematical technique. In some
cases, however, this deleted material has provided the basis for additional end-
of-chapter questions. A number of new topics, both modern and more tradi-
tional, have consequently been included. These contain, where appropriate,
the spreadsheet treatment of certain topics.

Appendix A in the first edition, which contained the absolutely fundamen-
tal aspects of mathematics, has now gained prominence as Chapter 1 at the
start of the book. Some students may wish to skip this; the structure is also
slightly different from that of subsequent chapters.

One thing that I always look for in any textbook is an array of questions
for use by both students and instructors. This aspect has been considerably
strengthened in this edition. Questions have been included for the fundamen-
tal material in Chapter 1, whereas there were none in Appendix A in the first
edition. In the other chapters the numbers of both exercises and chemically
related problems have been doubled.

Finally, if you are interested in more general aspects of my activities in
chemical education and other material related to that in this book, please have
a look at my Web site at www.chemed.org.uk.
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Fundamentals

There are some mathematical processes without which you will find it very
difficult to solve any problems, no matter how good your grasp of the other
concepts involved. These are placed in this preliminary chapter so that you can
find them easily if you need to refer to them while studying other parts of the
book. You may find it possible to skim over this material, but do have a look at
how these concepts are used in real chemical examples.

1.1 Positive and negative numbers

If we have a number represented by the algebraic symbol a, its negative will
be written as —a. For example, the negative of 4 is —4. There are two rules to
remember when combining numbers that may be positive or negative: two like
symbols combine to give positive, whereas two unlike symbols combine to
give negative. This leads to the following sets of rules.

1.1.1 Addition

If you are adding a negative number to any other number, this is the same as
subtracting the corresponding positive value. For example,

2+(=3)=2-3=-1

because the + and — signs are different and therefore give —. If our two num-
bers are represented algebraically as a and b, then the rule can be written as

a+(-b)=a->b

This simple rule finds application in chemistry when we wish to determine the
overall change in entropy for a process.
This is denoted as A ivereS> where the term universe is taken to represent

both the system of interest and its surroundings. The overall entropy change
is then given by

=A__S+A

universe system surroundings

where AsymmS andA - dmgsS represent the entropy changes of the system and
its surroundings, respectively.
When 2.00 mol of supercooled water at —15.0°C is frozen irreversibly at a

constant pressure of 1.00 atm to give ice at —15.0°C, the entropy changes in

Use the m button on

your calculator to input a
negative number.

The entropy of a substance
gives an indication of the
extent of disorder.



2 Chemical calculations: Mathematics for chemistry, second edition

Frequency is converted to
energy by multiplying by the
Planck constant £.

the system and the surroundings are —39.61 and 42.03 J K™, respectively. The
overall entropy change of the universe will then be

S=A S+A

universe system surroundings

= (=39.61 +42.03) T K*!

=242JK!

1.1.2 Subtraction

If you are subtracting a negative number, this is equivalent to adding the cor-
responding positive number. For example,

2—(-4)=2+4=6

because we have two like signs combining to give +. Using our symbols a and
b we can write the general rule as

a-(-b)y=a+b

We make use of this in chemistry when calculating the expected frequency
of a line in an electronic spectrum. The difference AE in energy between two
levels E, and E, is given by

AE=E,-E,

and AE is proportional to the frequency of the resulting line.

The energy levels in an atom are usually measured relative to the zero
energy of a free electron, and thus are negative.

In hydrogen the lowest energy level E, = —2.182 x 107" J and E, = -0.546
x 10718 J. In this case

AE=E,-E,

=-0.546 x 1078 J — (-2.182 x 1078 J)
The adjacent negative signs combine to give a positive, so
AE=-0.546x 108 J +2.182 x 10718J
From Section 1.1.1 on page 1 this can also be written as

AE=2.182x10"%]-0.546 x 107#]

=1.636 x 107 ]

1.1.3  Multiplication

When two positive numbers a and b are multiplied, we obtain another positive
number, as in

3x4=12



spontaneous non-spontaneous

equilibrium

Figure 1.1 Graph of Gibbs free energy G against extent of reaction x. In the spontaneous
region of the graph, G is falling, so AG is negative, AG then becomes zero at equilibrium, and AG
is positive as G rises in the non-spontaneous region.

We can represent this in symbols as
axb=ab

where it is usual to omit the multiplication sign (x).
If only one of the numbers is negative, then the result will be negative, as in
—3x4=-12, and 3x-4=-12
These are expressed in symbols as
—axb=-ab and ax-b=-ab

If, on the other hand, both numbers are negative, then we have two like signs
and the result is positive, as shown by

Bx-4=12
The general rule is expressed as
—ax-b=ab

An area of chemistry where multiplication involving negative numbers occurs
is in the calculation of the change AG in Gibbs free energy for a process.

The value of AG® is related to the equilibrium constant K for a process by
the equation

AG°=-RTIn K

where In K is the natural logarithm of K. Logarithms will be covered in Chapter
3, Section 3.6.1, on page 75; don’t worry about them now, and just think of In
K as a single number. The other quantities in the equation are the gas constant
R and the absolute temperature 7.

For the equilibrium

2HI =H, +1

[€3) 2(9) 2(2)

Fundamentals 3

AG is zero at equilibrium,
negative for a spontaneous
process, and positive for a
non-spontaneous process, as
shown in Figure 1.1.

R has the value
8.314 J K™ mol.

The absolute temperature is
measured in kelvin, K (not
°K!). The temperature 0°C
is equivalent to 273 K, but a
temperature interval of 1°C
is the same as a temperature
interval of 1 K.
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In K = -3.922 at an absolute temperature 717 K. We thus have
AG°=-8.314 ] K mol™! x 717 K x (-3.922)

Because two negative quantities are being multiplied, the result will be posi-
tive, SO

AG°=8.314 J K mol™! x 717 K x 3.922

=23.4 % 10* J mol™

1.1.4 Division

The rules for division are similar to those for multiplication. If 9 is divided by
3, we write

9+3=

223
3

Similarly, if a is divided by b, we write this as

a
a+b=—
b
If the first number is negative, we have
—9+3=_—9=—2=—3
3 3

and if the second number is negative we have

9 9
9+ (-3)=—=-2=-3
(-3) 3 3

because we are combining two different signs and therefore obtain a negative
result. In general terms, this is written as

On the other hand, if both numbers are negative, the two like signs give a
positive result, as in



The absolute temperature 7' at which equilibrium occurs in a system is
given by the equation
AH

T=—""
AS

where AH is the change in enthalpy and AS is the change in entropy.

For the condensation of hexane we have A odensaion = —28.9 kJ mol™, and
S =-84.5J K mol™. Thus

condensation

T = Acondcnsa\lionl_l _ -28.9 x 103 JmOl_l

=342K
AcondcnsationS -84.5] K_l Hlol_1

Notice the conversion fromkJ toJinA . S. This is necessary to give
a consistent set of units with those in A

condensation

1.2 Precedence in equations

It can be difficult to know where to start when evaluating an expression with
many terms and mathematical operations. This can be done by applying a set of
rules known as the BODMAS rules. BODMAS stands for Brackets of Divide
Multiply Add Subtract. These are self explanatory except for “of,” which is
actually another way of saying “multiply.” We also need to realize that raising
a number to a power is the same as performing a multiplication. For example

2V =2x2x2x2

For any expression, we perform the operations in the order specified by the
BODMAS rules. Some examples will illustrate this.
Consider the expression

2x3+4x%x5

The rules tell us to perform multiplication before addition, so, if we do this
we have

2x3+4x5=6+20

which we can evaluate as 26. Now, suppose that the original expression had
been modified by the inclusion of brackets to become

2x3+4)x5

We now have to evaluate the quantity in brackets first, and as this is equal to
7, we have

2x(B+4)x5=2xTx5

which has the value 70. This example shows us how brackets may be used to
override the standard order in which we perform mathematical operations.

Fundamentals

5



6 Chemical calculations: Mathematics for chemistry, second edition

An expression that involves raising a number to a power is
3x2° -1

As noted above, we can write 2° as a multiplication, so the expression becomes
3x2x2x2x2x2-1

The BODMAS rules tell us to perform the multiplications first, so the expres-
sion becomes

96 -1

which has the value 95.
An example of an expression in chemistry that requires application of the
BODMAS rules is the van der Waals equation

(p + C;fJ(V - nb) = nRT

The amount r is frequently, ~Which relates the pressure p, volume V, and absolute temperature 7" of an
although incorrectly, known  amount n of gas. The quantities a and b are constants for a particular gas.
as the “number of moles.” Let us evaluate the left-hand side of this expression for a sample of 1.00 mol
The van der Waals equation of nitrogen gas occupying a volume of 22.414 dm? at a pressure of 1.0122 x
attempts to model the behav- .
iour of a real gas by includ-  10° Pa. The constants for nitrogen are a = 0.1408 Pa m® mol™ and b = 3.913 x
ing additional correction 10 m® mol™".
terms involving the constants The first thing that is apparent from the BODMAS rules is that we need to
aand bto the basic gas equa-  pegin with the brackets. In this case it means we evaluate each bracket in turn
tion for an ideal gas. .
and then multiply the results together.
Bracket 1: We need to evaluate the term an*V? containing multiplication
(including power) and division operations, and then add this to p.

an*  0.1408 Pam® mol  x (1.00 mol)*

v (22.414 x 103 m?)?

_ 0.1408Pa m° mol~ x 1.00 mol®

502.39 x 10 m° = 2803 a

2
P+ % =1.0122x10° Pa + 280.3Pa = 1.0150 x 10° Pa

Bracket 2: We need to evaluate the term nb containing a multiplication opera-
tion, and subtract this from V.

nb=1.00mol x3.913x 10 m* mol ' =3.913x 10 m*
V =22414dm> =22.414 x 107 m?
V-nb=22414%x10"m*-3.913x107°m* =2.237x 10> m*?

We now multiply the values of each bracket together, so that



2
[p + ‘:Z](v — nb) = 1.0150 x 10°Pa x 2.237 x 10 m’ = 2.271 x 10°Pam’

1.3 Rearranging equations

An equation can be thought of as a balance of two sides, each consisting of a
series of terms. In order to preserve this balance, whatever operation is applied
to one side of the equation must also be applied to the other. This technique
can be used to good effect if we wish to rearrange an equation. One reason for
doing this might be to isolate one quantity so that its value can be calculated.
For example, the equation

x+y=25

can be arranged to make y the subject or, in other words, to begin y = ... In
order to do this, we would need to subtract x from both sides of the equation.
This gives

xX+y—-x=25-x
which simplifies to give
y=25-x

If we substitute actual numbers for x and y we can verify both the original and
rearranged expressions. For example, setting x = 10 and y = 15 gives

10+15=25
in the original expression and
15=25-10

once it has been rearranged. Clearly, both these statements are correct.
An expression involving multiplication is

3y=2x
To rearrange this to the form y = ... we need to divide both sides by 3. This gives
3y _2x
3 3
or
2x
=3

If we set x =3 and y = 2, then
3x2=2x%x3

Fundamentals



8 Chemical calculations: Mathematics for chemistry, second edition

in the original expression and
3
2=2x—
3

once rearranged. Again, both statements are correct.
More complicated expressions contain both addition and subtraction and
multiplication and division operations, such as in

10x +5y=8

To obtain an expression of the form y = ... we begin by subtracting 10x from
either side to give

10x + 5y — 10x =8 — 10x
or
Sy=8-10x
We then divide both sides by 5 to give

57y _ 8 -10x
5 5
or
_ 8 -10x
Y=
This could also be written as
8
=—-2x
Y 5

In chemistry the heat capacity C, is frequently given as a series of terms
of increasing power in the variable 7, the absolute temperature. The simplest
representation of this is

C =a+bT

P

where a and b are constants. It is possible to rearrange this to give T as a func-
tion of C. Subtracting a from both sides gives

Cp—a=a+bT—a
or

C —a=bT

p
Dividing both sides by b gives
C,-a_br
b b

or



Fundamentals

Conventionally, we would now reverse the order of the equation to give

T=C,,—a
b

although this does not change its meaning in any way.

1.4 Fractions

A fractional quantity is written as two numbers separated by a horizontal line.
The fraction 4/5 means “divide 4 by 5.” This can also be written using the divi-
sion sign as 4 + 5 and has the decimal value 0.8. To summarize,

Using algebraic symbols

b

means divide a by b, and may also be written as a + b.

1.4.1 Identical fractions
If both the top and bottom of a fraction are multiplied by a constant, its value
remains unchanged:

1 2x1
2 2x2

_2
4

Using algebraic symbols for the general case:

Similarly, we can divide both top and bottom by the same number and the
value of the fraction remains unchanged:

O | W
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Again, using symbols to represent a general case:
d
/)
bd b%/ b
d
This technique is frequently used when we perform the stoichiometric
determination of an empirical formula. Such a determination of a compound
containing only phosphorus and oxygen showed that a sample contained 1.409

mol of phosphorus (P) and 3.523 mol of oxygen (O). The ratio of these quanti-
ties can be expressed as the fraction

P 1409

O 3.523

The top and bottom of this fraction can be divided by 1.409 to give

1.409
P_ ,/f409 _
O 3.523 2.5
Aﬁw

The top and bottom of this can each be multiplied by 2 to give

P 1 Ix2 2

0O 25 25x2 5

and hence the empirical formula of the compound is P,O..

1.4.2 Addition and subtraction

If we wish to add two fractions, or to subtract one fraction from another, we
need to rewrite them in terms of what is called a common denominator. This
means that the number on the bottom of each of the two fractions needs to be
the same. For example, we cannot calculate the sum

2

1
242
3 4

until the two fractions are rewritten in terms of a common denominator. The
common denominator in this case is 12, obtained by multiplying 3 and 4. We

can write
2 2x4 8
37 3x4 12
and
1 1Ix3 3



Fundamentals

The sum is now easily evaluated as

2 1 8 3 1

+—=—+——=—
3 4 12 12 12
The addition of two general fractions can be expressed as

_ad bc ad + bc

+— =
bd  bd bd

a c
Bl
b d

It is worth noting that it may be possible to simplify the result further, by
dividing both top and bottom by the same number, as outlined previously in
Section 1.4.1 on page 9.

The van der Waals equation, met in Section 1.2 on page 5, can be rear-
ranged to

nRT ﬁ
V-nb V?

p=

The common denominator of the two fractions on the right-hand side will be

VA(V — nb)
We then have
nRT nRTV?
V-nb VXV -nb)
and

an® B an*(V = nb)

V2 VAV - nb)
The overall equation can then be written as

_ nRTV? = an*(V - nb)
V2(V = nb)

p

1.4.3  Multiplication

When two fractions are multiplied, we multiply the terms on the top and the
terms on the bottom independently. For example,

2 1 2x1 2
X

11
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In general terms, using symbols,

ac

a c
2z
b d bd

When the product in a chemical reaction becomes a reactant in a second chemi-
cal reaction, the two reactions are said to be coupled. Such a pair of reactions is

PO/ +H,0*=HPO,> + HO
HPO/* + H,O*=H,PO,~+ H,0
which can be combined to give the overall reaction
PO/ +2H,0"'=H,PO, +2H,0

The product HPO,*" in the first reaction is a reactant in the second reaction.
The equilibrium constant K| for the first reaction is given by

=0

o— | —0
o . - [HPO, I[H,0]
0 ' [P0, 1[H;0"]
|
O— II-’—OH and that for the second reaction, K, is given by
© _ [H,PO,"][H,0]
" [HPO,* |[H,0"]
O—P—OH

If K, and K, are multiplied, they give the equilibrium constant K for the over-
all reaction

O—1v=0

I

_ [HPO,*” ][H,0] . [H:PO,"][H,0]
[PO,/"][H,0*] [HPO,* ][H,0"]

K=K/,

The term [HPO,*"] appears on both the top and bottom of this expression, and
so can be cancelled to give the overall equilibrium constant as

K- [H,PO,”][H,0]
[PO,*"[H,O*T

because [H,0] x [H,0] = [H,0F, and [H,0*] x [H,0"] = [H,0*]".

1.4.4 Division

When a number is divided by a fraction, the operation we perform is to multi-
ply by the reciprocal of the fraction. The reciprocal of a fraction is the fraction
turned upside down. For example,



In symbols, for the general case

gad
c be

a ¢ a
—+—=—x
b d b

The example in Section 1.4.1 on page 9 introduced the use of fractions in
the determination of the empirical formula in a compound containing only
phosphorus and oxygen. We can generalize this and relate it to the mass m of
each element and its atomic mass M.

The amount n,, of phosphorus will be given by

mp

No =
P M
P

where m,, is the mass of phosphorus in the compound and M, is the atomic
mass of phosphorus. In a similar fashion the amount n of oxygen is given by

where m, is the mass of oxygen in the compound, and M, is the atomic mass
of oxygen.
The ratio of the amounts of phosphorus and oxygen is then given by

m/
ne /My _mp Mo

ng Mg M, mg
M,

using the rule that dividing by a fraction is equivalent to multiplying by its
reciprocal.

1.5 Indices

A quantity such as 2* means that the base 2 is raised to the power 4 (or has an
index of 4), and

24=2x2x2x%x2

Here we have multiplied 2 together 4 times. In general x" is the base x raised to
the power n, and consists of x multiplied together n times.
Some frequently encountered powers are given special names:

x? is called “x squared” and is equal to x x x
x3 is called “x cubed” and is equal to x X x X x

A little thought will show that x! = x, and we also have the special case that
x°=1.

Fundamentals
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There are a number of rules for combining numbers raised to powers. It is
important to remember that such rules only apply when the quantities being
combined have the same base.

1.5.1 Multiplication

When two numbers with the same base raised to powers are multiplied, we add
the powers so that

22 x 23 = 2(2+3) - 25

In general terms, this can be written as

The ionic product K of water is given by
K, =[H][OH]
In the case of pure water, [H*] = [OH"], so the expression becomes
K, = [H'][H']
Because [H*] = [H*], this can be written as

Kw - [H+]l x [H+]1

= [H+](1+l) = [H+]2
A similar argument can be used to show that we could alternatively write

K, =[OH

1.5.2 Division

When one number raised to a power is divided by a number consisting of the
same base raised to a power, we take the difference between the powers, so
that, for example,
5
27 - 2(5—3) - 22
23

In general terms,

a
X = yla=b)

b
X

The equilibrium constant K for the dissociation of chlorine

Cl,=2Cl



is given by
2
ol
[CL,]
At the point in the dissociation where
[C1] = [C1,]
_[aIP
(€]

Applying the rules of indices then gives
K =[C1]*™" = [C1]

At this point it will also be true that
K=[CL]

1.5.3 Raising to a power

When a number raised to a power is itself raised to a power, we multiply the
powers, as in

(22)} = 2% = 26
This can be expressed in general terms as
(xu)h — x(ah)
Copper(II) iodate is sparingly soluble in water according to the equation

Cu(l0,), = Cu*  +2103"

205) ( (aq)

If the small concentration of Cu?* in solution is x, it follows from the stoi-
chiometry of the equation that the concentration of 10, is 2x. The solubility
product K, is defined as

K, = [Cu*][I0, ],
=x (2x)
=x X 4x?

=453

1.5.4 Roots

The square root of the number 16 is 4. This means that 4 multiplied by itself
gives 16.

Fundamentals 15
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CHs

We write this mathematically as
Ji6 = 4

or using an index as

1

162 = 4

It is also possible to calculate other roots so that the root raised to the appro-
priate power gives back the original number. For example, we can write that

g =2

which states that the cube root of 8 is 2, and it follows that
22=8

Another way of expressing the cube root of 8 is as

i/§=8%

and, in general, when we take the root of degree b of a number x raised to
power a, the index of x is a divided by b, so that

a
. a
Vx =xb

Quantities raised to fractional indices occur frequently in kinetics. An
example is the reaction

CH,CHO — CH,+ CO

3
for which the rate of reaction is equal to [CH3CHOJE .

1.5.5 Negative powers

A negative power denotes a reciprocal quantity, i.e., “one over” the number.
For example

-l
23
In general algebraic terms
-n 1
X =
xn

For the equilibrium dissociation of hydrogen chloride

2HCl=H, +Cl,



the equilibrium constant K will be given by

' [H,][Cl,]
[HCIT?

Because

this can be rewritten as
K = [H,][CL,][HCI] 2

1.6 Standard form

Any number can be written as the product of a number between 1 and 10 and
the number 10 raised to an integral power. For example,

2907 =2.907 x 10°

0.00046 =4.6 x 107*

Notice that for a number less than 1 the power of 10 will be negative. To
convert from standard form we note that a negative power, 10, means move
the decimal point n places to the left, whereas a positive power, 10", means
move the decimal point n places to the right. In both cases we need to insert an
appropriate number of zeros to act as place holders.

For the reaction

— S0, +Cl

S0,CL,, 2(2) 2(2)
the rate constant k has the value 2.20 x 1075 s7!. Moving the decimal point 5
places to the left gives 0.0000220 s™! once the necessary zeros are inserted.
The half-life ¢, for this reaction is 3.15 x 10* s. The positive value of the power
indicates that we move the decimal place 4 places to the right; this gives 31500 s.

4

)

7 Co

tl/z t

Figure 1.2 Graph of concentration ¢ against time ¢ for a reaction. The time taken for the
concentration to fall to half its initial value ¢ is the half-life denoted by 7,,.
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Exercises

1. Calculate

@ 3+ (b —7+2 © —4+(-2)
2. Calculate

(@ 4-6 (b 5-(=2) © -6-(-1)
3. Calculate

@ 4x7 b 6x(=2) (© -3x(7)

4. Calculate

28 21 -81

. b R R

@ ) = © =
5. Evaluate

@ 3P-183+2x3
(b F-18)/3+2x3)

© F-18/3+2x3)

6. Rearrange the following equations to make y the subject, i.e., so that
they begin with y = ...

@ x-y=10
(b) 3x+y=8
© 4x-2y=10

7. Simplify each of the following to a single term

(@ 3*x3?
(b x*xx*
© xX*xx?

8. Simplify each of the following to a single term

(@ 6°=6*
(b) x*=+x?

© y=y?



10.

11.

12.

13.

14.

15.

16.

17.

18.

Fundamentals

. Simplify each of the following to a single term

@ @°
(b &)
© O?°

Write each of the following in terms of a fractional index
@ 3 ® 3 © BT

Write the following in the form ax”

Simplify the following fractions

12
15

8x

@ 12y

®» & ©
9

Determine the following in their simplest fractional form

4 3 7 3
@ 7+Z (b) §+Z © 379

Determine the following in their simplest fractional form

7 3 2 8 5 2
Iz b Zx2 i nd
@ 8x4 ®) 3><9 © 6x7

Determine the following in their simplest fractional form

W 22 @ 2.2

@ 379 573

~lw
IS

Express the following numbers in standard form

@ 36387  (b) 2238000 () 0.000 176

Rewrite the following numbers without using a power of 10

(@ 3.62x10 (b) 1.66 x 10* © 127x107°

Calculate

1 3 7 8 2 3
3] o) @3?[_4]

19
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19. Evaluate
@ 22-6/(-2)+3x(-4)

(b) 4+ (-12)/(-3)-2 % (-6)

© 5 -E8)(2)-4x%x(=3)
20. Evaluate

o (4] 3(3)

Problems

1. The Born—-Haber cycle for sodium chloride allows its lattice enthalpy
A, H to be calculated in terms of various other enthalpy changes. This
leads to the equation

147 kJ mol™! — (=639 kJ mol™") = — (=493 kJ mol™")
- (=293 kJ mol™) — (A, H)

Calculate A H from this equation.

2. Coulomb’s law gives the potential energy V(r) in terms of the distance
r between two point charges ¢, and g, as

V(r) = 919>
4mer

where € is a constant known as the permittivity of free space. Deter-
mine an expression for the potential energy V(r) between a nucleus
with atomic number Z having charge Ze and an electron having
charge —e.

3. For a chemical reaction the change in Gibbs free energy AG is related
to the change in enthalpy AH and the change in entropy AS by

AG =AH - TAS

where T is the absolute temperature. Rearrange this equation to give
an expression for 7.



4. The equation for catalytic methanation is

CO,, +3H,,=CH,, +H0

4(2) 27

with a corresponding equilibrium constant K given by

« _ [CH,][H,0]
[COIH, T

Determine a simplified form of this expression when

(@ [H,]=[H0] (b) [H,]=2[CO]
© [H]='2[CO] @ [COl=[H,]

. The rate equation for the reaction

2NO,, =»2NO +0O

2(g)
I
1 =kt +
[NO,] [NO,],

where [NO, ], is the initial concentration of NO,, and [NO,] its con-
centration after time ¢. The rate constant k is a measure of how fast the
reaction proceeds.

Rearrange this equation to express

(@) kt as a difference of two fractions
(b) Kkt in terms of a single fraction with denominator [NO,]J[NO,] .

. The quantum yield ¢ for a photochemical reaction can be expressed
in terms of the rate constants k for various processes as

1 _ etk + ke (H kp+kfscj
o e ke[R]

where [R] is the concentration of reactant. The processes involved are
fluorescence (F), internal conversion (IC) and intersystem crossing
(ISC), and k_ is the bimolecular rate constant. Write an expression for
1/¢ as a single fraction.

. Write the following physical constants and conversion factors in stan-
dard form:

@ ¢=299800000ms™
(b) R=10970000 m™

©) F=96490 C mol™!

Fundamentals
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10.

@ p=101325Pa

@© I=1609 244 mm

. The wavenumbers v of lines in the hydrogen-like atom spectrum are

given by

_ 1 1
V= I-\’Z2 (2 - 2)
n.on

where n, is the lower level of the transition, n, the upper level, R the
Rydberg constant, and Z the nuclear charge. Obtain expressions for

v when

@ n=landn,=2
(b) n =2andn,=3

© n=2n

2 1

. The heat capacity Cp of a substance at constant pressure can be

expressed in terms of the absolute temperature T as
c
Co=a+bT+—
T

where a, b, and c are constants. For graphite the constants take the
values a =16.86 J K" mol™, b=4.77 x 103 J K> mol™, and ¢ = -8.54
x 10° J K mol™". Determine the value of C, for graphite at 325 K.

The decomposition of ozone catalyzed by N, O; is represented by the
equation

20,=30,
and the rate v of this reaction is given by

2 2
v =k[O;]3[N,Os]3
where k is the rate constant.
(@ Obtain an expression for the rate when [O,] = [N,O,].
(b) Obtain an expression for the rate when [O,] =2 [N,O.]

(c) Obtain an expression for the rate when [O,] = 0.12 mol dm™, and
[N,0,] = 0.16 mol dm™



Dealing with uncertainty in
experimental techniques

Despite the increasing use of computers in many aspects of chemistry and
the enormous advances in theoretical areas such as quantum mechanics, most
chemists still perform laboratory experiments. Particularly in physical chem-
istry, the object of an experiment is often to collect some form of numerical
data that is then analyzed to determine the value of some physical quantity. It
is important that you are able to handle this type of data. At first sight this may
seem trivial, but in some ways the appropriate treatment of data is one of the
most difficult areas of mathematical chemistry to master. Every case seems to
be different, and it is only by gaining experience of several calculations that
you will become confident in performing this kind of data analysis.

2.1 Displaying uncertainties in the measurement of absorbance

We will begin our consideration of experimental uncertainties by considering
an example of how these are expressed.

A solution having a concentration of 0.002 10 mol dm= of bromine in tet-
rachloromethane was found to have an absorbance of 0.796 + 0.003. The pres-
ence of the plus and minus sign =+ in this expression immediately alerts us to
the fact that we are being presented with a measured quantity together with its
uncertainty. Taking the minus operation first suggests that

Minimum absorbance = 0.796 — 0.003 = 0.793
Whereas taking the addition operation suggests that
Maximum absorbance = 0.796 + 0.003 = 0.799

Taking these values together, it is reasonable to state that we would expect
the absorbance of this sample to fall between 0.793 and 0.799. As we will see,
there are different ways of determining uncertainties, so the precise meaning
of a statement like this will be slightly vague at the moment.

We have used the term uncertainty in this discussion; you will also see
it called an experimental error, or just error. Because the term error could
suggest a mistake, although uncertainties are necessarily associated with all
experimental measurements, we will continue to use the term uncertainty.
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Accuracy and precision are terms that are often confused. Accuracy denotes
how close a measured value is to the true value of a quantity, whereas precision
is an indication of how reliably a measurement can be reproduced. It is thus
possible to have precise measurements that are not accurate, and accurate mea-
surements that are not precise.

2.2 Measurement in chemistry

Many of the measurements made in physical chemistry are of quantities that
are easy to visualize. For example, a burette is used to measure volume, and
a thermometer is used to measure temperature. Other measurements that you
may make in a university chemistry course will be of less familiar quanti-
ties. Absorbance is measured using a spectrophotometer, and electromotive
force is measured using a digital voltmeter, for example. Frequently, the values
read from these instruments will be used in subsequent calculations, which
will usually be performed with the assistance of an electronic calculator. Such
calculators do allow you to perform complex calculations easily, but unfortu-
nately they do not always give results that can be quoted directly to give an
appropriate answer.

A common example will serve to illustrate this, using a procedure you will
have already encountered in the laboratory. Suppose you wish to standardize
a solution of sodium hydroxide that has a concentration of approximately 0.1
mol dm=. To do this, titrate 25 cm? of the sodium hydroxide with hydrochloric
acid, which, you are told, has a concentration of 0.0994 mol dm=. Suppose
that 25 cm? of the sodium hydroxide is neutralized by 24.85 cm? of the hydro-
chloric acid. The concentration of sodium hydroxide, [NaOH], is then given
by the formula

24.85cm’ x 0.0994 mol dm™

25cm’

[NaOH] =

Using the calculator, this gives a value for [NaOH] of 0.0988036 mol dm™.
The question we need to ask ourselves is, “Are we justified in quoting the final
answer to this many figures?” You may guess that, in this case, the answer is
“no” because there is clearly a disparity between the number of figures in this
answer and that in the original data. This is a vague statement, however, and
how do we decide what number of figures would be reasonable in the final
answer? To do this we need to understand the concepts of decimal places and
significant figures.

2.2.1 Decimal places

In the example above, we could quote the final value for [NaOH] to any num-
ber up to 7 decimal places. Some examples would be
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[NaOH] = 0.0988 mol dm= to 4 decimal places
[NaOH] = 0.098 80 mol dm to 5 decimal places
[NaOH] = 0.098 803 6 mol dm™ to 7 decimal places

The number of decimal places is the number of digits that appear after the
decimal point.

2.2.2 Significant figures

The number of significant figures in each expression is, however, quite differ-
ent from the number of decimal places. To count these, we need to apply the
following rules:

1. Ignore any leading zeros (such as those in 0.001, for example).

2. Include any zeros “inside” the number (such as the second zero in
0.101, for example).

3. Use your judgment to decide whether trailing zeros are significant or
not. This is more likely to be the case when they appear after the deci-
mal point. If a number has been expressed as 37.00, for example, it
is unlikely that the writers really intended to write the more approxi-
mate 37, at least if they had thought what they were doing! Similarly,
writing 0.003 700 with four significant figures implies greater preci-
sion than does writing 0.0037 with only two.

4. All nonzero digits are significant.

So, for the expressions of sodium hydroxide concentration above, we now
have:

[NaOH] = 0.0988 mol dm™ to 3 significant figures because the leading
zeros are not significant.

[NaOH] = 0.098 80 mol dm™ to 4 significant figures, since the lead-
ing zeros are not significant and the trailing zero is significant as it
increases the precision to which the number is specified.

[NaOH] = 0.098 803 6 mol dm™ to 6 significant figures because the lead-
ing zeros are not significant, and the enclosed zero is significant.

Now, consider what happens if we wish to express the concentration to 5
significant figures. We might expect to obtain a value of 0.098 803 mol dm=,
but if we look at the first digit immediately to the right of this, which we have
deleted, we find that it is a 6. This means that the value we require is, in fact,
closer to 0.098 804 mol dm=, and we need to “round up” the last digit to give
the higher value.

When quoting a value to a specified number of decimal places or significant
figures, always look at the first digit you are planning to delete. If it is between
5 and 9, round up the previous digit; otherwise leave the previous digit as it is.

One case in which the application of the rules of significant figures can
seem a little strange is when you are asked to round a number greater than 10
to fewer figures than there are digits present before the decimal point, such as

25
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1265 to 2 significant figures. In such a case, we need to fill out the remaining
places with zeros; in this case we need to round up, successively, 1265 rounds
to 1270, which in turn rounds to 1300. Remember that subsequently the zeros
in this number are not significant.

Worked example 2.1
Write each of the following quantities to (i) 3 significant figures and (ii)
2 decimal places:

(a) a volume of 17.927 cm?

(b) an energy change of 396.748 kJ mol™

(c) arate constant of 1.0846 dm*mol™! s™!

(d) the gas constant 0.082 057 8 dm? atm K-! mol™!

Chemical background

(a) We have already seen that measurement of volume is important in
chemistry in volumetric analysis. Volume changes are also impor-
tant in thermodynamics where much emphasis is placed on the
behaviour of gases.

(b) Energy changes accompany chemical reactions and can be predicted
using thermodynamic methods. They can be measured experimen-
tally using one of various types of calorimeters available, such as
that shown in Figure 2.1.

(c¢) The rate constant determines how fast a particular chemical reac-
tion will take place. You may have noticed that the units can be
thought of as “per concentration per time,” and it is the value of the
concentration that often governs the rate of a chemical reaction at a
given temperature. As we will see in Chapter 5, the rate constant has
different units depending on the type of reaction to which it refers.

(d) We usually express the gas constant in units of J K™ mol™, but the
form given in this example can be useful when pressure values are
given in units of atm. The gas constant appears in many branches of
physical chemistry and not just those concerned with gases!

n

i — Cork lid

Thermometer

— Dewar vessel

Reaction mixture

N

Figure 2.1 Schematic diagram of a Dewar calorimeter.



Dealing with uncertainty in experimental techniques

Solution to worked example 2.1

(@) Counting the first 3 significant figures is straightforward and gives a

value of 17.9 cm?. To 2 decimal places, we obtain 17.92 cm?, but a 7
has been deleted (which falls between 5 and 9), so we round up the
last digit to give 17.93 cm?®.

(b) The first 3 significant figures take us as far as the decimal point, but

the first digit deleted is 7 (falling between 5 and 9), so we round 6 up
to 7 to give 397 kJ mol™. To 2 decimal places we have 396.74 kJ mol™,
but the first digit deleted is 8 so we round up to get 396.75 kJ mol-'.

(c) The first 3 significant figures give 1.08 dm* mol~! s~ because the zero

inside the number is included as a significant digit. The first digit
deleted is 4 (which falls between 0 and 4), so no rounding is required.
The result is the same when we round to 2 decimal places.

(d) We ignore the leading zeros and count 3 significant figures to give

0.0820 dm? atm K™' mol~'. However, the first digit deleted is 5, so
we round up to give 0.0821 dm?* atm K=' mol-!. Counting 2 decimal
places gives 0.08 dm®atm K™! mol™, and as a 2 has been deleted
(between 0 and 4), no additional rounding is required.

2.2.3 Combining quantities

Having decided how many significant figures are appropriate for each quantity
involved in a calculation, we are in a position to determine the appropriate
number of digits to which to quote our final calculated value. To do this we
need to apply the following rules:

1.

When adding or subtracting numbers, the answer should be given to
the smallest number of decimal places. For example, we would write
1.23 + 4.5 = 5.7 rather than 1.23 + 4.5 =5.73.

. When multiplying numbers, or dividing one number by another, the

answer should be given to the smallest number of significant figures.
For example, we would write

7432
2.1

3.5

rather than

7.432
2.1

=3.539

Worked example 2.2

Find the value of the following expressions, giving the appropriate num-
ber of figures in your answer.
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@)
(b)

©

@

(b)

©

@)

(b)

©

The difference in burette readings of 36.35 cm*and 11.2 cm?

The density of a solution calculated from the formula

mass  17.098¢
volume 6.2cm’

density =

The concentration of a solution given by the expression

25.15cm® x 0.104 mol dm™
25.00cm*

Chemical background

This is actually an example of bad laboratory practice. The burette
should always be read to the same degree of precision, which would
typically be to £0.05 cm?. This is true even if the starting value was
exactly zero, so this would be given as 0.00 cm? rather than 0.0 cm?.
The density of a substance is found by dividing the mass of a sample
by its volume. One example of doing this in the laboratory, for solu-
tions, is an experiment to determine partial molar volumes.

This is another example of the standardization procedure met in
Section 2.2. It is important to realize that the division by 25.00 cm?
refers to a pipette volume, so the trailing zeros are important to take
account of the precision of the pipette.

Solution to worked example 2.2

The subtraction (36.35 — 11.2)cm?® on a calculator gives the result
25.15 cm?. However, we can see that the second of the two values is
given to only one decimal place, so the final answer would be 25.1
cm?. However, the digit 5 has been deleted, so we need to round up
the final value to give 25.2 cm?.

Using the calculator gives an answer of 2.757 741 9 g cm™, which
contains more figures than we require. If we look at the two quanti-
ties given in the question, we see that they contain 5 and 2 signifi-
cant figures, respectively. Giving the answer to 2 significant figures
gives 2.7 g cm™, but we need to remember that we have deleted the
digit 5, so we need to round up the answer to 2.8 g cm™.

The calculator again gives a large number of figures, and we obtain
an initial answer of 0.104 624 mol dm=. Looking at the three quanti-
ties in the question shows that they are given to 4, 3, and 4 significant
figures, respectively. We include in this count the zero inside the sec-
ond quantity and the trailing zeros in the pipette volume. The answer
therefore needs to be given to 3 significant figures, which gives 0.104
mol dm=. The first digit deleted is 6, so, once again, we need to
round up so that the final answer is given as 0.105 mol dm™=.
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2.3 Stoichiometric calculations

In the previous section, we used calculations based on volumetric analysis
as examples. The reaction between sodium hydroxide and hydrochloric acid
takes place in a simple 1:1 ratio, so we did not have to consider this aspect
of the reaction any further. Many chemical reactions are less straightforward
than this, but it is useful to be able to calculate the amount or mass of products
from a given amount or mass of reactants.

2.3.1 Multiplication and division by an integer

In previous examples of calculations we have been dealing with real numbers
where it has been necessary to determine the number of significant figures (or
decimal places) in each value included. However, when multiplying or dividing
by an integer, we do not need to consider how many significant figures it has.
This is because integers are exact numbers, so that 4 could be thought of as
4.0000000, ..., for example, to ensure that it is treated as having more signifi-
cant figures than any other quantity in the calculation.
Some simple examples of this are

3 x 5.983 = 17.95 given to the 4 significant figures of 5.983
and

1
% =(.632 given to the 3 significant figures of 3.16.

Worked example 2.3
In the reaction

Fe O, +3CO,  —2Fe, +3CO

3(s) 2(g)

calculate the mass of iron produced when 503 g of carbon monoxide is
passed over an excess of Fe,O,. The molecular mass of CO is 28.01 g
mol™', and the atomic mass of iron is 55.85 g mol™.

Chemical background
This equation represents the reaction that takes place in a blast furnace
(Figure 2.2), where iron is extracted from iron ore by reduction with
carbon monoxide. Coke is burned to form carbon dioxide, which then
reacts with more hot coke to form carbon monoxide.

Unlike the previous examples we have seen, where an equal number
of molecules of each reactant combine, here we see that 1 molecule of
iron oxide combines with 3 molecules of carbon monoxide. The fact
that these numbers are still integers is a consequence of Dalton’s atomic
theory expressed in the law of multiple proportions, which was formu-
lated in 1803.

A discussion of the sig-
nificance of Dalton’s atomic
theory can be found in
Chemistry in Britain, 30,
920-921, 1994.
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t Waste gas

Preheated air —

Slag -
— Molten iron

I

Figure 2.2 Schematic diagram of a blast furnace.

Solution to worked example 2.3
It is important to realize that the coefficients that appear in this equa-
tion refer to the relative numbers that combine in the reaction. These are
known as the amounts of each species and are measured in moles. Using
the relationship

mass
amount=———
molecular mass

and substituting the given values into this equation, we have

amount of CO = &
28.01gmol™
and
amount of Fe = M
55.85gmol™

From the reaction equation, we see that the ratio amount of CO:amount
of Fe is 3:2, which is equivalent to the equation

amount of CO _ 3

amountof Fe 2

We can rearrange this to give

amount of Fe = [ij x amount of CO
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Substituting in our expression for the amounts of each of these gives

massof Fe (2] 503¢g

ottt AN el ORI
55.85gmol ™! 3) 28.01gmol™

This equation can be rearranged by multiplying both sides by 55.85 g
mol™! to give the final expression

503g

2
mass of Fe = 55.85gmol ™! x| = |[x —————=——
3) 28.011gmol™

Evaluating this on a calculator gives the value 668.607 57 g. We can
ignore the integers 2 and 3 in considering the appropriate number of
significant figures, and are then left with 4, 3, and 4 figures, respectively,
in the remaining quantities. It is therefore appropriate to give the answer
to 3 significant figures, so our final answer should be 669 g, as we need
to round up the final digit as the first digit deleted is 6.

It is worth noting that the calculator was only used at the very end of
this process.

Note that if we had converted 2/3 to a decimal value earlier in the
process, we might have been unable to determine the correct number of
significant figures in the final answer.

Worked example 2.4
What volume of sulfuric acid of concentration 0.0502 mol dm= is
required to neutralize 25.00 cm? of 0.0995 mol dm~ sodium hydroxide?

Chemical background

Sulfuric acid is known as a dibasic acid because it contains two hydro-
gen atoms that may dissociate from the molecule to give the hydrogen
ions, which confer acidity. In hydrochloric acid, there is only one such
hydrogen, and the acid is known as a monobasic acid.

Solution to worked example 2.4
The equation for the neutralization reaction taking place is

2NaOH + H,SO, — Na SO, + 2H,0

So, we see that only 1 mol of sulfuric acid is required for every 1 mol
of sodium hydroxide. Because the ratio amount of sodium hydroxide:
amount of sulfuric acid is 2:1, we can write

amount of sodium hydroxide 2

amount of sulfuric acid 1

HO 0

NP
- S B
HO 0

Sulfuric acid is one of the
chemicals produced on a
large industrial scale. It is
used in making fertilizers
and as a catalyst in the refin-
ing of petroleum.
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The rate constant for the
hydrolysis of methyl acetate
is 1.32 x 10~* s at 25°C; the
dissociation constant of
hydrofluoric acid is 5.62 x
10-*; the enthalpy of forma-
tion of methane from its
elements is —=74.9 kJ mol..

and then substitute the values into this equation to give

25.00cm’ x 0.0995 mol dm™ 2
volume of sulfuric acid x 0.0502moldm™ 1

This rearranges to give the equation

25.00cm® x 0.0995mol dm™
0.0502moldm™ x 2

volume of sulfuric acid =

which, on using a calculator, yields a volume of 24.775 896 41 cm?. To
determine the number of significant figures in this answer, we have to
realize that the volume of sodium hydroxide will have been determined
by a pipette and so the trailing zeros given will be significant. Ignoring
the integer value of 2, we are left with combining 25.00 cm?, which has at
least 4 significant figures; 0.0995 mol dm=, which has 3 significant fig-
ures (ignore leading zeros); and 0.0502 mol dm3, which has 3 significant
figures (ignore the leading zero but include the one “inside” the number),
so our answer should be given to 3 significant figures. Rounding up the
third of these leads to a final value for the volume of 24.8 cm?®.

2.4 Uncertainty in measurement

So far, we have addressed the question of how many figures are justified when
quoting the numerical value of a particular quantity. In other words, we have
seen how to specify the appropriate precision of a physical quantity. We now
need to consider how we can judge the accuracy of our value.

The object of many physical chemistry experiments is to obtain the value of
some numerical quantity. Examples are the rate constant for a reaction, the dis-
sociation constant of an acid, or the enthalpy change accompanying a reaction.
Frequently, in student work, the accepted values for these quantities are well
documented, and a student can assess the uncertainty in his or her determina-
tion of a particular value by consulting the literature.

In genuine research work, this is not the case. You might be studying a new
reaction or using a new technique and have no idea what the exact value is
going to be. In this case, it is vital to be able to estimate the uncertainty associ-
ated with such a value. Even if the value is known, you need to be able to state
whether your experimental value agrees with the literature value within the
bounds of experimental uncertainty.

There are a number of approaches to the determination of experimental
uncertainties. When carrying out research, the determination of a physical
quantity would be repeated many times, and statistical methods can then be
used as described later in this section. You are more likely to be in the position



Dealing with uncertainty in experimental techniques 33

of having a fixed number of hours to perform an experiment, after which the
demands of the course dictate that you move on to new work. The results of the
class may be pooled to allow a statistical treatment but, more frequently, you
will be left with a single determination of your value on which you need to esti-
mate the uncertainty. In this case, you will have to estimate the probable uncer-
tainty; we will see shortly that there are two ways in which this may be done.

2.4.1 Types of uncertainty

You may decide that you can read a burette to +0.05 cm?, a balance to +0.0001
g, or a digital voltmeter to +£0.001 V, for example. We use the + symbol in the
specification of uncertainties to show that they have an equal chance of being
too high or too low by this amount.

You need to be able to distinguish between three definitions of uncertain-
ties. To illustrate these, suppose you have estimated that the uncertainty on a
quantity X is AX. We can then define

¢ The absolute uncertainty as AX
* The fractional uncertainty as AX/X
* The percentage uncertainty as 100 x AX/X

Worked example 2.5
An actual volume of 25.00 cm? is measured as 25.15 cm®. What are (a)
the absolute uncertainty, (b) the fractional uncertainty, and (c) the per-
centage uncertainty in this quantity?

Chemical background
The uncertainty involved in this example is rather more than you should
hope to achieve in practice! It helps to ensure that the burette is mounted
vertically and that the effects of parallax are avoided when readings are
taken, as shown in Figure 2.3.

Incorrect ——>
<«—— Correct reading
reading

T ) T T

A
T O i

Figure 2.3 Effect of parallax when reading a burette.

The Greek letter A (capital
delta) is conventionally
used to denote a difference
in two values of a quantity.
It is much used in physical
chemistry, and we will see it
again in Chapter 3.
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Solution to worked example 2.5

(@) The absolute uncertainty is £0.15 cm?; we use the + sign because we
would not generally know in which direction the uncertainty was.
(b) The fractional uncertainty is

. 0.15cm?

+ = +0.006
25.00cm’

(c) The percentage uncertainty will be 100 times the fractional uncer-
tainty, which is + 0.6%.

2.4.2  Combining Uncertainties

The determination of the value of a physical quantity in an experiment will
usually involve several measurements, followed by one or more calculations
involving these quantities. As these are combined using mathematical oper-
ations such as addition, subtraction, multiplication, and division, the corre-
sponding uncertainties are also combined using a set of rules. Let us suppose
that we have measured two quantities X and Y, and have estimated the uncer-
tainties on them to be AX and AY respectively.

2.4.2.1 Determining the Maximum Possible Uncertainty

This can be thought of as the “common sense” approach. We do not need to remem-
ber any formulae, but we do need to be alert at every stage of a calculation.

(a) If X and Y are added, we have
Maximum value of (X + Y) = (X + AX) + (Y + AY)
Minimum value of (X + Y) = (X - AX) + (Y - AY)
(b) IfY is subtracted from X, we have
Maximum value of (X -Y) = (X + AX) — (Y - AY)
Minimum value of (X -Y) = (X - AX) — (Y + AY)
(¢ If X and Y are multiplied, we have
Maximum value of XY = (X + AX) x (Y + AY)
Minimum value of XY = (X — AX) x (Y — AY)
(d) If X is divided by Y, we have

X +AX
Y-AY

Maximum value of % =
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X -AX

Minimum value of E =
Y Y+AY

In each case the uncertainty is given as

0.5 (maximum value — minimum value).

2.4.2.2 Determining the Maximum Probable Uncertainty

(@) If X and Y are added, or one is subtracted from the other, the uncer-
tainty on the result will be

(ax)"+(ar)

2
(b) If X and Y are multiplied, or one is divided by the other, the fractional Use the calculator
uncertainty on the result will be key to square each entity,

L
( AX j . [ AY j then the key to take

the root of the resulting sum.

X

Y

Following on from this, if X is raised to the power n, the fractional
uncertainty on the product will be

B

Worked example 2.6
The initial and final burette readings in a titration are (5.00 = 0.05) cm?
and (31.85 + 0.05) cm?, respectively. What is the uncertainty in the titre?

Chemical background
Although it is probably more usual to refill a burette to the zero mark
before starting each titration, there is an advantage to not doing this.
Using a greater length of the burette will help to average out variations
in the bore. It is important, however, to ensure that you do not run out of
solution before the end point has been reached!

The capacity tolerances of precision volumetric glassware are speci-
fied by the National Physical Laboratory as “Grade A” or “Grade B.” It
should be possible to achieve an accuracy of within 0.05% with a pipette,
and within 0.1% with a burette.

Solution to worked example 2.6
The value of the titre is found by subtracting the initial volume from the
final volume, so we have
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Titre = (31.85 — 5.00) cm® = 26.85 cm’

We begin by calculating the maximum possible uncertainty. We have

Maximum titre = (31.90 — 4.95) cm’= 26.95 cm?
Minimum titre = (31.80 — 5.05) cm?® = 26.75 cm?

with an uncertainty of
0.5 x (26.95 - 26.75) cm® = 0.5 x 0.20 cm® = 0.10 cm?

We calculate the maximum probable uncertainty as

J(8x) +(ar) = J0.05cm*)? +(0.05em*)* = 0.07cm’

Note that the maximum probable uncertainty is less than the maximum
possible uncertainty. This will generally be the case; the formula for the
maximum probable uncertainty takes account of the fact that an uncer-
tainty will not normally have its maximum value. From this point we
will calculate only the maximum probable uncertainty.

It is worth noting that the uncertainty value of 0.07 cm® has been
obtained independently of the titre value and so is valid for any titration
in which the burette has been consistently read to +0 05 cm3. We would
express the final titre as (26.85 + 0.07) cm?. The brackets are used here
to show that the units apply to both the titre value and its uncertainty
but, by convention, they may be omitted, in which case the titre would
be given as 26.85 + 0.07 cm®.

Worked example 2.7
Calculate the solubility of magnesium ethanedioate from the following
information. A volume 14.85 + 0.07 cm? of acidified potassium perman-
ganate solution of concentration 0.0050 = 0.000 05 mol dm= is required
to oxidize 20.0 + 0.1 cm?® of a saturated solution of the oxalate. This reac-
tion can be represented by the equation

5C,0 +2MnO," + 16H* = 10CO, + 8 H,O + 2Mn?**

Chemical background

This is an example of a redox titration in which electron transfer is
involved. The permanganate or manganate (VII) ion MnO," is reduced
to manganese (II) ions

MnO, +8 H*+5e— Mn* +4 H,O
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whereas the ethanedioate ion C,0,*" is oxidized to carbon dioxide (0} 0
C,0.7 —2CO, +2e” O; ':O_

Solution to worked example 2.7
The only information that needs to be extracted from this equation is
that the ratio amount of ethanedioate:amount of permanganate is 5:2.
This gives us the equation

amount of ethanedioate 5

amount of permanganate )

Substituting values for the concentration and volume leads to

20.0em’ x| C,0, |
14.85cm® x 0.050 mol dm™

_3
2

which can be rearranged to give

3 -3
[c,0.]- ( 5 J . 1485em 500'002151? mol dm

The use of a calculator gives the value 9.3 x 10~ mol dm=, applying the
rules we have learned for significant figures and realizing that the trail-
ing zero in the value of the permanganate concentration is significant.

If we now look at the equation we used to evaluate [C,O 42‘], we see
that the only mathematical operations involved are multiplication and
division. Therefore, we can evaluate the overall uncertainty by using the
rule for fractional uncertainties given earlier. First, we need to calculate
the fractional uncertainty on each quantity.

0.07cm’
Fractional uncertainty on titre = + SR 10,0047

14.85cm?

Fractional uncertainty on permanganate concentration
0.00005 mol dm™
+

+ =+0.01
0.0050 mol dm™

. . . 0.1cm’
Fractional uncertainty on ethanedioate volume = + ———— = +0.005

20.0 cm®

37
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More data on this equilib-
rium reaction will be found
in Journal of the American
Chemical Society, 63, 1377,

1941.

The stoichiometric ratio, 5/2, is an exact number, so its associated uncer-
tainty is zero. The overall fractional uncertainty is then

\/0.00472 +0.0100% + 0.005° =+/0.000147 = 0.0121

We multiply this by our concentration value to give the absolute
uncertainty

0.0121 x 9.3 x 10 mol dm™> =0.11 x 103 mol dm™

The final value for the concentration is then given as (9.3 +0.1) x 10~ mol
dm=. When scientific notation is involved, as here, it is usually clearer to
quote the uncertainty as a number to the same power of 10 as the value
to which it refers, even if it means that the uncertainty is not given as a
number between 1 and 10.

Worked example 2.8
The concentrations of hydrogen, iodine, and hydrogen iodide in the gas-
eous equilibrium

H,+1,=2HI

are related by the equilibrium constant K, so that if all other quantities are
known, the hydrogen concentration can be determined from the equation

[HI)?
H.1=
[H,] KIL]

If the equilibrium constant K has been determined as 46.0 + 0.2, calculate
the concentration of hydrogen, with its associated uncertainty, when [HI] =
(17.2 £0.2) x 107 mol dm™, and [L,] = (2.9 + 0.1) x 10~ mol dm™.

Chemical background
This is an example of a chemical equilibrium that has been studied
extensively. Although we have dealt with this in terms of concentra-
tions, it is also possible to do so in terms of the partial pressures of
each component. No matter what the starting concentrations or pres-
sures, at equilibrium the relationship given will always be obeyed at a
given temperature; at a different temperature, we would have to use a
different value for the equilibrium constant K. One consequence of this
relationship is that it does not matter whether we start with a mixture of
hydrogen or iodine, or by allowing hydrogen iodide to decompose. The

same equilibrium will be reached in each case.
One practical way in which this equilibrium could be studied would be
to heat hydrogen iodide in a bulb of known volume as shown in Figure 2.4.
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f

Heat

Figure 2.4 Measuring the equilibrium constant for the dissociation of hydrogen iodide.

Once equilibrium has been reached, this could then be cooled rapidly to
room temperature to stop or “quench” the reaction. The concentration of
iodine can then be determined by titration with sodium thiosulfate.

Solution to worked example 2.8
Using the equation given to evaluate the concentration of hydrogen gives us

_ (172x107 moldm™)?
46.0 x 2.9 x 10> mol dm™

[H,]

which can be evaluated using a calculator to give the value of 2.218 x
1073 mol dm=. Because we are going to evaluate an uncertainty limit
from the information given, there is no point at this stage in worrying
too much about the number of significant figures to quote. It is best to
err on the side of caution, however, to make sure that we include enough
significant figures to allow rounding at a later stage.

Notice that, because only multiplication and division are involved in
the equation given, we need to combine the fractional uncertainty on each
quantity. As the equation contains [HI]? rather than [HI], the first thing
we will do is to evaluate the fractional uncertainty on [HI], which is

92 _ 155107
17.2

Because the concentrations and their associated uncertainties are multi-
plied by the same powers of 10, these can be ignored when we are deal-
ing with fractional uncertainties. Using the equation above, we have

Fractional uncertainty on [HI]* = \/5 x fractional uncertainty on [HI]
=2 x1.2x107?

=1.7x1072
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The remaining fractional uncertainties are straightforward to calculate:

. . 0.2
Fractional uncertainty on K = —— =43 x 1073

0.1
Fractional uncertainty on [I,] = E =34 %107

We now combine these three fractional uncertainties using the rule for
products and quotients:

Fractional uncertainty on [H,] =

\/(1.7 x 107)* + (4.3 x107)* + (3.4 x 107)* =0.0382

To obtain the absolute uncertainty on H,, we need to multiply this frac-
tional uncertainty by the value of [H.] itself.
Absolute uncertainty on [H,] = 0.0382 x 2.218 x 10~ mol dm™
=0.084 850 89 x 10~ mol dm™
=8.49 x 10 mol dm™

We can now write our final expression for the hydrogen concentration as

[H,] = (2.22 £ 0.08) x 10~ mol dm™

2.4.3 Statistical treatment of uncertainties

Statistics is a discipline in itself, so we will do no more than look at the basics
here to enable us to assign reasonable uncertainty limits. As noted earlier, the
statistical treatment is only of use when we have repeated measurements of the
same quantity. At our current level, it is only important to understand a few
basic definitions of statistical quantities and to be able to apply them to sets
of data.

To illustrate these definitions, consider the small data set

12 14 12 15 13

which contains five numbers. One way of representing these is by using the
notation X, where i is an integer so that x, is the first number (1.2), x, is the
second number (1.4), and so on.

The arithmetic mean is obtained by adding all the values of the quantity
together and then dividing by the number of measurements taken. It can be
denoted as
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-3
n

where 7 is the number of numbers.

Do not be put off by the use of some strange-looking mathematical symbols
here. This is a good place to introduce some terminology as the concepts are
still simple, and it will make life easier with some of the other quantities. The
symbol X (a capital Greek sigma) simply means “add up.” So, if we add the five
numbers given above, we get 6.6, which is equal to Zx.. We then divide this by
n, the number of values which, in this case, is 5. This gives us a value for the
arithmetic mean of

using our previous rules for significant figures and noting that the integer 5 is
taken as an exact number.

The median is obtained by arranging all the values obtained in ascending
(or descending) order; if there are an odd number of values, the median is the
middle one; otherwise, it is the arithmetic mean of the two middle values. So,
arranging our data set in ascending order (lowest first) gives us

12 12 13 14 15

As we have an odd slumber of values, the central one is the third, and so the
value of the median is 1.3.

The mode is the most frequently occurring value. Looking at our example,
only 1.2 appears more than once, so this is the mode in this case.

The arithmetic mean, median, and mode can all be thought of as different
kinds of “average.” What none of these quantities tells us, however, is how the
values are spread about these averages. To do this, we need to consider vari-
ance and standard deviation.

The variance 6° is the average of the squares of the deviations from the
true value of the quantity being measured. However, because we are taking
our estimate of this value as our arithmetic mean, we need to divide by n — 1
instead of n, where n is the number of values we have. We could only divide
by n if we were sure that our arithmetic mean was equal to the true mean; nor-
mally, it will only be an estimate. Using the terminology introduced above,

2 _ (xi_)?)z
N _E n-1

This means that we take each value of x, in turn, subtract the arithmetic mean,
square the result, and divide by n — 1. We then add each of these terms, the
total sum being the variance. Its square root is the standard deviation G, which
is a measure of the spread of values about the mean. Notice that the standard
deviation is of more use than the variance because it has the same units as the
quantity being measured. We would expect 95% of all values to lie within two
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standard deviations of the mean so that two standard deviations can be taken
as a reasonable uncertainty estimate for each individual reading.

We still need to address the problem of how closely our mean value is a
measure of the true value. The best estimate would be obtained by taking sev-
eral samples of size n; the standard error is then defined as

o
Jn

where G has been determined as above. This expression is obtained by consid-

ering the variance of the sample mean, which is 6%/n, the square root of this is

taken because it has the same units as the measured quantity.

Doubling the standard error gives us a confidence limit of 95% on the mean;
in other words, if we performed many determinations of the mean, we would
expect 95% of the results to lie within this limit.

From the equations given for the standard deviation and the standard error

of the mean, you should be able to see that the mean will have a lower esti-
mated uncertainty than each individual measurement, as we might expect.

Worked example 2.9
Ten determinations of the dipole moment of hydrogen chloride gas gave
the following values (in units of D):

1.048 1.047 1.053 1048 1.051
1.053 1045 1051 1.047 1.047

Calculate (a) the arithmetic mean, (b) the median, (c) the mode, (d) the
variance, and (e) the standard deviation of these values.

Chemical background

When placed in an electric field, all molecules have an induced dipole
moment because the centres of gravity of positive and negative charges
do not coincide. Polar molecules also have a permanent dipole moment
(Figure 2.5), which can be determined from measurements of the dielec-
tric constant, also called the relative permittivity. In the case of hydrogen
chloride, this can be done using a specially constructed gas capacitance
cell.

Net dipole

Figure 2.5 Net dipole resulting from two polar bonds.
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Solution to worked example 2.9

(@) The sum of the values is 10.49 D, so the arithmetic mean is

=1.049D

10.49D
1

Notice that, by using the rules of significant figures (with 10 being
an exact integer), we keep the same number of decimal places as in
the original data.

(b) Rearranging the data in ascending order gives

1.045 1.047 1.047 1.047 1.048
1.048 1051 1.051 1.053 1.053

Because there are an even number of data, we need to look at the
fifth and sixth values; these are actually the same, so their arithme-
tic mean and the median of the data is 1.048 D.

(c) By inspection, the value of 1.047 D appears three times, and so this
is the mode.

(d) To calculate the variance, we need to calculate the square of the
deviation from the mean for each value that occurs:

1% (1.045 - 1.049)
+3 % (1.047 - 1.049)*

+2 % (1.048 - 1.049)* |D?

X

o’ = !
(10—1]

+2x(1.051-1.049)°

+2x(1.053 - 1.049)

(L [1.6+ 1.2+0.2+0.8+3.2]x 10T
9

=7.8x107°D?

() The standard deviation is the square root of this value, which is
0.003 D.

2.4.3.1 Statistics using a calculator

Although it is useful to have a knowledge of the underlying equations used,
most of the simple statistics used in chemistry can be performed using the
functions on a scientific calculator. However, as all types of calculator are
slightly different, it is worth consulting your manual so that you know how to
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The exact buttons that per-
form statistical calculations
on a calculator vary from
model to model. A typical

sequence would be
to select statistics mode,

to enter each data

item, then D followed
i

by to obtain the

standard deviation.

1. Enter statistics mode
2. Enter data items
3. Obtain output

Worked example 2.10
The following determinations of the internuclear distance in hydrogen
chloride were made (values in A):

1.279 1277 1.277 1.281
1.278 1.283 1.281 1.280

Use statistical methods to obtain an estimate of the H-CI bond length
with its uncertainty.

Chemical background
The H-CI bond length can be determined by measuring the vibrational—
rotational spectrum of hydrogen chloride gas, a part of which is shown
in Figure 2.6. This gives the value of the rotational constant B, which is
defined by

h

B=
8’1

where h is Planck’s constant, and / is the moment of inertia defined by
I=ur’

where u is the reduced mass and r is internuclear distance.

The Angstrom (A) is a non-SI unit that still finds much favour among
chemists working on structural problems. It is defined as 107'° m, and con-
sequently, a single bond between two carbon atoms has a length of 1.54 A.

Transmittance

Wavenumber

Figure 2.6 The vibration-rotation spectrum of hydrogen chloride gas.
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The use of numbers around 1 and 2 seems to be preferred to the fractional
nm (e.g., C—C length 0.154 nm) or larger pm (C—C length 154 pm).

Solution to worked example 2.10
We need to calculate the standard deviation of these data. The quickest
way to do this is using a calculator, but here the manual working is also
shown. We begin by calculating the arithmetic mean.

Sum of data = 10.236 A
10.236

Arithmetic mean = =1.280 A

The next stage is to obtain the variance.

o= (81 1J><[2><(1.277-1.280)2 +1x(1.278-1.280)* +1

x (1.279 - 1.280)% + 1 x (1.280 — 1.280)* + 2 x (1.281 - 1.280)>

+1x (1.283—1.280)2]
- [;] x [1.8 +0.4+0.1+0.0+02+ 0.9] x 1075 A2
=4.86x107° A2

The standard deviation is the square root of this, 0.002 A. Tt then follows
that the standard error will be

o 0.002A
N
_ 0.002 A
2.828
=7x10*A

If we take twice the standard error as a reasonable uncertainty estimate,
we have the H-CI bond length as 1.280 = 0.001 A.

2.4.3.2 Statistics using a spreadsheet
Although the formula for the calculation of standard deviation is straightfor-

ward to apply, this can be rather tedious if we have a large number of data,
even if a calculator is used. In such cases it makes sense to take advantage of
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one of the great features of computers, namely, that they are able to rapidly
perform repetitive calculations. The most straightforward way to do this is to
make use of the spreadsheet program found on most personal computers.

Worked example 2.11
The value for the C=0 stretching frequency in a number of compounds
belonging to several classes of carbonyl compounds is summarized in
the table below in terms of wavenumber measured in cm™'. Determine
the standard deviation for this set of data.

Aldehyde 1722 1722 1739 1727 1728 1731 1727 1721 1738 1732
Ketone 1721 1708 1715 1713 1710 1719 1720 1710 1712 1708
Carboxylic acid 1721 1719 1716 1702 1717 1707 1711 1711 1719 1703
Ester 1742 1737 1749 1748 1739 1745 1749 1737 1736 1746

Carboxylate 1555 1601 1594 1592 1607 1559 1562 1568 1577 1580

Chemical background

Infrared spectroscopy is a very powerful technique for identifying com-
pounds. This is because specified functional groups have characteristic
vibrational frequencies in specified environments. It can be seen in the
preceding table, in which the C=0 stretching frequency is between 1720
and 1740 cm™ in aldehydes, 1705 and 1725 cm™ in ketones, 1700 and
1725 cm™ in carboxylic acids, 1735 and 1750 cm™ in esters, and 1550
and 1610 cm™ in carboxylate ions.

=1Blx]
| Fie Edt wew Insert Formar Took Dasta Window Hep =l8lx|
[DEEH2 SRy (2B = (@ 8E[0s v -0

Al = =]

A [ B [ ¢ [ o [ E [ F [ 6 [ H [ 1T [ J [ K [ L [ wm [ N [ o

1 1 I
2

3 [Aldehyde 1722]  1722] 1739 1727]  1728] 1731] 1727]  1721]  1938] 1732

4 [Kerone 1721] 1708|1713 173 1gte] 1719 1720 17ie] 1912 1708

Carboxylic acid 1721 1719 1718] 170z 1717 1707|1711 1711 1719 1703

5

B |Ester 1742)  1737|  1749] 1748 1739 1745]  1749]  1737) 1736|1746

7 |Carboxylate 1555] 1601 1594] 1592] 1e07] 1559] 1562[ 1568 1577] 1580

8
s
|10
[11]
l12|
|13
[14]
[15]
16|
[17 ]
|18
l19]
|20
[21]
[22]
[23]
[24]
|25
|26
127
|28

29
[30]
31
[22] [ |
Ee] -
ZIE) Sheet1 4 Sheetz / Shest3 | K1) B _>|H

Readly | [ [ [

[ [ [ [ [
hstart|| (] @ 50 B || Suchemical calstions...| $&Photottagic & - [unti. | ychemicel Cauatons.. |[EMicrosoft ncel €. (S5 f Ell% A DR BB miis

Figure 2.7 Spreadsheet showing the input data for worked example 2.11.
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Solution to worked example 2.11
The answer has been worked out using the spreadsheet Microsoft Excel,
but the instructions for other spreadsheets will be similar. We begin by
typing in the data, which leads to the spreadsheet shown in Figure 2.7.
The text in cells A3 to A7 is not strictly required but is useful for track-
ing the data.
We now start to perform the stages in the calculation using the spreadsheet:

First, insert a blank column at the end of the original data. We will then
begin our working in column M.

1. In cell M3, type =SUM(B3:K3). The = sign tells the program that
we are about to input a formula. The SUM function adds the values
in the range of cells specified in the following in brackets, in this
case B3 to K3. Pressing Enter leads to the value 17 287. This is the
sum of the values for the aldehydes.

2. We now copy this formula to the other compounds by dragging the
corner of cell M3 down as far as M7.

3. Having obtained the sums for each class of compound, we now need
to determine the overall sum. Label this by typing the text “Sum” in
cell K9. Then, in M9 type =SUM(M3:M7).

4. Now type the text “Average” in cell K11. In M11, input =M9/50.
Pressing Enter gives the value 1695.44.

5. We are now at the point where we need to calculate (x, — x)* for
each compound. In cell B16, input =(B3—-$M$11)"2. This will take
the value in cell B3 and subtract from it the value in cell M11, then
square the result. Note that the latter is expressed as $M$11; this
means that when the formula is copied, the value in M11 will always
be used rather than the one in the cell relative to it, which is what we
required in the case of B3, for example.

6. To copy the formula in cell B16, we copy the cell down as far as B20,
then across to K20. This second table now contains the required
value for each compound.

7. To add these values, type =SUM(B16:K16) in cell M16 to give the
value 11 426.376. Then drag the corner of M16 down as far as M20,
and in M22 type =SUM(M16:M20) to give 178 460.32.

8. We are now in a position to determine the variance, so we type an
appropriate label in J25. Input the formula =M22/49 in cell M25 to
give the value 3 642.047 3.
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Figure 2.8 Spreadsheet showing the calculation for worked example 2.11.
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9. We type a label for the standard deviation in J27, and in M27 the

formula =SQRT(M25) to give 60.349 377.

The spreadsheet now appears as in Figure 2.8. We quote the standard

deviation as 60 cm™.

Exercises

. Write the following numbers to 2 significant figures:

(@ 348 (b) 00012 (c) 05437 ()

. Write the following numbers to 2 decimal places:

(a) 13.847 (b) 0.2549 (c) 9954321

. Write the following numbers to 3 significant figures:

(@) 78521 (b) 0.0067543 (c) 12.005 485

. Write the following numbers to 1 decimal place:

(a) 3.098 (b)y 12.76 (c) 0.000 62

ber of figures:

(@ 1236+32 (b)) 31.8-12.72

()

(d)

. Give the results of the following calculations to the appropriate num-

12.65

1.049

1.9 x 1.235

(d) 0.007 54

() 80006



10.

11.

12.

13.

14.
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4.673 (34.2 - 1.75)
_ (e) ~ @ 7

d
@ 2.1 2.34

. Give the results of the following calculations to the appropriate num-

ber of significant figures:

5 3.07
2x32.74 12.01 x 32.1 — —
(a) x 32.7 (b) 3x12.01x3 (c) [2]X(6.18j

. Give the results of the following calculations to the appropriate num-

ber of figures:

4.08

(@ 105+23%x4.08 (b) (249-1.06)x31 () 4.989- 1249

. Give the results of the following calculations to the appropriate num-

ber of figures:

.19 -2.584 2
@ 9714-2.62° (b) 3.19 3 5 © (2.195 + 3.42)
1.2 8.7148

. Anumberis quoted as 32.6 + 0.4. What are the (a) absolute uncertainty,

(b) the fractional uncertainty, and (c) the percentage uncertainty?

The sides of a cuboid are measured as 21.0 + 0.1 cm, 16.0 = 0.1 cm, and
32.0£0.2 cm. What are (a) the maximum possible absolute uncertainty,
(b) the maximum possible fractional uncertainty, and (c) the maximum
possible percentage uncertainty in the volume of the cuboid?

Repeat question 8, but this time calculate the maximum probable
uncertainties in each case.

Three variables are measured as x = 3.07 = 0.05, y =4.29 +£ 0.08, and
7 =2.37 £ 0.10. Determine the maximum probable uncertainty in

@ x+y-z (b)) xy+z © x+X
Z

Four variables are measured as a = 9.143 + 0.008, b = 6.413 + 0.007,
¢ =2.985 = 0.005, and d = 8.764 = 0.006. Determine the maximum
probable uncertainty in

c a (a-b)
(a) a—b+; (b) ;+(d—c)2 © crd)

A car covered a distance of 9.2 = 0.1 km in 295 +1s. Use the formula
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15.

16.

17.

18.

19.

20.

distance
speed = ———
time

to calculate the average speed of the car and its associated maximum
probable uncertainty.

Calculate (a) the arithmetic mean, (b) the median, and (c) the mode of
the following numbers:

10.65 10.62 10.58 10.67 10.66 10.61 10.61

Determine the standard deviation of the following numbers by calcu-
lating each intermediate step:

2372 24.01 2386 24.09 23.68 23.99

Determine the standard error of the following numbers by calculating
each intermediate step:

98.54 100.06 99.42 9895 101.03 100.01 9895 99.51

Use the statistical function on a calculator to determine the standard
deviation of the following numbers:

379 361 384 376 372 3.82 3.66 373 3.65 3.75
383 371 3.62 3.65 3.66 3.83 3.62 381 385 3.74

Use the statistical function on a calculator to determine the standard
deviation, and hence the standard error, of the following numbers:

72.1 748 73.7 741 732 743

Use a spreadsheet to determine the standard deviation of the follow-
ing numbers:

19.45 1942 1951 19.55 19.53 1945 1945 19.56 19.52 1949
19.44 1950 19.50 19.56 19.47 19.44 1949 19.48 1944 1947
19.46 1943 1949 19.51 1947 1949 19.55 19.54 19.50 19.49
19.55 19.53 1947 1948 19.52 19.55 19.53 19.47 1945 19.44

Problems

1.

Write the values of each of these quantities to (i) 3 significant figures
and (ii) 2 decimal places:
(a) abond length of 1.542 A
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(b) atemperature of 25.01°C

(c) an enthalpy change of —432.876 kJ mol™!
(d) the relative atomic mass of oxygen, 15.9994
(e) the gas constant, 8.314 J K mol™!

. Give the results of the following calculations to the appropriate number
of figures:

mass  17.098g

a) density = =
@® v volume 6.2cm?

(b) mass of sample =20.1452 g -5.12 g
(¢) internal energy AU = Q + W =321.4 kJ mol™" — 162 kJ mol™
(d) pV=nRT=3.2mol x 8.314 J K mol™! x 298 K

0.106 mol dm™ x 0.098 mol dm™

(e) equilibrium constant K, = 3
0.250 moldm™

. Give the results of the following calculations to an appropriate num-
ber of figures:
(@ AG =-246kJ mol™ — 298 K x 0.124 kJ K~ mol™
(b) C,=19.875J K" mol™" +5.021 x 10 J K mol™! x 305.4 K

© L ! +0.059dm? mol™ min~'x 2.36 min

¢ 7.50x 107 moldm™
. The virial equation can be expressed as

Z=l+@
RT

where p represents pressure, T the absolute temperature, and R the
gas constant 8.314 J K™! mol-!. Calculate Z for helium for which B =
11.8 x 107° m® mol™! at 298.15 K. Take the pressure as 250 kPa.

. The overall entropy change for any process is equal to the sum of the
entropy changes for the individual steps involved. In one experiment,
these changes were measured as 3.90 + 0.05 J K- mol™, 384 +0.1J
K=" mol!, and 5.05 + 0.05 J K-! mol-!. Determine the maximum pos-
sible uncertainty and the maximum probable uncertainty in the sum
of these three entropy changes.

. The volume V of an ideal gas can be found by rearranging the ideal
gas equation, and is given by

nRT
p

V=

where n is the amount of gas, R the gas constant (8.314 J K! mol™),
T the absolute temperature, and p the pressure. Calculate the volume,
with its associated uncertainty, for 2.35 + 0.1 mol of gas at a tempera-
ture of 298.4 + 0.1 K and a pressure of 1.033 + 0.005 kPa.
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7.

10.

Concentration may be expressed in terms of the mass percentage of sol-
ute, which is the percentage by mass of solute contained in a solution.
A solution of sodium chloride was prepared by dissolving 2.67 £ 0.04 g
of the salt in 84.3 + 0.07 g of water. Determine the mass percentage of
solute in this case, together with the maximum probable uncertainty.

. Calculate the arithmetic mean, median, mode, variance, and standard

deviation of the following values of the ionization energy of sodium
(in kJ mol™):

495 497 493 493 496 492

. Use a spreadsheet to determine the standard deviation of the follow-

ing Cu—N bond lengths (in A) in a series of compounds as determined
by x-ray crystallography:

2.035 2.038 2.047 2.052 2.051 2039 2.040 2.052 2.036 2.041
2.039 2.038 2.050 2.049 2.053 2.048 2.041 2.039 2.040 2.037
2.051 2.053 2.038 2.053 2.038 2.052 2.039 2.036 2.051 2.036

Calculate the standard error on the following measurements of the
molar volume of an ideal gas (in dm?):

22406 22412 22410 22408 22409 22414




Thermodynamics

Thermodynamics is one of the branches of physical chemistry that students
often find most confusing. It involves many different concepts, each of which
seems to require a different mathematical approach and a different terminol-
ogy. However, it is also a very important subject whose ideas underpin the
whole of chemistry and without which a full appreciation of chemical concepts
is not possible.

In this chapter, you will be taken through some of the main areas of ther-
modynamics and shown the mathematics required to deal with each of them.
We will cover a number of different areas of mathematics, including possibly
the first experience you have had of calculus. The terminology used can some-
times be off-putting, but each new symbol will be explained as we meet it.
You will find the mathematics easier if you can remember the meanings of the
symbols introduced.

3.1 Fractions and indices in the equilibrium constant

The equilibrium constant K is a fundamental quantity for any chemical reac-
tion in which reactants and products are in equilibrium.
For the general chemical equilibrium

aA +bB =cC+dD
the equilibrium constant K_is defined by
CI'[DY’
k- LCTIor
[A]"[B]
In other words, we can write down an expression for the equilibrium constant
as long as we known the equation for the equilibrium reaction.

Worked example 3.1
A volume 1.0 dm? of a gaseous mixture contains 0.30 mol of CO, 0.10
mol of H,, 0.020 mol of H,0, and 0.059 mol of CH, at 1200 K. What is
the equilibrium constant for

CO(g)+3H =CH, +HO

2(g) 4(g) 27(9

at this temperature?

Equilibrium constants

are important industrially
because they allow the con-
ditions that optimize produc-
tion of the desired products
to be determined.
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Chemical background
K_ actually specifies the equilibrium constant in terms of concentra-
tions. A second equilibrium constant Kp is specified in terms of pressure.
Although we might expect to calculate K, for a gaseous reaction such as
this, it is perfectly acceptable to calculate K if we know the amounts of
each species present and the total volume.

Solution to worked example 3.1
We can immediately write down an expression for K, which is

x  [CH.IH0]
°  [COJH,T

Because the total volume of the mixture is 1.0 dm?, the amounts speci-
fied in the question in molar are numerically equal to their concentra-
tions in mol dm=. The equilibrium constant is therefore

K - 0.059 mol dm™ x 0.020 mol dm™

= =3.9 (moldm™)**
0.30moldm™ x (0.10moldm™)?

=3.9(moldm™)™
=3.9mol > dm®

=3.9dm®mol ™

3.2 Bond enthalpies

The idea that each type of bond has an associated energy (more specifically, at
constant pressure, enthalpy) gives us a straightforward way of estimating the
enthalpy change for a given chemical reaction. If we assume that all chemical
bonds in the reactants are broken, requiring positive enthalpy input, and that all
chemical bonds in the products are formed, releasing negative enthalpy, then the
overall enthalpy change will be the sum of the individual enthalpy changes.

3.2.1 Rearranging equations
The mathematical background to this was discussed in Chapter 1, Section 1.3,
on page 7. If we have a relationship such as

w=x+y+z

and we wish to obtain an expression for y, we subtract x and z from each side
to give



or

W—=X—2=X+y+z-x-2

y=w-x-2

Worked example 3.2
The enthalpy change for the reaction

CH4<g) + C12<g) - CH3C1 ot HCl(g>
is —104 kJ mol". If the bond enthalpy for C—H is 411 kJ mol™, for H-Cl
is 428 kJ mol™, and for C—Cl is 327 kJ mol™!, what is the bond enthalpy
for CI-C1?

Chemical background
This is one in a series of reactions that add chlorine to methane to give
successively CH,CL, CHC13, and CCIL,.
Bond enthalpies only allow an estimate of the overall enthalpy change
for a reaction because they are average values measured across a large
range of compounds.

Solution to worked example 3.2

In the reactants we need to break 4 C—H and 1 CI-Cl bonds. The enthalpy
required to do this is 4 x 411 kJ mol™ + x, where x is the CI-CI bond
enthalpy we wish to find. Evaluating the product gives 1644 kJ mol™ + x.

In the products we form 3 C—H, 1 C—Cl, and 1 H-CI bond. The total
enthalpy released will thus be 3 x 411 kJ mol™ + 327 kJ mol~! + 428 kJ
mol-!, which is equal to 1988 kJ mol™'; because this is enthalpy released,
we take the negative value.

The overall enthalpy change for the reaction is then

1644 kJ mol™ + x — 1988 kJ mol-! = =104 kJ mol™!

To solve this equation for x we need to subtract 1644 kJ mol~' and add
1988 kJ mol™ to each side. This gives

1644 kJ mol™" + x — 1988 kJ mol~' —1644 kJ mol~' + 1988 kJ mol" =
—104 kJ mol™ — 1644 kJ mol + 1988 kJ mol™

or

x =240 kJ mol™!

Thermodynamics
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The symbol MX is used

to denote a generalized
formula, where M represents
a metal cation and X an
anion. Examples would be
CsCl and KF. These are 1:1
compounds in which there
are equal numbers of cations
and anions. A 1:2 structure
would have the generalized
formula MX,, examples
being CaF, and MnS,.

3.3 The Born-Haber cycle

One of the fundamental ideas in thermodynamics is that the change in value
of certain variables is equal to the sum of other smaller changes that give the
same overall result. For example, when a chemical reaction involving some
kind of molecular rearrangement takes place, the change in the enthalpy is the
same as if we had dissociated all the reactants into atoms and then allowed
them to recombine into the required products. This idea formed the basis of
worked example 3.2 discussed earlier. Of course, we know that chemical reac-
tions do not really happen in this way, but it is a useful concept that allows us
to calculate quantities that are difficult to measure experimentally. An analogy
from everyday life is that if we climb a mountain, the height we reach is inde-
pendent of the path we choose to take.

Some of the thermodynamic variables for which this is true are those called
the enthalpy, entropy, Gibbs free energy, and chemical potential; these are
known as state functions. The two most common nonstate functions are work
and heat. You will meet all of these variables at some point in your study of
physical chemistry.

The mathematical consequence of using state functions is that we can cal-
culate the value of a change in a particular fraction by adding together other
changes that refer to a different route, even though the starting and end points
are the same. Although this is very useful to chemists in enabling them to cal-
culate enthalpy changes for reactions in which they cannot be measured, there
is an important point to remember. We saw in the last chapter that any experi-
mental measurement is subject to an uncertainty, and if we are adding together
several experimental values, we are likely to obtain an overall uncertainty that
is much higher. It follows that an enthalpy change calculated in this way is
likely to be less certain than one that has been measured directly.

3.3.1 Combining uncertainties
The mathematical background to this has been discussed in Chapter 2, Section

2.4.2.2, on page 35; in most cases we will determine the maximum probable
uncertainty. We saw that if two quantities are measured as X + AX and Y + AY, for

sums and differences the absolute uncertainty is /(AX)* + (AY)* , whereas for

products and quotients the fractional uncertainty is

Worked example 3.3
The standard lattice enthalpy A . H°of a1 : 1 ionic crystal MX is given
by the equation

AL =-AH + A H+ YA HO+ A H+ A H°

lattice



where A H° is the standard enthalpy of formation of MX, A  H° is the
standard enthalpy of sublimation of M, A__H" is the standard enthalpy of
atomization of X, A, H° is the ionization enthalpy of M, and AeaH‘)is the
electron affinity of X.

Calculate the electron affinity of Cl, together with its associated
uncertainty, using the following data:

Standard enthalpy of formation of NaCl =~ = —411 2 kJ mol™'

Enthalpy of sublimation of Na = 109 £+ 1kJ mol™

Enthalpy of atomization of CI 2@ = 242 + 1 kJ mol™!

Ionization enthalpy of Na = 494 +2 kJ mol!

Standard lattice enthalpy of NaCl = 760 £ 3 kJ mol™!
Chemical background

A consideration of the lattice enthalpy finds use when we are interested
in the forces and energies within ionic crystals, as it is possible to com-
pare the value with that obtained from theoretical calculations. In contrast
to the problem here, we would normally calculate the value of the lattice
enthalpy using experimental values of the other enthalpy changes; a direct
experimental determination is not possible. The lattice enthalpy in this
problem actually refers to the enthalpy change accompanying the reaction

NaCl(s) - Na"(g) + Cl‘(g)

This contrasts with the enthalpy of formation, which is the enthalpy
change for the reaction

Na(s) + VzClz(g) - NaCl(S)

The other enthalpy changes required are the enthalpy of sublimation:
Nagj— Na
and the enthalpy of ionization

Na  — Nat +e”
(@ ©
For anions, we can define the electron affinity, which in this case is
the enthalpy change for the reaction

le(g) - Cl(g) +e”

This reaction is the reverse of what you might expect, and it is often writ-
ten the other way round with accompanying phrases used to obtain the
correct sign for the enthalpy change.

Thermodynamics

Sodium chloride exists as
a regular cubic lattice, as

shown in Figure 3.1.
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2
Use the calculator

button to square each value,
add the squares, and take the

i
square root using .

Figure 3.1 The crystal lattice of sodium chloride.

Solution to worked example 3.3
The calculation of A_ H° is straightforward and involves rearranging the
given equation to leave this term as the subject. This gives
AeaHo = Alanicel—l0 + AfHO - Asubl{0 - I/ZAulHO - AionI_In

=[760 — 411 — 109 — (0.5 x 242) — 494] kJ mol™!
=-375 kJ mol™!

We can now turn our attention to determining the uncertainty in this
quantity. First of all, let us look at the enthalpy of atomization of Clz(g).
This has been multiplied by 0.5, which we can take as being an exact
constant with zero uncertainty. Therefore, the fractional uncertainty on
0.5A H°will be given by

[T () -

which is the same as the fractional uncertainty on A H°. The absolute
uncertainty in this quantity will therefore be

1
—— [x0.5x242kImol™" = 0.5kJ mol™!
242

Having done this, we have a set of uncertainties on five values that are
combined by means of addition and subtraction. The absolute uncer-
tainty is then given by



J(3)2 +(2)2+ (1) +(0.5)% +(2)* kimol ™" =/18.25 kI mol™

=43kImol™!

The value of A_H° is now —375 + 4 kJ mol™".

3.4 Heat capacity

The branch of thermodynamics concerned with heat changes is thermochem-
istry. The principal property that governs the thermal behaviour of a substance
is the heat capacity, which can be defined at a simple level as the heat required
to raise the temperature of the substance by 1 K. More precisely, we can iden-
tify two values of the heat capacity according to the conditions under which
any change is brought about. They are defined as

Cp = heat capacity at constant pressure
and
C, = heat capacity at constant volume

Frequently, we are concerned with the molar heat capacity, which then
allows us to take account of the amount of substance present.

3.4.1 Expansion of brackets

Mathematical expressions can be made more concise by the use of brackets.
This is generally useful for giving general expressions, but there are times
when it is desirable to expand such an expression into its individual terms. For
example, if we have an expression such as

alb +¢)

this is expanded by multiplying the quantity outside the bracket (in this case,
a) with each term inside the bracket.

alb+c)=ab + ac
If two brackets are multiplied together, such as
(a+b)c+d)

then each term in the first bracket needs to be multiplied with each term in
the second:

@+bic+d)y=alc+d)+b(c+d)

Multiplying out again gives

Thermodynamics 59

Note that the overall uncer-
tainty is, inevitably, greater
than any of the individual
uncertainties used in the
calculation. For this reason, a
direct experimental measure-
ment may be preferable to a
calculated value such as this.
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(a@+b)(c+d)=alc+d)+b(c+d)=ac+ad+ bc+bd
It may, of course, be possible to simplify the resulting expression in many cases.
Worked example 3.4

The value of the enthalpy change AH is given in terms of the heat capac-
ity Cp and the temperature change AT as

AH = Cp AT

Write an expression for the absolute enthalpy H, at temperature 7, in terms
of the absolute enthalpy H, at temperature T and the heat capacity.

Chemical background
This relationship arises directly from the definition of enthalpy, which is
the quantity of heat supplied to a system at constant pressure. It can be
calculated from the formula

H=U+pV

where U is the internal energy, p is the pressure, and V the volume.

The expression given in the problem is only valid when C can be consid-
ered to be independent of temperature. In the next worked example we
will see an example of Cp depending on temperature.

Solution to worked example 3.4
We have already met the use of the A notation when discussing enthalpy
changes in worked example 3.3. Although a quantity such as the enthalpy
H does have absolute values, in thermodynamics we are frequently more
interested in changes to these values. We use the notation AH to denote
such an enthalpy change, where this is defined as

AH=H,-H,

The convention is always to subtract the initial value (in this case H|) from
the final value (H,). Similarly, the change in temperature is given by

AT=T,-T,
and so the expression becomes
H,-H =C(T,-T)

We now expand the right-hand side of this equation by multiplying the
terms in the bracket by C, to give

H,-H=CT,-CT,



We were asked to obtain an expression for H,, so we rearrange the equa-
tion, making H, the subject, by adding the term H, to both sides.

H,=H,+CT,-CT,

This is a simple problem, yet being able to perform manipulations like
this is vital to a mastery of thermodynamics.

3.4.2 Polynomial expressions

You may have seen expressions such as
5% +2x*+3x+ 10

which is an example of a polynomial expression in x. The characteristic of a
polynomial is that it contains a series of terms consisting of the variable (in
this case x) raised to an integral power. The highest value of these powers is
called the order of the expression, and the constants that multiply each of these
terms are called coefficients. So, in the example above, the highest power is 3,
so this expression is a polynomial of order 3. We can also note that

¢ The coefficient of x3 is 5.
¢ The coefficient of x? is 2.
¢ The coefficient of x is 3.

The final value of 10 is called the constant term. Note that any of these
terms can be missing in a particular example, so that the expression 2x* + 3x is
also an example of a polynomial expression although it does not contain terms
in x% or x%, nor a constant.

Special names are given to polynomials with the lowest orders. These are:

e Linear for an expression of order 1
* Quadratic for an expression of order 2
e Cubic for an expression of order 3

Examples of graphical representations of each of these are shown in
Figure 3.2.

Worked example 3.5
The heat capacities C, for the species involved in the reaction

Hz(g) +10, — HZO@

2(g)

can be expressed as a polynomial with the variable 7 representing abso-
lute temperature as

C =a+bT+cT?

P
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f(x), g (%), h(x)

A
10
h (x)
8 —
6 —
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Figure 3.2 Graphs of representative linear, quadratic, and cubic functions, f(x), g(x), and A(x),

respectively.

where a, b, and c are constants. Use the values in the following table to
obtain an expression for the change in heat capacity in terms of tempera-
ture when this reaction takes place.

a b c
JK'mol” 10" JKmol™ 10" JK ™ mol ™
H,, 29.07 -0.836 20.11
0, 25.72 12.98 -38.6
2
HO 30.36 9.61 11.8
27(2)
Chemical background

The calculation of the expression is an important intermediate step when
determining how an enthalpy change for a given reaction varies with
temperature. As well as the form of polynomial shown here, an expres-

sion such as

Cc
Cp=a+bT+F

The chemical industry uses
large quantities of water, the
majority for removing heat.
Pure water may be required
for some chemical uses, and
this can be produced

by distillation.

sion in this problem.

a wide range of temperatures.

can be used. Note that this is not actually a polynomial because of the
final term, but it can be handled in exactly the same way as the expres-

Such expressions are able to fit experimental data to within 0.5% over



In fact, a mixture of hydrogen and oxygen gases will only react to
give steam (gaseous water) if a spark is applied. This has the effect of
supplying the activation energy for the reaction, which must always be
considered in addition to arguments based on enthalpy changes.

Solution to worked example 3.5
This is the first problem we have met in which we have been required
to extract data from a table. The form of the headings used here may
seem rather strange but, in fact, this is the best way of presenting data.
Let us look at the value of b for Oz(g), the value in the very centre of the
table. All we have to do is to equate the pure number in the table with its

column heading to give

b

—— =12.98
10° JK™% mol™

If we multiply each side of this equation by the units, we obtain
b=12.98 x 10° J K> mol™!

and, if required, we can convert to correct scientific notation by rewrit-
ing this as a number between 1 and 10 and adjusting the power of 10 as

b=1.298 x 10* J K2 mol™!

A similar technique is used to read values from graphs, whose axes
labels should be given in a similar fashion to these table headings.

The answer to this problem will consist of another polynomial expres-
sion whose terms represent the difference in heat capacities between the
reactants and the products. It will be of the form

ACP =Aa+ TAb + T?Ac
where
ACp =X Cp (products) — X Cp (reactants)

Notice that we are using notation (A and X) here to make the working
more concise. Remember that A is used to represent a change, and that
this is always taken as the final value minus the initial value. In this case,
that is equivalent to taking products (final state) minus reactants (initial
state). You may recall from Chapter 2, Section 2.4.3, on page 40 that the
2 symbol means “add up,” so we are summing the contributions from
the products and from the reactants for each of the coefficients a, b, and
c¢. Therefore, we have
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Aa =X a (products) — X a (reactants)
=30.36 — [29.07 + (0.5 x 25.72)] J K™! mol™

=-11.57 J K" mol™
Note that the contribution from O, is multiplied by 0.5 because this
species appears in the reaction equation with a stoichiometry coefficient
of V2. Also,
Ab =X b (products) — X b (reactants)

=(9.61 — [-0.836 + (0.5 x 12.98)]) x 10* J K= mol™!

=3.96 x 10°* J K2 mol™!
and

Ac =X ¢ (products) — X ¢ (reactants)
= (11.8 = [20.11 + (0.5 x =38.6)]) x 107J K* mol!
=11.0 x 107 J K> mol™

It is slightly neater to write this using correct scientific notation as

Ac =1.10 x 108 J K= mol™!

Now substituting into our equation for AC, gives

AC = - 11.57 J K mol” + (3.96 x 10° J K> mol™) T
+(1.10 x 108 J K> mol")T2

Note the use of brackets to simplify this expression when the units are
included. Another way of doing this would be to divide through by the
common unit and write

ACp 341 8 1 =22
— 5 =-11.57+(3.96 x10°K™)T + (1.10 x 10° K™)T
JK™ mol

Personal preference dictates how you should leave this expression.

3.4.3 Functions

So far in this section we have seen that heat capacity can be regarded as a con-
stant in some circumstances, whereas in others we can specify a dependence
on temperature. In the latter case, we would say that heat capacity is a function
of temperature. It can then be denoted as Cp(T), where the T in brackets indi-
cates that the value of T determines that of C.. In general, we use the notation
f(x) to denote a function f of the variable x.

As an example, if f(x) is defined as

fx)=8x>+2x+9
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we can calculate the value of the function for any value of x. Using this nota-
tion, f(3) would be the value of this function when x = 3, and would be given
by substituting for x on both sides of the defining equation to give

fA=0B@%x3)+2x%x3)+9
=@x9+2x3)+9
=72+6+9
=87

Worked example 3.6
If the heat capacity C, of solid lead is given by the expression

C, (T)=2213 1K mol" + (1172 x 10 J K mol )T

(9.6 x 10*TK mol™")
+ T2

determine the heat capacity at 298 K.

Chemical background
Observation showed that different quantities of heat were required to
raise the temperature of equal amounts of different substances to the
same extent. More careful experiments then showed that this heat capac-
ity actually varied with the temperature. The SI unit of molar heat capac-
ity is J K=' mol'; heat changes can be measured accurately by electrical
meansand 1 J=1V x1C.

Solution to worked example 3.6
We actually need to calculate CP (298 K), which is given by a straightfor-
ward substitution into both sides of the defining equation:

C (298 K) = 22.13 J K™ mol™ + (1.172 x 10 J K mol™' x 298 K)
.\ (9.6 x 10*TK mol™)
(298K)*

=2213 J K mol™ + 3.492 J K*' mol™! + 1.081 J K mol™!
=(22.13 + 3.492 + 1.081) J K! mol™!
=26.70 J K! mol™
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The graph of pressure
against temperature for a
substance is known as its

phase diagram and can be
used to indicate where a
solid, liquid, or gas will be
found for given values of
these variables. A typical
one-component phase dia-
gram is shown in Figure 3.3.

3.5 Clapeyron equation

There is a certain amount of vapour above every solid and liquid, and if this is
not free to escape, as in a closed vessel, equilibrium will be reached so that as
many molecules leave the surface as reenter. At this equilibrium, the pressure
above the solid or liquid is known as the vapour pressure. A study of vapour
pressure is important because it can provide us with information about the
solid or liquid.

The Clapeyron equation applies to any phase transition of a pure substance
and is expressed by the equation

dp _AH
dT  TAV

where A H and AV are the enthalpy and volume changes, respectively, which
accompany a phase transition ¢ at absolute temperature 7. The left-hand side
introduces a notation that we have not met before; it needs to be treated as a
complete quantity, and the letter d, on its own, has no meaning in this equation.
The quantity

dp
dr

is called the derivative of p with respect to T. As we will see in the follow-
ing text, this function is equal to the gradient of the tangent of the graph of p
against T.

3.5.1 Differentiation

If we consider a function such as

f)=3x2+1

PA

N,
' o
T

Figure 3.3 A typical phase diagram.
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Figure 3.4 The graph of f(x) = 3x> + 1.

whose graph is shown in Figure 3.4, we can calculate an average rate of change
between any two values of x, such as x = 1 and x = 5. This is found by dividing
the difference between the values of the function at the two values of x by the
difference in the two values of x:

average rate of change = w
because
fMH=@Bx1)+1=3+1=4
and
G =@Bx5+1=75+1=176
we have
average rate of change = 756 _14
7
4
=18

This is equivalent to calculating the gradient of the line drawn between f(1)
and f(5) on the graph shown in Figure 3.4.

It is also possible to determine the instantaneous rate of change of this
function at a specified value of x, say x = 2. This is equivalent to determin-
ing the gradient of the tangent drawn to the curve at this value, as shown in
Figure 3.5.

More generally, suppose that we wish to find the instantaneous rate of
change, or gradient, when x has the specified value x,. This is specified as point
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f(x) 90 -
80 - f(x) =3x2 + 1
70 -
60 -
50 -
40 1 .

4 T

20 1

10 4

0 — T T T T T
—10 9--°° 1 2 3 4 5 X
—20

_.--~ Tangentat x=2

Figure 3.5 The gradient of the tangent to the function f(x) = 3x? + 1, at the point where x = 2.

f),

>

f(xo+h)

f(x)

A 4

. . . df(x)
Figure 3.6 Definition of the derivative .

P in Figure 3.6. A second point Q on the curve defined by f(x) has x = x + h.
The gradient of the line drawn between P and Q will therefore be

Sl +h) = f(x) _ Sl +h) = fx)
(xo+h)—x, h

Imagine now that Q slides down the curve until it is almost at the same
place as P. This has the effect of making the value of 4 very small. In our
minds, we can make £ as small as we like as long as it does not become exactly
zero. This is because if & were to become zero, the denominator would be zero,
but division by zero is not defined. However, making 4 as close to zero as pos-
sible will give a very close approximation to the value of the gradient that we
require. In mathematical terminology, we would say that we wish to calculate
the above expression in the limit as 4 tends to zero. This is written as

Gradient of tangent = lim S+ M) = f(X0)  yhenx= X,
- h
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More usually, we would write this as

df(x) = fim SO0 +h) = fx)
dx h—0 h

where

df (x)
dx

is the derivative of f(x) with respect to x, in this case when x = x. This is spo-
ken as “d f of x by d x.” It is important to remember that this represents the
gradient of a graph of f(x) against x at x = x,.

So far, the method of calculating a derivative involves taking a limit of a
mathematical expression. In practice, this is not necessary as we can use a
number of standard derivatives. In the case of a power of x, the derivative of x"
is nx""!, where n is a constant.

The following table shows this rule forn =-2,-1, 0, 1, 2, 3, 4.

n Power of x Derivative

-2 x? -2x3
-1 x! —x2

0 xX=1 O0xx'=0
1 x! Ixx'=1

2 x 2xx'=2x
3 x 3 xx?=3x
4 x* 4 x x> =4x3

When a power of x has a coefficient, e.g., ax”, the derivative is anxn', so that,
for example

d(3x*)

=3¢@x*H =125

Notice that a constant on its own can be thought of as a term where the con-
stant is multiplied by an x°. The derivative of x° will always be zero, so that,
for instance

0 0
d©) _d6x) _cd ¢ o-0
dx dx dx

The rule given is readily extended to more complicated functions. If, for
example, we have a function f(x) defined as

f)=2x+4x>+Tx+2

we can apply the standard derivatives to each of these in turn. Notice the nota-
tion used for describing each of these derivatives:
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Solid carbon dioxide also
sublimes.

d@2x’) _,d(x)
dx dx

=2 x 3x* =62

d(4x*) _4 d(x*)

=4 x2x=8x
dx dx
A0 _ 740 547
dx dx
d(2)=0
dx

Putting this together gives the derivative as

dfx) _

dx

6x> +8x+7

Worked example 3.7

The triple point of iodine, I, occurs at a temperature of 114°C and a
pressure of 12 kPa. If the enthalpies of fusion A, H and vaporization
AvapH are 15.52 kJ mol™ and 41.80 kJ mol!, respectively, sketch the
pressure—temperature graph in the region of the triple point. Take the
densities of the solid and liquid to be 4.930 g cm™ and 2.153 g cm™,
respectively, and the molar mass of iodine atoms to be 126.9 g mol-..
Assume that iodine vapour behaves as an ideal gas, and that the enthalpy
of sublimation A_ H is given by the equation:

A H=A H+A H
sul us vap

Chemical background

The term sublimation refers to a change directly from solid to vapour
without passing through the liquid phase. Such behaviour can be pre-
dicted from the graph of pressure against temperature showing the equi-
libria between phases. From the equation given above, we can see that the
enthalpy change will be the same when we pass from the solid to vapour
phases, regardless of whether an intermediate liquid phase is involved.

The phase diagram obtained in this question has the three lines repre-
senting phase boundaries, all with positive gradients. If we repeated the
exercise for water, we would find that the slope of the line representing
the solid-to-liquid transition would be negative. This is quite unusual
and is a result of the reduction in the volume of ice on melting.

Solution to worked example 3.7
The question gives us all the information we need to evaluate the right-
hand side of the Clapeyron equation



ap _AH
dT  TAV

which is equal to the left-hand side, i.e., the gradient of the graph of p
and 7. Because we are only asked about values close to the triple point,
we can assume that the gradients we obtain are constant in this region of
interest. We need to consider the three possible phase transitions in turn:
solid to liquid; liquid to vapour; and solid to vapour.

Solid to liquid
The volume change AV will be

AV =

- Vliquid - Vsolid

where each volume can be obtained from the formula

vom
o

with m representing mass and p density. Because 1 mol of I, has a mass
of 2 x 126.9 g or 253.8 g, we have

253.8 gmol ™
liquid = & =1179 CHl3 IIlOl_1
2.153gem™
253.8 gmol ™
solid = & =51.48cm® mol™
4.930gcm™

so that
AV = (117.9 - 51.48) cm® mol™! = 66.4 cm? mol™

We also need to convert the given temperature value of 114°C to units
of K.

1— 1147C + 273 =387
K °C
SO
T=387K

Note that the more precise conversion factor (273.15 rather than 273) is
not used because the temperature is only given to the nearest °C.
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The Kelvin temperature
scale does not use negative
numbers as its zero is the
lowest possible temperature
that can be attained. Tem-
peratures measured on this
scale are known as absolute
temperatures (symbol T)
and are related to those on
the Celsius scale (symbol 6)
by the expression

T

0
— =—+273.15.
K °C
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Substituting into the Clapeyron equation now gives

dp _ 15.52kJ mol™

dT 387K x 66.4cm*mol ™

~ 15.52x 10’ Jmol ™'
387K x 66.4 x 107 m” mol ™'

=6.04x10° PaK™!

because 1 kJ=10°J, 1cm®*=10°"m’, and | PaA= I Nm?=1Nmm>=
1Jm™.

Note the conversion from centimetres to metres:
100cm=1m
lcm=102m
Cubing each side gives us
(1 cm)* = (102 m)?
or
Pem?®=10"°m?
Notice that (1072) = 1075. Now, 13 =1, so
1 cm?=10"°m?
Liquid to vapour
Because the question tells us to treat the iodine vapour as an ideal gas,
we can use the ideal gas equation to calculate its volume at the triple
point. If
pV=nRT

this can be rearranged (by dividing both sides by p) to give

_ nRT
p

14

Substituting values for 1 mol at the triple point gives us



_ 1mol x8.314JK ™" mol ™' x 387K
12kPa

1%

8314x387 J
12 kPa

10°Jm”~

=0.2681m’

taking the value of the gas constant R as 8.314 J K! mol™! and because 1
kPa = 10° Pa = 10° J m=. We are now able to calculate the volume change
for the vaporization process for 1 mol:

AV=V

vapour - liquid

=0.2681 m* mol™! — 117.9 cm?® mol™

We need to convert these two values to the same units. Generally, it is
preferable to work in base units (such as metres) rather than multiples
(such as centimetres), so we choose to convert cm?® to m?, and use the rule
1 cm?® = 107 m®. Then

1179 cm?= 1179 x 107° m?
=1.179 x 10~* m?

If we compare this with the vapour volume of 0.2681 m?, we see that
it is negligible and we are quite justified in approximating the volume
change on vaporization to be equal to the volume of the vapour. In this
case, we will take AV as 0.2681 m* mol~'. Substituting into the Clapeyron
equation leads us to

dp 41.80kJmol™

dT 387K x 0.2681m° mol™'

_ 41.80x10°Jmol ™'
387 % 0.2681 K m> mol ™

=402.9JK"'m™
=402.9Jm> K™
=4029Nmm~ K™
=4029Nm— K"

=402.9PaK™

Thermodynamics

73



74 Chemical calculations: Mathematics for chemistry, second edition

Solid to vapour
Because the volume of the solid will be even less than that of the liquid,
we are again justified in taking the volume change as being equal to the
volume of the vapour, so we will set AV to 0.2681 m? mol-'. The enthalpy
change A_ H is given by the expression in the question, which evaluates
to give

A:ubH = AfusI{ + AvanI_I
=15.52 kJ mol™! + 41.80 kJ mol™!
=57.32 kJ mol!

Substitution into the Clapeyron equation now gives

dp 57.32kJmol™
dT 387K x0.2681m> mol™

_57.32x10° Jmol ™'
387 x0.2681m” mol™

=552.5PaK™!

Using these three gradient values, we now need to draw lines of appro-
priate slope that pass through the triple point. Notice that the value of
dp/dT for the fusion process is much larger than the other two, so this
can be represented by a vertical line. The value for vaporization is

402.9
552.5

=0.729

or 0.7 times the value for sublimation, which allows a simple qualitative
representation to be drawn.

One possible graph, with values included, is shown in Figure 3.7.
P/kPa A

125 —

12.0 -

| | | »

»
386 387 388 T/K

Figure 3.7 Phase diagram for iodine.



3.6 Clausius—Clapeyron equation

The Clausius—Clapeyron equation relates the vapour pressures p, and p, at two
temperatures 7, and 7, to the enthalpy of vaporization A H:

(22 )2 AH{ IRNE }
2 R \T,) \L,
Here we meet the In symbol for the first time. This is an abbreviation for

natural logarithm, and in this equation is telling us to “take the natural loga-
rithm of the quantity p,/p,.”

3.6.1 Logarithms

Historically, logarithms were used to make the processes of multiplication and
division easier, but with the advent of electronic calculators, this use is now
virtually redundant. However, their use is of much more fundamental impor-
tance than that, particularly when dealing with quantities that may span a very
large range of values. There are two types of logarithms with which we need to
be concerned: natural logarithms (In), and logarithms to base 10 (log).

If three numbers a, b, and c are related such that

a=>b*
log,a=c

where b is called the base of the logarithm. Thus, if we choose b to have the
value 10, then if

a=10°
it follows that
loga=c

because we normally use the term “log” to denote logarithms to the base 10.
On the other hand, if b is set to the number known as e, which has the value
2.718 28 ..., we have

a=e°
and
Ina=c

I3t

because logarithms to the base “e” are called natural logarithms, and are
denoted by the term “In.”

Natural logarithms frequently arise from the mathematical analysis of
problems in physical chemistry, whereas logarithms to the base 10 are of more
use when we want to display a large range of data. The two types of logarithms
are related by the expression

In x =2 303 log x
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We will meet an example of
the natural logarithm emerg-
ing from the analysis of a
physical chemistry problem
in Chapter 5. This frequently
arises from expressions
involving a term in 1/x,
where x is a variable.
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We evaluate logarithms
to the base 10 using the

10%

log

button on
a calculator.

Worked example 3.8
The vapour pressure p of neon as a function of temperature 6 is as follows:
0 P

°C mm Hg
—228.7 19 800
-233.6 10 040
-240.2 3170
—243.7 1435
—245.7 816
—247.3 486
—248.5 325

By using an appropriate mathematical transformation, display this data
graphically.

Chemical background
These data are a selection of those that were obtained when this study was
performed. The complete set was fitted to an expression of the form

log P _ 0.05223A +B+CT
mm Hg T

to give the values of the constants
A=-16155K
B =5.699 91

C =0.011 1800 K

Notice the use of the heading log(p/mm Hg) in the preceding equa-
tion. This is because it is only possible to take the logarithm of a pure
number, i.e., one that does not have any units. If all the pressure values
are divided by the units, we end up with pure numbers. For example, if p
=19 800 mm Hg, we can write

p 19800 mmHg

= =19800
mm Hg mm Hg

which is a similar technique to the one we used in worked example 3.5.

Solution to worked example 3.8
We will consider the details of graph drawing shortly but for the moment
merely note that pressure is plotted on the vertical y-axis and temperature
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Figure 3.8 Graph of pressure against temperature for neon.

on the horizontal x-axis. This gives the graph shown in Figure 3.8, where
we see that, as the temperature increases, the points become increas-
ingly further apart, and so the plot has very uneven spaces between the
points. This leads to significant differences in the extent of precision to
which the position of each point can be defined. In particular, it makes it
very difficult to make reasonable estimates of behaviour at small values
of temperature and pressure. Suppose that instead of plotting pressure
we take its logarithm to base 10 and plot that against temperature. Using
a calculator gives us the following values:

0 p
— log
°C mm Hg

-228.7 4.297
-233.6 4.002
-240.2 3.501
-243.7 3.157
-245.7 2912
-247.3 2.687
-248.5 2.512
Notice that the
log (p J
mm Hg

values now occupy a much smaller range. From Figure 3.9, we can also
see that they are far more evenly spread. This means that it is much
easier to read off values at lower temperatures and pressures, and conse-
quently we can predict the behaviour of neon more reliably.
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Figure 3.9 Graph of logarithm of pressure against temperature for neon.

3.6.2 The equation of a straight line

We saw in Section 3.4.2 on page 61 that a polynomial of order 1 was known as
a linear expression. Some examples are

Sx+2
3x-17
0.4x-0.3

These can be summarized by the general equation
y=mx+c

where y is the value we evaluate on the right-hand side of the equals sign, and
m and c are constants. So, if we write the first example as

y=5x+2

By convention the term  the constant m will be 5, and ¢ will be 2. If we were to plot a graph of y against
intercept is used for the  x, we would find that it was a straight line with gradient 5 and intercept 2, as
point where a line crosses  chown in Figure 3.10. The consequence of this is that if we can rearrange any
the y-axis. There is also (in . . . .. .
. thermodynamic (or other mathematical) relationship into the form of a linear
general) an intercept where R . A .
the line crosses the x-axis, €quation, we can obtain a straight line graph. Frequently, the values of the gra-
but this is of less use. ~ dient and intercept of such graphs give us useful information about the system

being studied.

Worked example 3.9
At the standard pressure p° = 1 atm, a liquid boils at its normal boil-
ing point, .. Given a set of values of the vapour pressure p at absolute
temperature 7, show how the Clausius—Clapeyron equation can be used
to obtain the enthalpy of vaporization of the liquid.
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Figure 3.10 Graphof y = 5x + 2.

Chemical background
A liquid boils when its vapour pressure is equal to the atmospheric or
external pressure. More molecules are then leaving the surface of the
liquid than are reentering. Consequently, as the external pressure is
reduced, the boiling temperature of the liquid falls.

Solution to worked example 3.9
Starting from the Clausius—Clapeyron equation

(3230

we can substitute the pair of values given into the equation. It is simpler
to set p, = p° and T;= T, and then to replace the symbols p, and T, by p
and 7, respectively. Doing this gives the expression

Gl

At this stage, it is important to realize that p and T are the values of our
variable pressure and temperature, respectively, whereas AvapH, R, p°,
and 7, are all constants. If we expand the right-hand side of the equation
(by removing the square brackets), we have

nf 2 ) (Al ) (Dt
P° RT, RT

which can be written as

A, H A, H
In L __vap l + vap
»° R \T RT,

Thermodynamics 79

Pressure is frequently
expressed in a number of
different units. Equivalent
values for atmospheric pres-
sure are 1 atm, 760 mm Hg,
and 101.325 kPa.
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Consider what happens if we make the substitutions

)c=l y=ln(pOJ
T p
R RT,

You should find that this gives back the general equation

y=mx+c

If we plot ln[poJ on the vertical y-axis and 1/7 on the horizontal
D

Xx-axis, a straight line will be obtained with gradient ——2— and inter-

vap
RT,
Because the value of the gas constant R is known, the gradient gives

cept

the value of AvapH. Notice that we need to plot hl(po] on the y-axis.
p

Because p° = 1 atm, if the values of p are also expressed in atm, we
will automatically be taking the natural logarithm of pure numbers, as
required.

3.6.3  Plotting graphs

Having seen how to determine the plot we require, it is worth spending some
time considering the mechanics of graph plotting. Although there are now
many computer programs available for doing this, they can give unusual results
and have difficulties with certain data sets. It is also worth discussing manual
graph plotting because the rules that govern overall appearance should also be
applied to computer generated plots.

If you have an equation relating two variables, you should be able to deter-
mine which variable to plot on the x- and y-axes. However, there will be times
when you will be instructed to “plot variable 1 against variable 2.” This is
always equivalent to plotting “y against x,” and it is often important to display
them the right way around.

Having established this, the most important thing to remember is to fill as
much of the graph paper as possible. It is best to have one plot per page, except
when superimposing plots using the same axes for both, which can sometimes
be useful. Try to avoid scales involving numbers such as 3 and 7 because these
make it difficult to work out exactly where intermediate values should be



Thermodynamics 81

plotted. Use a sharp pencil, label the axes and, if appropriate, include a title
for the graph. There is no need to include the origin on either axis unless the
spread of data lends itself to doing so.

Worked example 3.10
The vapour pressure p of water is given below as a function of tempera-
ture 6.

Determine the enthalpy of vaporization of water.

4 p

°C 107 atm

20 2.31

30 4.19

40 7.28

50 12.2

60 19.7

70 30.8

Chemical background
The vapour pressure increases with temperature as a result of inter- Typical values of the stan-
molecular forces in the liquid being broken. Vapour pressure measure- dard enthalpy of vaporization

. . . -1

ments are consequently able to give us information about the nature of are 8.2 kJ mol™ for methane
h f M liauid ith hieh val £ hal ¢ .. and 43.5 kJ mol! for ethanol,
those orces.. ost liquids .Viflt 1g values of ent 2.1 p.y of vaporization the latter is higher due to the
also have high normal boiling points, although this is not always the presence of hydrogen-bond-
case. ing in the liquid.

Solution to worked example 3.10

()

We saw in the previous problem that we need to plot In (pJ against 1/T
D

where p° = 1 atm. It is important to realize that T refers to the absolute
temperature (units of K) rather than the values given here. The first stage
is to draw up a table containing the transformed data. If we consider the
first pair of values, we have

0 =20°C
so that
T=20+273)=293 K
and
i 1
T 293K
=341 x 1073 K

p=2.31x 1072 atm
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Powers of 10 are input to a

[

EXP

calculator using the
button; negative powers also

require use of H

so that
p _231x107am
p° I atm
=2.31x 1072
and

h{pol —In(231x1072)
p

=-3.77

Applying a similar treatment to the other values leads to the final table:

T p
In| —
10°K™ [P" ]

341 =3.77
3.30 -3.17
3.19 -2.62
3.10 -2.10
3.00 -1.63
2.92 -1.18

A suitable range of values on the x-axis (T"!) would be from 2.9 to 3.5,

with divisions of 0.1. On the y-axis (ln(ij ) it would be from -3.8 to
p

—1.0, with divisions of 0.5. Exactly how these are fitted onto the graph
paper depends on the particular arrangement of ruled squares. The labels
on the axes are exactly as in the table above to ensure that the points on
the graph actually represent pure numbers. To obtain the gradient, we
need to measure the increase in y and divide it by the corresponding
increase in X, making sure that we use as large a portion of the straight
line as possible. Using the values shown on the graph in Figure 3.11, this
gives us

~1.18 = (=3.77)

Gradient =
(292 -341) x 10°K™!

_ 2.59
-49x107*K™!

=-529x 10°K
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Figure 3.11 Graph of ln(p(,) against T for water.
p

Notice that, in the first line of gradient calculation, the corresponding

values of 7' and ln(po] appear under one another. We know that the
p

vap

value of the gradient is equal to — , SO

Am H 3
- Ig =-529%x10"K

Multiplying both sides of the equation by R and multiplying both sides
by —1 to change the negative signs to positive signs on both sides gives

A, H=529%10°K xR
which on substituting R = 8.314 J K™ mol™! gives

A H= 5.29 x 10° K x 8.314 J K™! mol™!

=44.0 x 10* J mol™!
This can be written more concisely by using kJ rather than 10° J as

AvapH =44.0 kJ mol™!

Thermodynamics
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3.6.4  Plotting graphs using a spreadsheet

As in Chapter 2, Section 2.4.3.2, on page 45, the instructions given will refer
to the Microsoft Excel spreadsheet; however, those for other spreadsheets will
be very similar.

Begin by putting table headings at the top of the first two columns. In cell
Al, type the letter q. Highlight the cell, select Format Cells, and choose the
Symbol font. This changes the letter q to 0. In cell Bl, type the letter p. We will
leave a line for clarity, so the first value of 0, 20, is put into cell A3. Next to it
in cell B3, type 2.31E-02; this is the spreadsheet shorthand for 2.31 x 1072, In
a similar way we can enter the data to fill cells A4 to A8 with values of 0, and
cells B4 to B8 with values of p.

The first step is to transform the data as we did manually in Section 3.6.3 on
page 80. We will leave a blank column, so the transformed values of 6 will be put
into column D. Begin by putting the column heading T in cell D1. In D3 we type
the formula =A3+273 to convert the temperature in °C to a value in K. Position
the mouse at the bottom right corner of D3 and click and drag down to DS to
copy the formula. Now, we move to column E and put the heading 1/T in cell E1.
The formula in cell E3 will be =1/D3; this needs to be copied by dragging the
corner of E3 down as far as ES8. In cell F1 we type the column heading “In p”; in
F3 the formula =LN(B3), which is copied by dragging to all the cells up to and
including F8. The spreadsheet will now look as shown in Figure 3.12.

The data to be plotted now reside in columns E and F. Highlight cell E3 and
drag the mouse down to E8 and across to F8, so that the cells containing data
in both columns are highlighted. Choose the chart wizard icon (the coloured
bar chart) from the tool bar, choose XY (scatter) and the icon for unconnected
points. You can now click on Next, and choose appropriate labels for the axes
and a title, to produce the final graph as shown in Figure 3.13.

E Microsoft Excel - Chapter 2-3.xls [Read-Only] -8 x|

|E fe Edt wew Insert Fgrmat ook Data Window Help ;IEILIJ
PRI S s I N
F3 | =[ =LNE3)

a T B ¢ o [ E T ¢ [T [H [T T 0Tk [C M [ N T 0o [3
1o ) T 1T Inp |
2]

3] 20 231E02 293 0.003413[ 37679

4] 30 419502 303 0.0033| =747

5] 40 7.26E02 313 0.003195 -2.62004)

6] 50 1.22E01 323 0.00309| 210373

7] 60 1.97E01 333 0.003003] -1.62455|

8] 70 3.08E01 343 0.002915)_-1.17766]

9

[10]

[11]

[12]

[13]

[14]

KE|

KE]

7]

KL

KE]

Ef

|21

2

[23]

[24]

[25]

|26

|27 ]

|28

Ell

Efl|

[31]

E|

Esl|

|34

El| -
HT4 Sheet1 { Sheetz / Sheotd 141 |0
Ready IT Eum=-14.46637272 [ | T [l
listart|| | 7] @ 5 > || [Amorosort photopraw .| iy Documentsic...| (ispreasheets |[&icro:

Figure 3.12 Spreadsheet to illustrate data plotting.
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Figure 3.13 Spreadsheet showing plotted data.

3.7 The ideal gas equation

The ideal gas equation is the relationship you will probably meet most fre-
quently in thermodynamics. This is because it describes the simplest form of
matter to study, and is itself a simple expression. The volume of the molecules
in an ideal gas would be negligible as would the forces between them. Real
gases behave like ideal gases and obey the ideal gas equation at low pressures
and high temperatures.

The ideal gas equation usually appears in the form

pV =nRT

where p is the pressure, V the volume, n the amount of gas, R the gas constant,
and T the absolute temperature.

3.7.1 Interconversion of units

We have already met several examples in which units have been substituted
along with the corresponding numerical value in an equation. This practice
is essential and allows us to obtain the correct units of the final calculated
quantity in a systematic way. A similar technique may also be used to convert
a quantity from one set of units to another.

Worked example 3.11
The gas constant R is usually given as 8.314 J K- mol~'. What is its value
when expressed in the units dm? atm K=' mol~'?

Chemical background
The value of the gas constant was formerly determined from measure-
ments of the molar volumes of oxygen and nitrogen, but more recently
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We have already seen that
for practical purposes we
may wish to work with the
pressure units of atm rather
than kPa. Other non-SI

units in common use are the
Angstrﬁm (A), which is equal
to 107 m, and the calorie
(cal), which is equal to 4.184
J. The use of such units in
certain fields is so well estab-
lished that to try to change
would probably be more
confusing than learning to
live with them.
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this has been done by determining the speed of sound in argon. Such
changes in the way in which the values of constants are determined
do take place from time to time, but invariably they lead to very small
changes in their numerical values that are only significant in high-preci-
sion work.

Solution to worked example 3.11
To solve this problem, we need to use the following conversion factors:

1 atm = 101.325 kPa = 101.325 x 10° Pa
1J=1Nm
1Pa=1Nm?>?

Comparing the units of the two forms of R shows that we essentially
have to convert J to dm* atm. We do this by successive substitution in the
original expression for R.

R =8.314J K mol™!
= 8.314 N m K!' mol™!

Notice that, to obtain units of atm, we need to convert from Pa. At this
stage, it helps to realize that

IPa=1Nm?and 1J=1Nm?m?
so that
R=8.314 Nm?2m 3 K" mol!
= 8.314 Pa m* K*! mol™!

Rearranging the definition for 1 atm and substituting 10 dm = 1 m gives us

314
R=_S3148M 6 4m) K mol”
101.325 x 10°

=8.205 x 107 atm x 10°? dm? K' mol™'
= 8.205 x 1072 dm? atm K' mol!

3.7.2 Constants and variables

The gas constant R is known as a universal constant, which means that its value
does not change under any circumstances. This is in contrast to quantities such
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as n in the ideal gas equation. This is the amount of gas that will be fixed for
a given sample of gas in a closed container but which may vary from sample
to sample. The quantities p, V, and T are variables, but any of them may be
considered to be fixed according to experimental conditions.

Worked example 3.12
Identify the constants and variables in the following equations that also
describe the behaviour of gases.
(@) The van der Waals equation is
an®
p+7 (V = nb) = nRT
Here p is the pressure of gas, V its volume, T the temperature, and n
the amount present. For carbon monoxide, a = 0.1505 Pa m® mol=2,
and b = 0.0398 x 103 m? mol ..
(b) The Beattie—Bridgeman equation is
RT|1-| -
VI’
= e (V, +B)
with
a
A= -] —
A { [ Vi ﬂ
and
B i BO {1 ) [b]:|
V.
Here p is the pressure of gas, V_its molar volume, and T the tempera-
ture. For methane, A, = 0.230 71 Pa m® mol™, a = 18.55 x 10=° m’
mol™, B =55.87 x 10~ m’ mol™!, b = ~15.87 x 10-*m’ mol ™', ¢ = 12.83
x 10 m* mol™".
(¢) The virial equation is
pV, =RT + Bp
Here p is the pressure of gas, V_its molar volume, R the gas con- Note that the constant B in
stant, and T the absolute temperature. For nitrogen, the second virial (b) and (c) is different.

coefficient B is —4.2 cm?® mol™" at 300 K.
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Chemical background

(@) The van der Waals equation was developed to account for the behav-
iour of a gas when it is liquefied. The volume term is reduced to allow
for the finite volume of the molecules, whereas the pressure term is
increased to allow for the presence of forces between molecules.

(b) The inclusion of a large number of parameters in the Beattie—Bridge-
man equation allows its use in situations in which a precise fit to
experimental data is required, particularly at high pressures.

(c) The form of the virial equation given here actually comes from a
power series of the form

pV. =RT + Bp + Cp* + Dp* + ...

where B, C, and D are functions of temperature and are known as
the second, third, and fourth virial coefficients, respectively. One of
the uses of this equation is that these coefficients may be related to
the potential functions that describe the interaction between mol-
ecules. It is common to ignore terms in p? and higher.

Solution to worked example 3.12

(@) As in the case of the ideal gas equation, the variables are p, V, and
T if the amount of gas n is fixed. The values of a and b are constant,
depending only on the nature of the gas being considered.

(b) This is also similar to the ideal gas equation in that p, V_, and T'may
vary. The other quantities A, a, B, b and ¢ are constants and again
depend only on the nature of the gas.

(c) As previously, p, v, and T are variables, and R is a constant. How-
ever, the question suggests that B is a function of temperature, so
this could also be regarded as a variable, although its value at given
temperatures may be obtained from tables.

3.7.3 Proportion

We can distinguish two types of proportion. If two quantities are directly propor-
tional to one another, the ratio of their values will remain constant. For example,
if x and y can have the following pairs of values, they are in direct proportion:

In this case the ratio y/x remains constant at 2. We say that y is directly pro-
portional to x. This is written mathematically as

yeex

where o< is the proportionality sign. If this is the case, we can introduce a con-
stant of proportionality K and write the relationship as
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y=Kx

Rearranging this equation gives
K==
X

and we see that the constant of proportionality is the constant ratio of the two
quantities x and y.

Conversely, x and y may be inversely proportional to one another. An
example of such a relationship is in the following table:

x 1 2 3 4
y 24 12 8 6

This time, the product xy remains constant at 24. In this case, we would
write

1
y«—
X

which on replacing a by a new proportionality constant K’ gives

Kl
Y=
X
which rearranges to
K’ =xy

so K’ is the constant product of x and y.

Worked example 3.13
For a fixed amount of gas that obeys the ideal gas equation, describe
the relationship between the two variables indicated when the third is
held constant:

(@ p and V at constant T
(b) p and T at constant V
(¢) T and V at constant p

Chemical background
The experimental relationships between these variables are expressed
by Boyle’s law and Charles’s law. Together with Avogadro’s law, these
can be used to formulate the ideal gas equation. This problem involves
deducing the original relationships from the final equation.

Solution to worked example 3.13
To solve this problem we need to be able to rearrange the ideal gas equation

pV =nRT

89
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so that the two variables are on opposite sides of the equation. In each
case, we will call the grouping of constant terms K, which will be our
constant of proportionality.

(@) Dividing both sides of the equation by V gives

_ nRT
\%

p

and because nRT is a constant, which we will call K, we can write

K
Py
or
1
I’“;

so p and V are inversely proportional to one another. This is Boyle’s
law.

(b) Using the rearranged equation from part (a)

B nRT
\%
and because nR/V is a constant, which we will call K’, we can
write
p=K'T
or
peT

so p and T are directly proportional.

(c) Dividing both sides of the original equation by p gives

B nRT
p

Vv

and because nR/p is a constant, which we will call K”, we can write

V=K'T
or
VeT

so V and T are directly proportional. This is Charles’s law.

3.7.4  Functions of two variables

In Section 3.4.3 on page 64 we met the idea of writing an expression as a func-
tion of a variable, using the f(x) notation. This can be extended to cases where
we have two (or more) variables, such as
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S y) = X+ 3x%y + 2y
and
g(x, y) = In(3x) + 2xy

Note that we can also write expressions such as z = f(x,y) and z = g(x,y) in
order to facilitate the plotting of such functions in three dimensions.

Worked example 3.14
Use the function notation to write expressions for the

(a) pressure
(b) volume
(c) temperature

of an ideal gas.

Chemical background
Although we can display a function of one variable as a line graph, when
two variables are involved, this is not possible. One solution is to use a
three-dimensional plot, where the height above the axes gives the value
of the functions. This has been done for this example in Figure 3.14.

Solution to worked example 3.14

(a) We can use the rearranged equation from part (a) of worked example
3.12. Because both temperature and volume are variables, we write

nRT
T,V)y=——
p(T,V) v

(b) We can use the rearranged equation from part (c) of worked example
3.12. Because both temperature and pressure are variables, we write

nRT
V(T,p)=——
p
(c) We can rearrange the ideal gas equation (by dividing both sides by

nR) to make T the subject:

v
nR

T =
Because p and V are both variables,

v

T(p,V) =
(p,V) R
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Figure 3.14 Plots representing the ideal gas equation. Units are Pa for pressure p, m? for volume
V, and K for absolute temperature 7.

3.7.5 Partial differentiation

We have already met the idea of differentiating a function of one variable in
Section 3.5.1 on page 66. We saw that this was equivalent to determining the
gradient of the curve representing that function, and represented the change in
the function for a given change in the variable.
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When we have a function of two variables, changing either of them will produce
a change in the value of the function. This change is given by a quantity called the
partial derivative. If our function is f(x, y), then it is possible to determine

af (x,y)
ox s

the partial derivative with respect to x when y is held constant, and

af (x,)
ay .

the partial derivative with respect to y when x is held constant. Note that, in
both cases, the quantity to be held constant is shown outside the bracket. The
notation for each derivative is often abbreviated to

¥ oa &
ox dy

respectively, for clarity and to save space.

d
The quantity a—f represents the change in f(x, y) when x is changed, and
X

is equal to the gradient of the tangent to the surface of f(x, y) in the x-direc-
tion, as shown in Figure 3.15 in which the tangent is drawn at a constant value

9
of y, denoted as k. Similarly, a—f represents the change in f(x, y) when y is

changed, and is equal to the gradient of the tangent to the surface f(x, y) in the
y-direction.

Partial derivatives are calculated in the same way as full derivatives, while
holding the fixed variable constant. If a function is defined so that

fx, y) = 2x2 + 3xy + 2xy?

we can rewrite this treating every term in y as a constant. In the expression
below, all the constant terms are enclosed in brackets:

fG ) = @x* + (3y)x + 2yH)x

Differentiating x? gives 2x, and differentiating x gives 1, so we obtain
g—f =2(2x)+By) x 1+ (2y*) x 1
X

=4x+3y+2y’

Similarly, if we rewrite the expression for f(x,y) treating every term in x as
a constant, then

fGy) = 2x) + Gy + 2x)y*

93
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Af(xy
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Figure 3.15 The partial derivative aty=k.

Differentiating a constant gives 0, differentiating y gives 1, and differentiating
y? gives 2y. We therefore obtain

%=0+(3x)x1+(2)€)2y
dy

=3x+4xy

Worked example 3.15
For an ideal gas, calculate the partial derivatives

w o
av oT
Chemical background

Partial derivatives find much use in thermodynamics, as it is possible
to derive relationships between them. One example of this is Maxwell’s
relations, which consist of four relationships of the type

31-42)
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These are useful because, although it is easy to measure the variation The other Maxwell
of volume V with temperature 7, it is not straightforward to measure relations are:
entropy S as a function of pressure p in the laboratory. oar __ ap
v ) as ),
Solution to worked example 3.15
We can use the expression obtained in part (a) of worked example 3.14: T _ WV
ap Js ( aS JP
p) ( as ]
To calculate the partial derivative with respect to V, we treat T as a con- aT ), v r

stant, so the expression on the right-hand side can be written with the
constant term in brackets as

1
p(T,V)= (nRT)V

=(nRT)V™!
Remembering that we differentiate by multiplying by the power and

reducing the power by 1, x' would differentiate (with respect to x) to
give (-1)x72, i.e.,

d -1 -1-1 1
=2 = (-1 -
dx(x )=(-Dx 2

Therefore we obtain

To calculate the partial derivative with respect to 7, we treat V as a con-
stant, so grouping the constant term in brackets gives us

nRkR
p(T,V) = [V} T

Remember that differentiating x with respect to x gives us 1, i.e.,

@ _,
dx
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Here we are differentiating with respect to 7, which gives

9p _[ "R
aT Vv

3.7.6  The differential
We saw, in worked example 3.10, that we could determine the gradient m of a
straight line graph of y against x as

- increaseiny _ Ay

increaseinx  Ax

It is possible to rearrange this equation to give an expression for the increase
in either of the variables x or y:

Ax=&,Ay=mAx
m

Similarly, we can deduce from Section 3.5.1 on page 66 that the gradient of a
curve plotting y against x is given by the derivative dy/dx, which comes from
considering very small or infinitesimal changes in the variables x and y. By
analogy with our treatment for the straight line above, we can write

dy =mdx

where the gradient m will be a function of x. This expression allows us to
express the change in variable y in terms of the variable x and the change in x.
For example, if

y=2x+x+3
the derivative

ﬂ—4x+l
X

and so
dy=@x+1)dx

where dy is known as the differential.
This approach can be readily extended to functions of more than one vari-
able, such as f(x, y). The differential df(x, y) is then defined by

df(x,y) = (22] dx + (zi] dy
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This can be interpreted as giving the change in the function f(x, y) when the
variables x and y are changed by small amounts dx and dy, respectively. For
example, if

fey) = xy’+ 2x%
. .. of .
we calculate the partial derivative . by treating y as a constant. Then
X

fey) = ()x + 2y)x?
and

P () x1+2y)2x
0x
=y +4xy

. . .0
Treating x as a constant allows us to calculate the partial derivative a—f :
y

fy) =)y + 2 xY)y

and

I _ (0)3y* +(2xH) x 1
ay

=3xy” +2x7
Substituting in our general expression given earlier for the differential gives:
df = (y* + 4xy) dx + (3xy* + 2x%) dy
Note that for simplicity we have replaced the term df(x,y) by df.

Worked example 3.16
Calculate the differential dp of an ideal gas.

Chemical background
Differentials can be exact or inexact. For an exact differential, the

relationship
N /A T R R
dy \ 0x ’ | ox 6yx‘.

must hold. If this is the case, the function f(x,y) is known as a state func-
tion. This means that its value is independent of the path taken to get to
the particular state. This idea was discussed more fully in Section 3.3
on page 56.
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Solution to worked example 3.16
We first need to write the pressure p of the ideal gas as a function of the
other variables by rearranging the ideal gas equation. Because pV = nRT,
we have

Because the variables on the right-hand side of this equation are the
temperature 7 and the volume V; it may be clearer to write this using our
notation for a function of two variables:

nRT
T,V)=——
p(T.V) v
To determine the differential dp, we need to calculate the partial derivatives
) )
(Pj and (PJ
ar ), av ),
These were determined in worked example 3.15, and were

)
| R [P ] R
o), v v v

The differential dp will be given by the expression

dp=| P\ ar+| 2| av
oT ), v ),

so we can substitute directly and obtain

nRkR nRT
dp=| — |dT - av
! (VJ [v]

It is relatively straightforward to show that

) ()]

confirming that dp is an exact differential.



3.8 The van der Waals equation

We have already met the van der Waals equation to describe the behaviour of
a gas in worked example 3.12, in which we saw that corrections were made to
both the pressure and volume to improve the description of real gases. These
are the constants a and b in the equation

2
(p+c$2J(V—nb)=nRT

in which all the other symbols have the same meaning as in the ideal gas
equation.

3.8.1 Expansion of brackets

The mathematics involved in the expansion of expressions using brackets has
been discussed in Section 3.4.1 on page 59. We saw there that

(@a+b)(c+d)=ac+ad+ bc+bd

Worked example 3.17
Remove the brackets from the van der Waals equation.

Chemical background

The constants a and b in the van der Waals equation are normally
obtained by fitting the equation to experimental measurements of pres-
sure, volume, and temperature.

Alternatively, because there is a critical temperature T, above which
a gas cannot be liquefied by pressure alone, it is possible to define a cor-
responding critical pressure p_and critical volume V. The quantities are
related to the van der Waals constants by the equations

a=3p V? and b=%

Solution to worked example 3.17
Multiplying the second bracket by each of the terms in the first
bracket gives

2

p(V - nb) + [Ci;j(v — nb) = nRT

Each term inside the remaining brackets of (V — nb) can now be multi-
plied by the term outside to give

Thermodynamics
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2 2
an an

We can now simplify the third and fourth terms on the left-hand side of
this equation:

[V]v Vo g (V ]nb ot

because

Vv 1
F=Vl’2=V’1=V and n’xn=n"*'"=n

so that the overall equation becomes

2 3
b
pV—pnb+%—an

=nRT

v

This would be a reasonable way of leaving the equation, as the brack-
ets have been removed and all the terms simplified. However, a more
elegant solution would be to continue as follows. The nRT term on the
right can be “removed” by subtracting nRT from both sides of the equa-
tion to give

an’b
e

pV—pnb+a7— -nRT =0

If we now multiply each term by V2 (noting that 0 x V2 = (), we obtain

pV?3—pnbV?* + an?V — an*b — nRTV?*=0
or

pV3— (pnb + nRT)V?+ an®V — an’b = 0

which can be classified as a cubic expression in V and contains no fractions.

3.8.2 Combining limits

The concept of a limit was discussed in Section 3.5.1 on page 66. Limits
can be combined in much the same way as the quantities they represent. For
example, if
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Sx) = g(x) + h(x)
then

LinLl flx)= LlnLl gx)= LinLl h(x)

Similarly, if

S(x) = g(x) h(x)
then
Lin o) = Lin ) = Lim(o)

Worked example 3.18
Show that the van der Waals equation reduces to the ideal gas equation
in the limit of low pressure.

Chemical background
A general requirement of all acceptable equations of state for gases is
that they will reduce to the ideal gas equation as the pressure falls to
zero. The interactions between molecules are then negligible, as is the
volume of the molecules relative to the volume of the gas, so we are
approaching the ideal situation.

Solution to worked example 3.18
In terms of limits, we can write the van der Waals equation as

p—0

2
. an” | . .
le[p + v ]%LII(}(V —-nb) = I;er(} nRT

The first term to consider is

in the first bracket. We need to realize that, as the pressure p tends
towards zero, the volume V tends towards infinity. This can be expressed
mathematically as p — 0, V — oo,

As Vbecomes very large, aviz will tend towards zero. Also because the

V term is squared, this will happen faster than p tends to zero. Thus this
term will tend to p+0, or just p. Mathematically, we can express the steps
in this argument as
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2 2
an an
Lim| p+—- |=Lim| p+—- |=

Now we consider the term in the second bracket. Again, asp — 0, V— o

SO

Lim (V —nb) = Lim (V - nb)
p—0 p—=®

As V becomes very large, the quantity nb remains the same, and so the
value of the second limit becomes closer to V:

Lim (V-nb)=V

p—0

Finally, as neither p nor V appears on the right-hand side of the equation,
we have

Lir% (nRT) = nRT
P

Substituting into our equation involving limits, this now gives us
pV =nRT

which is the ideal gas equation, as required.

Some of the arguments used above for determining each individual
limit may seem difficult to replicate in different situations. Limits gener-
ally arise in the derivation of equations, so it is usually sufficient to be able
to follow these arguments rather than developing them from scratch.

3.9 Equilibrium constants

The equilibrium constant is a fundamental quantity in thermodynamics,
describing the equilibrium state of a system in terms of concentration units. Its
magnitude determines the extent to which a particular reaction will take place;
a large value indicates a greater concentration of products than reactants and
hence a favourable forward reaction.

A mathematical way of defining the equilibrium constant K is to use the

equation
v,
K= | | a;’
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The symbol a, here is used to represent the activity of species j; activities are
the correct way of defining dimensionless equilibrium constants, i.e., those
without units. The activity a, of species j having concentration ¢;can thus be

defined by
C:
a;= ( Cf, JY./'

where ¢° is the standard concentration taken as 1 mol dm= exactly, and Y, is the
activity coefficient of species j.

The mathematical symbol [] is new to us. It simply means “multiply,” or
“take the product.” The symbol v, is known as the stoichiometric number of
species j. This is obtained by rewriting our general chemical reaction

aA+bB+...>cC+dD+...
as
cC+dD+aA-bB-0
where the reactants have been subtracted from the products. We then have

Stoichiometric number of A =v = —a
Stoichiometric number of B =v, = -b
Stoichiometric number of C = Vo=¢

Stoichiometric number of D=v_ =d

Worked example 3.19
Calculate the equilibrium constant for the dissociation of ethanoic acid o)
at 25°C if the equilibrium concentrations are (i
[CH,COOH] = 0.90 mol dm™ Ethanoic acid OH
is more commonly known
and industrially by its older
[H*] = [CH,COO] = 0.004 mol dm gaiglfa‘c’igff;;‘;;f;r‘;fﬁ‘i‘f
produced by the catalytic
Chemical background oxidation of acetaldehyde
Ethanoic acid is a weak electrolyte, and we can see from the concentra- and is used in the production

of cellulose acetate, which is
needed for the manufacture
of upholstery and carpets.

tion values just given that the concentration of undissociated acid is far
higher than that of the dissociated ions. We therefore expect to obtain
an equilibrium constant value that is considerably less than 1. When
the equilibrium constant is applied to acid dissociations such as this, it
is usually given the symbol K . This leads to the use of logarithms for
expressing acid strength in terms of pK , which is defined as

pK, =-log K,
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where log represents the logarithm taken to base 10, as we saw in Sec-
tion 3.6.1 on page 75.

Solution to worked example 3.19
The first step in this problem is to write a balanced chemical equation
for the dissociation of ethanoic acid. The species required are all given
in the question, and the required equation is
CH,COOH = CH,COO~ + H*
Subtracting the reactant from the ethanoic acid product gives

CH,COO™ + H* - CH,COOH =0

and the stoichiometric numbers are therefore

Venycoon = 1

Substituting into the general expression for the equilibrium constant
then gives

1 1 -1
K= € eyc00- Cy+ CCH;CO0H
c® c® c®

where ¢ denotes the concentration of each species. As in this case, we
often assume that the activity coefficients are all close to unity.

Because

-1
Cemycoon | 1
o
c CCH;CO0H
CO

this can be rewritten as

Cenycoon
CO
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The values given in the question can now be substituted into this
expression:

0004 0.004 _
0.90

1.8x107°

Notice that the use of ¢® means that the units of mol dm= do not need to
appear in the equation for calculating K.

3.9.1 Solving quadratic equations using a formula

In Section 3.4.2 on page 61, we saw that a polynomial expression of order 2 is
called a quadratic. A quadratic equation is one of the form

ax*+bx+c¢c=0
where a, b, and c are constants. Examples are

3x>+2x—-1=0
and

X+ 6x+4=0

The graphs of these equations are shown in Figure 3.16, in which the solu-
tions are given by the intersection of the curves with the x-axis, i.e., when the
value of the expression is zero.

This may happen at none, one, or two values of x. In some cases, these can
be found by factorizing the expression into two brackets and setting each in
turn to zero. However, this is not always possible. Another method that is more
generally applicable is to apply the standard formula.

90 - f(x)=3x2+2x—1

80 -~
70 A
60 -
50 -~
40 A
30 1
20 1
10

g(X)=x2+6x+4

a

(
-10 -

Figure 3.16 Graphs of the quadratic functions f(x) = x> + 2x — 1 and g(x) = x* + 6x + 4.
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The solution of the general quadratic equation given at the start of this sec-

tion is
—-b = b* - dac

2a

X =

Notice that the + sign ensures that two values of x will result; however,
solutions will only be found if »? is greater than the quantity 4ac, because
otherwise we would be taking the square root of a negative number. We will
return to this topic again in Chapter 6.

Worked example 3.20
In the reaction between nitrogen and hydrogen to give ammonia, the
fractional amount of nitrogen reacted x can be related to the equilibrium
constant K, which has the value 977. This gives the quadratic equation

81.2x% —-163.4x + 81.2=0

for x. What is the value of x?

Chemical background
Ammonia is manufactured industrially by means of the Haber process.
This involves the reaction

Ny +3H,,, =2NH,

which takes place at 450°C and 200 atmospheres in the presence of an
iron catalyst. These conditions are used to give an acceptable reaction
rate; the equilibrium constant gives us no information about this. Nitro-
gen is obtained from the air, whereas hydrogen is usually obtained from
the reaction of natural gas with steam. The Haber process is actually a

Ammonia is also obtained major use for hydrogen gas.
commercially as a by-prod-
uct of the generation of coke
from coal. It is contained
in an aqueous phase and is
liberated by means of steam

Solution to worked example 3.20
Relating the above expression to the general equation

distillation. The largest use ax*+bx+c=0
of ammonia is in fertilizers,
butitis also used on a large gives a = 81.2, b = —163.4, and ¢ = 81.2. Substituting these values into

scale in the production of

nitric acid. the equation for x

-b £b* - dac

2a

X =

gives

~(~163.4) = /(=163.4)* — 4 x 812 x 81.2)
X =
2x81.2
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This can be solved in stages using a calculator to give

L1634 J26699.6 - 26373.8
162.4

_ 1634432538
162.4

_163.4+18.05
162.4

SO

x=112 or x=0.895
We have, as expected, obtained two values for x. However, if we look We use the button
back at the question, we see that only one is required. How do we know to square the value of b, and
which one to take? If we look closely, we see that x is defined as the frac-
tional amount of nitrogen reacted. Its value must therefore be less than
1, so we take x = 0.895 as our solution.

then the Nz button to
take the required square root.

It is often necessary to eliminate one of the mathematical solutions in
this way. Sometimes a negative and a positive value will be obtained,
with the negative value obviously not making sense.

3.9.2  Solving quadratic equations iteratively

Although the equation introduced in the previous section is tedious to apply,
it will give the solution to a quadratic equation without the need to under-
stand any difficult mathematical concepts. However, it is possible to obtain the
desired solution without using this formula.

Begin by remembering that x is a positive fractional amount, so its value
must lie between 0 and 1. Because

F() = 81.2x2 — 163.4x + 81.2

we have

f(0)=812%x0>-1634x0+81.2=81.2

f(0.5)=812%x0.5>-163.4 x 0.5+ 81.2=19.8

f(1.0)=81.2x 1.0>-163.4 x 1.0 + 81.2 =-1.00 -
2
so that our solution must lie between x = 0.5 and x = 1.0 because f(x) = 0 rep-  Use the X button to
resents the point where the curve crosses the x-axis. work out each square.
In a similar fashion we determine

f(0.75) = 81.2 x 0.75* — 163.4 x 0.75 + 81.2 = 4.33.
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This is positive, so our solution lies between x = 0.75 and x = 1.0. The halfway
point between these is at x = 0.875, so we calculate

f(0.875) = 81.2 x 0.875* — 163.4 x 0.875 + 81.2 = 0.39

This is still positive, so our solution lies between x = 0.875 and x = 1.0. The
midpoint is at x = 0.9375, so

f(0.9375) = 81.2 x 0.9375* - 163.4 x 0.9375 + 81.2 = -0.62

Because this is negative, our solution lies between x = 0.875 and x = 0.9375.
The midpoint of these is x = 0.906

f(0.906) = 81.2 x 0.906% — 163.4 x 0.906 + 81.2 =-0.19

giving a root between x = 0.875 and x = 0.906. We once again determine the
midpoint of these, which is x = 0.891.

f(0.891) = 81.2 x 0.891% — 163.4 x 0.891 + 81.2 = 0.07

So the root is between x = 0.891 and x = 0.906. We determine f(x) at the mid-
point, x = 0.899

f(0.899) = 81.2 x 0.899% — 163.4 x 0.899 + 81.2 = -0.07

indicating a root between x = 0.891 and x = 0.899. The function at the midpoint
x=0.895is

f(x) =81.2 x 0.895% — 163.4 x 0.895 + 81.2 = 0.00

The root is therefore taken as x = 0.895, as expected from our previous solution
of this problem.

Note that this procedure only needs to be continued until the two values of
x agree to within the desired degree of precision.

Exercises

1. Rearrange the following equations to make y the subject:

@ x+y=7
(b) 9x-3y=18
© xy=12

2. Rearrange the following equations to make y the subject:

11
@ —-—=1
x oy

(b) 4xy*=16

© 10-2xy=0
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3. Remove the brackets from the following expressions:
@ xy(x*+y%)
(®)  x(x + Y& -y
© @+yE=-y)
4. For each of the following functions:

(1) Write down the order of the expression.

(i) Calculate f(-3).

df )

X

(iii) Write down the derivative

@ f)=3x*+2x+4x>+x+6
d) f)=8x+x
© flx)=8x+1

5. Rewrite the expression for

in terms of powers of x, and hence calculate % .
6. Give the values of the following quantities:

(@ log?24

(b) log 10

(¢ In3

7. Give the gradients and intercepts of the straight lines represented by
the following equations:

@ y=6x+3
(b) 3y=5x+4
© x2y=8

8. For the following data, plot In y against 1/x using a pencil and graph
paper:

X 1.0 2.0 3.0 4.0 5.0
y 0.368 0.135 0.097 0.082 0.074
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9.

10.

11.

12.

13.

14.

15.

For the following data, plot 1/y against x? using a spreadsheet graph-
ing function:

x =30 2.0 -1.0 00 1.0 2.0 3.0
y 00377 0.0869 0400 -2.00 0.400 0.0869 0.0377

If x and y are directly proportional, and x takes the value 10 when y is
30, what is the value of the proportionality constant?

If x and y are inversely proportional, and x takes the value 6 when y
is 3, what is the value of x when y is 10?

State the relationship between x and y if they can take the following
pairs of values:

x 64 32 16 8 4 2 1
y 1 2 4 8 16 32 64

If f(x, y) = 3x%y — 2xy, calculate

@ f-1)
(® f(0,2)
© f2.D

1 1
If f(x, y)=— - —, calculate
X Yy

@ fE1-D
(b f.D)
© f.-2)

When is f(x, y) not defined?

If £(x, y) = xy + In(xy), calculate
@@ [
(b f(1,2)
© f(13)

For what values of x and y is f(x, y) not defined?
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16. If f(x, y) = 3x* + 2xy + 4x’y? calculate

% and %
ax dy

and write an expression for the differential df (x, y).
17. Show that the df(x, y) in Question 16 is an exact differential.

18. If f(x, y) = x>+ x%y + xy* + y?, calculate

9
i and —f
ax ady

19. Solve these quadratic equations using the formula:
@ x*+9%-7=0
b) 42+Tx+2=0

(© 0.20x*-0.90x+0.20=0

20. The quadratic equation
0.24x* +0.20x - 0.16 =0

has one root between x = —1.5 and x = —1.0, and another between x =
0.45 and x = 0.55. Find these roots using an iterative trial and error
method.

Problems

1. Rearrange each of the following equations to make the given variable
the subject:

(@ AG=AH—TAS (subject T)
(b) V=nV +nV, (subject V)
212

© E=—
ma

5 (subject n)

2. If a gas obeys the ideal gas equation
pV =nRT

state the value of the gradient obtained when each of the following
plots were made:

(a) p against T at constant n and V
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(b) p against n at constant Vand T

(¢) Vagainst n at constant p and T.

3. A simplified representation of the heat capacity C in terms of the
absolute temperature 7 is given by

Cp =a+bT
where a and b are constants. If Cp is measured at various values of 7,
how can the values of a and b be determined?
4. The standard change AG® in the Gibbs free energy for an equilibrium
reaction is related to its equilibrium constant K by the equation

AG°=-RTIn K

Use the graphing function on a spreadsheet to plot AG°® against K
for values of K ranging from 10~* to 10* at 298 K with R = 8.31 J K™
mol™.

5. The equilibrium constant K is related to the standard enthalpy of reac-
tion AH° and the standard entropy of reaction AS° by the equation

RT R

where R is the gas constant and T is the absolute temperature.
Calculate

d(InK)
dT

assuming that AH° and AS° are independent of temperature.

6. We saw in the chapter that the heat capacity C, at constant pressure
can be represented by the equation

c
Cp=a+bT+F

C
Obtain an expression for TTP in terms of a, b, ¢, and T.

7. Derive an expression for the differential dV for a gas that obeys the
ideal gas equation

pV =nRT

assuming that n is a constant.



10.

. The van der Waals constants for oxygen used to be given as a = 1.36

atm 12 mol~ and b = 0.0318 1 mol™. Use the conversion factors below
to express these quantities in the appropriate SI units, which are Pa
m® mol~ and m? mol!, respectively.

1 atm = 101.325 kPa
11=1dm?

IPa=1Nm™?

. At relatively low pressures, it is possible to ignore the constant b in

the van der Waals equation to give the equation of state
pV*=RTV+a=0

Solve this quadratic equation in V using the formula.

The position of equilibrium in a system consisting of 0.300 mol of gas-

eous N,0, and 0.500 mol of gaseous NO, can be specified by the extent
of reaction x. It can be shown that the value of x is given by the equation

4.0730x* + 2.0365x + 0.2325 =0

and that x is between —0.350 and —0.300. Use an iterative method to
determine the value of x.
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Solution chemistry

In some respects, the physical chemistry of liquid solutions is more compli-
cated than that of either gases or solids. Molecules in the gas phase have rela-
tively large separations, so the interactions between them are reduced, and
many approximations may be used to simplify the mathematics involved. Con-
versely, if a solid is crystalline, it can be considered to be composed of many
repeats of a simple unit, which again reduces the complexity of the mathemat-
ics required.

In this chapter, we will be concerned only with aqueous solutions, as these
form by far the largest group of interest. Much of what we do will come down to
exploring the forms of the various equations so that they can be of use to us.

4.1 Multiplication in the calculation of activity

We met the concept of activity briefly in Chapter 3, Section 3.9, on page 102.
For a solution of concentration c, the activity a is defined as

a=|— |7
c

where c° is the standard concentration of exactly 1 mol dm™, and +_ is a con-
stant known as the activity coefficient. In dilute solutions, -, is close to 1, so
activities are often taken as being equal to concentrations.

Worked example 4.1
The activity coefficient of a 0.050 mol dm™ solution of NaCl in water is
0.820. Determine the activity of this solution.

Chemical background
Activity coefficients can be determined using a variety of techniques
that include vapour pressure measurements, freezing point depression,
solubility, and electrochemistry. The quantity +y, is strictly the mean
activity coefficient; this is related to the activity coefficients 7, and ~y_
for positive and negative ions, respectively, by

Ve =NV-
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Solution to worked example 4.1
We have all the values we require to substitute into the defining equation

to give
. (0.050m01dm3 j 0,820
I'mol dm™
The units cancel top and bottom to leave
a= 005 x 0.820 = 0.041

Notice that we give the answer to 2 significant figures, as this is the mini-
mum level of precision in the quantity 0.05 mol dm™ in the original data.

4.2 Molality

We are familiar with solutions whose concentration is expressed in units of
mol dm=. Concentration is accordingly defined as the amount of solute in
1 dm? of solution. An alternative way of expressing the strength of solution is
by using its molality. This has units of mol kg, and is defined as the amount
of solute in 1 kg of solvent.

Note that the volume of a solution changes with temperature, but the mass
of solvent does not. Molality is thus independent of temperature, whereas con-
centration is not.

4.2.1 Proportion

Proportion was introduced in Chapter 3, Section 3.7.3, on page 88. We saw
there that two quantities were directly proportional if y/x is constant, and
inversely proportional if xy is constant.

Worked example 4.2
0.50 mol of HCI was dissolved in 0.75 kg of water. What amount of HCI
should be dissolved in 2.50 kg of water to give a solution of the same
molality?

Chemical background
Hydrogen chloride gas consists of covalently bonded HCl molecules
with weak interactions between them. These readily dissolve in water to
form separate H* and CI; it is the former that gives the resulting solution
its acidic properties.



Solution to worked example 4.2
A little thought should suggest that for a series of solutions having the
same molality, the amount of HCI] will be directly proportional to the
mass of water. Consequently, for the first solution we have

o _050mol 0.67 mol kg™
M, 0.75ke

where n, is the amount of HCl and M, the mass of water in the first
solution.

In this problem, this constant is our constant of proportionality, but
you may also realize from the units that it is in fact the molality of the
solution. For the second solution we can therefore write

n,

2.50kg

=0.67mol kg™

where 7, is the amount of HCI in this second solution. If we multiply
both sides of this equation by 2.50 kg, we obtain

n, = 0.67 mol kg™' x 2.50 kg = 1.68 mol

4.3 Raoult’s law

Raoult’s law allows us to calculate the vapour pressure above a solution that
contains a mixture of two liquids. If this vapour pressure is p, then

pP=xXp +X,p,

where x, and x, are the mole fractions of components 1 and 2, respectively, in
the mixture, and p,” and p,” are the vapour pressures of the pure components 1
and 2, respectively. This relationship is illustrated graphically in Figure 4.1.

4.3.1 Straight-line graphs
We saw in Chapter 3, Section 3.6.2, on page 78 that the equation of a straight
line is given by

y=mx+c

where x and y are the variables, m is the gradient, and c is the intercept, as
shown in Figure 4.2.
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P

Figure 4.1 Graph of pressure against mole fraction illustrating Raoult’s law.

m = gradient

/../

Y
>

Figure 4.2 The straight-line graph.

Worked example 4.3
Show that Raoult’s law can be expressed as a straight line graph of p
against the mole fraction x of one of the components.

Chemical background
Raoult’s law is observed most closely when the two components in the
solution are quite similar, such as benzene and toluene, for example.
This is because, in such a solution, the interactions between benzene and

benzene, toluene and toluene, and benzene and toluene will be similar.

Solution to worked example 4.3
The important conceptual step in this problem is the realization that

x +x =1
We can rearrange this expression by subtracting x, from either side to give

X, +x,-x,=1-x,
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or

x1=1—x2

We can now substitute this into the defining equation for Raoult’s law
to give
pP= 'xl pl;‘l + (1 _'xl)pz*

Removing the brackets (as in Chapter 3, Section 3.4.1, on page 59) gives
us

p=xp +p, +xp’
The order of addition is unimportant, so we can write this as

P=Xp X+ Dy
Collecting the terms in x, now leads to

=, +p,)x +p,
which is actually the equation of a straight line with variables x, and p,
gradient (p,” + p,’), and intercept p,".

Notice that if we did take measurements of x, and p, p," is given

directly by the intercept, and once we have its value, we can find that of
p,” from the gradient.

Finally, notice that this problem could also be worked through with x,
as the x-axis variable rather than x,.

4.3.2 Proportion

Proportion was introduced in Chapter 3, Section 3.7.3, on page 88. We saw
there that two quantities were

* directly proportional if y/x is constant
* inversely proportional if xy is constant

Worked example 4.4
Raoult’s law can also be written as

P=p, t+p,

where p, and p, denote the contributions to the overall pressure of com-
ponents 1 and 2. These are known as partial pressures and are given by

p,=x,p andp,=x,p,

using the same terms as before.
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The phrase “mad as a hatter”
is believed to come from the
tale Alice in Wonderland, in

which the Mad Hatter had
been poisoned by mercury in
the hats he made.

Air at a temperature of 298 K and a pressure of 786 mm of mercury
contains nitrogen at a partial pressure of 613 mm of mercury. Use this
data to calculate the percentage of nitrogen in the air.

Chemical background
In a mercury barometer the height of mercury is proportional to the baro-
metric pressure. This depends on the altitude and on weather conditions.

Solution to worked example 4.4
Dividing the first equation for partial pressure by p,” gives

P

12

X =

Now, substituting in values for p and p,~ gives

_ 613mmHg

= =0.78
786 mm Hg

X

Because we were asked for the percentage value, we have to multiply the
fraction by 100 to give the familiar value of 78%.

4.4 The Debye-Hiickel equation

The Debye—Hiickel limiting law expresses the mean activity coefficient vy, in
terms of the ionic strength / and the charges z, and z_on the positive and nega-
tive ions, respectively:

1
mol dm™

logy, =-0.51 Z+Z_‘

The symbol “lxI” means “take the value of x without regard to sign”; this
is called the modulus of x. Thus |-5] would be 5, and I5| would also be 5. The
symbol “log” is used to refer to logarithms to the base 10, and the reason for
dividing I by units of mol dm™ is to ensure that the quantity on the right-hand
side of the equation has no units. This must be true on the left-hand side of the
equation as the quantity is logarithmic and the logarithm of a number has no
units. As we saw in Section 4.1 on page 115, the mean activity coefficient -,

is defined as
VY-

for a 1:1 electrolyte, with _and «y_being the activity coefficients of the posi-
tive and negative ions, respectively.



Solution chemistry 121

The Debye—Hiickel limiting law gives reasonable results at low concentra-
tions, but the deviations from it as concentrations increase are considerable.
The reduction in the activity coefficient of an ion is due to its interactions with
the surrounding ionic atmosphere; the effect increases with charge and in sol-
vents of low dielectric constant, as both these factors increase the magnitude
of the interactions.

4.4.1 Logarithms

The subject of logarithms was discussed in Chapter 3, Section 3.6.1, on page
75. Here we saw that the term “log” is used to refer to logarithms to base 10,
and that if

a=10°
then
c=log,a
or more usually
c=loga
Worked example 4.5

Use the Debye—Hiickel limiting law to calculate the ionic strength of a
solution of potassium chloride having a mean activity coefficient of 0.927.

Chemical background
The ionic strength 7 of a solution is defined by the equation

I= 0.52 mz;

where m_ is the molality of the ions i in the solution, and z, is their charge.
In dilute solutions, it is usually more convenient to replace the molalities
m, by concentrations c,. The expression then becomes

I= 0.52 ¢z}

The rates of ionic reactions are found to vary between solutions of different
ionic strength, and the second-order rate constant & is given by the equation

logk=logk +1022z, z; | ——
mol dm™

where k is a constant that depends upon the concentrations of the acti-
vated complexes present.

The relative dielectric con-
stant is defined as the ratio
of the dielectric constant of
the medium to the dielectric
constant of a vacuum. Con-
sequently, it has no units.
Typical values of the relative
dielectric constant are 78.54
for water and 2.015 for
cyclohexane at 25°C.
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Solution to worked example 4.5
The first stage in this problem is to rearrange the equation that expresses
the Debye—Hiickel limiting law so that the term in ionic strength appears
on its own on the left-hand side. Dividing both sides by —0.51 Iz z | and
reversing the equation gives us the expression

I logy,
moldm™  -0.51 Z+Z_‘

In this case, it is probably easier to obtain a value for

o
mol dm™

We evaluate the logarithm and then square it, rather than trying to calculate I directly. Because, in
10% solution, potassium chloride consists of K* and CI- ions, the values of z,
log and z_are 1 and —1, respectively. Substituting in the rearranged equation

using the just presented leads to

button on the calculator.

1 _ log0.927
moldm™  -0.51 x ‘l X (—l)‘

Because 11 x (1)l = [-1l = 1, we then have
I _ —log0.927
moldm™ 0.51
_ =(-0.0329)
0.51
= 0.0645

2 . . . .
Use the button to (Note that the value of log 0.927 is negative.) To obtain the ionic strength,
square this quantity. we now have to square both sides to give

——— 0.0645> = 0.0042
mol dm

and therefore I = 0.0042 mol dm™.
The molar conductivities of
K* and ClI- are 73.5 and 76.4

S cm? mol™, respectively, o
at a concentration of 0.01 4.5 OStWald’s d|lutlon IaW

mol dm=. In practice, the
conductivity varies with  The molar conductivity A of an ionic solution is a measure of how well it con-

concentration.  ducts electricity, and is measured in units of Q! cm? mol™ or S cm? mol=. (Q
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is the symbol for the ohm, the unit of electrical resistance, and S is the symbol
for siemens where 1 S = 1 Q) It is possible to extrapolate measured values
of A to zero concentration and obtain a value for A, the molar conductivity at
infinite dilution.

For the dissociation of an electrolyte XY according to the equation

XY=X"+Y
the equilibrium constant K, in terms of concentration, is defined as

K - XA
]

but it is also possible to define the dimensionless equilibrium constant K in
terms of the molar conductivities:

A
1 ] =
AO
which is a satisfactory expression for many weak electrolytes.

4.5.1 Discontinuities

A function has a discontinuity when it is not defined for every possible input
value. For example, consider the function defined by

x+1
x-4

fx) =

For a function to be defined, there has to be a single value that results from
evaluating the function for a given value of x. If we evaluate the function f for
the first few integers, we obtain

0= =
fm==2--2
=22
==
=2
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For an electrolyte MX, the
degree of dissociation o is

defined as
m
o=
m

where m,_is the molality of
the dissociated anion, and m
is the overall molality of the

MX solution.

f(x) o5
204
15+
101
5-

a.
T \"g

2 g4 2
_10-
_15-
_20-
_25-

N
o
[o e
x

x+1

Figure 4.3 Graph of f(x) = e

X

When x = 4, the denominator of f(x) is zero. Division by zero results in an
infinite number of possible answers, none of which is acceptable, so f(x) is not
defined when x = 4. A plot of the function f(x) is shown in Figure 4.3. Notice
that if the value of x is very close to 4, then the function is still defined; it is
discontinuous only at the exact value x = 4.

Worked example 4.6
The expression of Ostwald’s dilution law just given is an example of a func-
tion that has a discontinuity. In this case, it is not possible to obtain a value
of K for every value of A. For what value or values of A is K undefined?

Chemical background
For strong electrolytes, the concept of degree of dissociation does not
apply. If they are virtually fully ionized, the degree of dissociation o
will be equal to 1, and the properties of their solutions will depend to a
large extent on the nature of the solvent.

Solution to worked example 4.6
In the equation

K will be undefined when the denominator is zero, i.e., when

-2 o
Ay
A
Ay

It follows that K is not defined when A = AO.
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4.6 Partial molar volumes

When two solutions are mixed, the total volume of the resulting solution is not
necessarily the sum of the individual volumes. In fact, the total volume V of
the solution can be expressed by the equation

V= ”1V1 + n2V2

where n, and n, are the amounts of components 1 and 2, and V, and V, are the
corresponding respective partial molar volumes. The partial molar volume is
actually defined as a partial derivative:

1%
anl T,p,ny,...

The subscripts T, p, n,, ... indicate that the temperature, pressure, and
amount of component 2 are all held constant as we consider the variation of
the volume V with the amount n, of component 1. The dots allow for solutions
composed of more than two components, and represent n,, n,, etc.

4.6.1 Functions

The subject of functions was discussed in Chapter 3, Section 3.4.3, on page 64.
The value of a function f(x) is found by substituting a specific value of x into
the expression everywhere that the symbol for x appears.

Worked example 4.7
The partial molar volume V, of water in a solution of potassium sulfate
is given as a function of molality m by the equation

3
m m

3

2 2

2
Y =—o.1o94(moj -0.0002(’"()) +17.963
cm”

where m° is the standard molality of 1 mol kg
Calculate the partial molar volume of water when m = 0. 10 mol kg™

Chemical background
Although partial molar volumes are defined in terms of the amounts
n, and n, of solvent and solute, for practical purposes we often work in
terms of the molality m of the solute. This is defined as the amount of
solute per kg of solvent, so if we actually have (or can assume) 1 kg of
solvent, then m will be the same as n,.

125

Typical values of partial
molar volumes are 16.98
cm?® mol™ and 57.60 cm?
mol~! for water and ethanol,
respectively, in a solution
containing 0.42 mol fraction
of ethanol.

The conversion from con-
centration to molality can be
made if we know the density
of the solution.
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18.00 -

17.98

17.96 F

17.94

17.92

m

| | | | |y

0 0.1 0.2 0.3 0.4 0.5  mol kg

Figure 4.4 Graph of the function describing the partial molar volume of water in a solution of
potassium sulfate.

Solution to worked example 3.7
The expression for V| can be written using the function notation as

3 .

2
[ ‘/‘3)("1}-01094(’"0) —0.0002[’”0] +17.963
cm m m m

and its graph is shown in Figure 4.4. This expression appears cumber-
some at first sight, but inclusion of the molality term on the left of the
equals sign does emphasize that this is the variable in the function V.
We can calculate V, for 0.10 mol kg™ by direct substitution into the func-
tion expression. This gives us

3

-1 -1 \2
V13 O.lOmolk% 01094 0.10molk%
cm Imol kg™ 1mol kg™

0.10mol kg™

-1

2
- 0.0002( J +17.963

Imol kg

and subsequently

3
V =
[ 13 ](0.1) =-0.1094 x 0.102 - 0.0002 x 0.10* +17.963

Powers are evaluated using cm

A . . . . .
the button. Evaluating this expression term by term using a calculator gives us
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f(x) A

Maximum

Minimum

» X

0

Figure 4.5 Graph of a function f(x) that has both a maximum and a minimum.

V1(0.1)

cm?®

=-0.1094 x 0.03162 -2 x 107 +17.963

= -0.00346-(2x107°) +17.963

The second term of 2 x 107® is much smaller than the other two and
can be safely neglected because the final term is given to three decimal
places. We are now left with

V.(0.10)
cm?

=-0.00346 +17.963

=17.95954

We are therefore restricted to three decimal places in our answer, which
will be 17.960 cm®.

4.6.2 Stationary points

We saw in Chapter 3, Section 3.5.1, on page 66 that we could think of the
derivative df(x)/dx as being the gradient of the graph of f(x) against x, which
could also be found by drawing the tangent to the curve at the point of interest.
Suppose we have a function f(x) whose graph is shown in Figure 4.5. This has
a maximum (peak) and a minimum (trough) at the points indicated; these are
known as stationary points. Notice that at both the maximum and the mini-
mum the tangent to the curve is horizontal, and consequently its gradient has
a value of zero.

This fact gives us a way of determining the points at which a function f(x)
has a stationary point. If the tangent to the curve is zero, then

127
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It is also possible to identify the nature of the stationary points found. This
is done by looking at the value of the second derivative d*f/dx*. As its name
implies, the second derivative is found by differentiating df/dx again. In sym-

bols this is expressed as
&f_d(df
dx®>  dx\dx )

The relationship between d?f/dx* and the type of stationary point is as
follows:

d’f

Value of —~ Type of stationary point
dx’

Negative Maximum

Zero Point of inflexion

Positive Minimum

A point of inflexion, as in the middle of the letter S, is both a maximum and
minimum stationary point.

If
f(x) =x>-3x
then
CUCT
dx
It follows that ? =0 when2x-3=0
x
so that 2x =3 or x = 3/2.
Returning to our expression for 4 (x) we have
x
2
CfO) _d(d@)_d 5y,
dx dx\ dx dx

Because this value is positive, it indicates that the stationary point at x = 3/2
is a minimum.

Worked example 4.8
The total volume V of a solution of magnesium sulfate is given in terms
of its molality m as

2
Y 100138 - 4.86(”’] + 34.69(”1}

cm® m° m

where m° is the standard molality of 1 mol kg™'. For what value of the
molality will the volume be at a minimum?



Chemical background
Logically, we might expect the volume to be at a minimum when no
magnesium sulfate is present and then to increase steadily as more salt is
added until the solution becomes saturated. In fact, the partial molar vol-
ume of magnesium sulfate extrapolated to zero concentration has a nega-
tive value. The hydration of the Mg** and SO, ions causes the structure
of water to break down and collapse.

Solution to worked example 4.8

To obtain the value of m when V will be a minimum, we need to solve
the equation

v _,
dm

To differentiate the expression for V, we need to recall the standard rules

d
el =1
dx )

d ,
—(x7)=2x
dx( )

The derivative is then given by

v =0-(4.86x1)+(34.69 x 2m)
dm

=-4.86+69.38m

Setting dV/dm to equal zero will allow us to find the value of m at the
stationary point:

—4.86 + 69.38m =0
To solve this equation we add 4.86 to both sides to give

69.38m = 4.86

and then divide both sides by 69.38:

4.86

m= =0.070 mol kg™
69.38

It would be easy to think that this was the final answer to the question;
however, we have not yet shown whether this value gives a maximum or

Solution chemistry
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a minimum value of V. Remember that we can do this by looking at the
value of d*V/dm?, which we obtain by differentiating our expression for
dV/dm once more:

v _ d(dv

dm*  dm\ dm
d

=% (~4.86 +69.38m)
dm

= 0+(69.38x 1)
- 69.38

Again, no substitution of the value of m is required. Because 69.38 is a
positive value, m = 0.070 mol kg™' gives V its minimum value.

Exercises

1. If p is defined as

p=3-2Inx

where x = y/z, evaluate p when y = 7.5 and z =2.8.

. If the value of x%y is constant, how are x and y related?

. The variables x and y take the following values

x 2 -1 0 1 2
y 12 3 0 3 12

Deduce the relationship between x and y.

. If ris directly proportional to both x and y, and inversely proportional

to z2, obtain a general equation that relates r to x, y, and z.

. Solve the equation

log 81=3
for x.

. Solve the equation

log,x=4

. For the following equations, state which plot would give a straight line,

and what the resulting values of the gradient and intercept would be.
(@ y=4+6Inx
®) logy=2vx

© Iny=2logx-3



8.

10.

11.

12.

13.

For the following equations, state which plot would give a straight line,
and what the resulting values of the gradient and intercept would be.

@ t=5*-5
(b) 3w=9v+27

© a-b=14

. For the following equations, state which plot would give a straight line,

and what the resulting values of the gradient and intercept would be.

4
@ y=—+7
X

1
(b) log2y=—+6
X

Two variables x and y take the following values:

X -15 -10 -05 00 05 10 15 20
y -31 -22 -09 -04 05 14 23 32

By plotting this data, determine the relationship between x and y.
Two variables x and y are related by an equation of the form
y=ax*+b

Use the data below to determine the values of a and b:

X -3 -2 -1 0 1 2 3
y -1172 -374 80 -3.8 04 29.8 109.6

At what values of x do the following functions of x have discontinuities?

x

@ fo=5
3x+1

b  flo)= 3

At what values of x and/or y do the following functions of x and y
have discontinuities?

1
@ fly="22"2

X" +Yy
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2y
x(x -1

(®)  flx,y) =

14. The function A(x, y) is defined as

x(y = 1)
h(x,y) =2~
I e

and has discontinuities along two lines. Give the value of x that
defines one line, and the value of y that defines the other line.

15. For the function defined by
) =95 +3x°-2x+1
2
dfe) L df)

dx dx?

16. For the function defined by

determine

3
g(y) =2y’ - =
y

2
determine d g(zy) .
dy

17. Locate the stationary points of the function

fx) =2x>-24x+7

18. Locate and identify the stationary points of the function
g =3x*-2x+ 1

19. Locate the stationary points of the function
h(x)=x> - \/;

20. Find the stationary points of
f)=x*-3x2+3x -1

Problems

1. A solution of potassium chloride in water has a concentration of
0.272 mol dm™ and a density of 1.012 g cm=. Calculate the molality
of the solution.

2. For each of the following equations, state which quantities you would
plot to give a straight line, and the values of the resulting gradient
and intercept:



(@ m=cRT

Here 7 is the osmotic pressure that varies according to concentration;
¢, R is the gas constant; and 7 is the specified absolute temperature.

() logk =logky +1.022,2,3T

Here £ is the rate constant for a reaction, which varies according to the
ionic strength 1. The rate constant for the limit of unit activity coeffi-
cients is k, and z, and z,, are the charges on ions A and B, respectively.

© A=A-(P+ QA())\/;

Here A is the molar conductivity of an electrolyte solution of concen-
tration c, A, is the molar conductivity at infinite dilution, and P and Q
are constants.

. The Nernst equation gives the electromotive force E in terms of its
value E° under standard conditions, the reaction quotient Q, the abso-
lute temperature 7, and the numerical amount of charge transferred,

Z, as
E:Eo_(”jmg
7F

where R is the gas constant and F is the Faraday constant.

In a series of measurements made on an electrochemical cell, the
cell potential E was determined as a function of (a) reaction quotient
Q and (b) temperature 7. What information can be deduced from an
appropriate straight line graph in each case?

. A volume 25 cm?® of a solution of sodium chloride of concentration
1.0 mol dm™ was mixed with 75 cm? of a solution of sodium chloride
of concentration 0.1 mol dm=. What is the concentration of the result-
ing solution?

. Fick’s first law relates the diffusive flux J to the concentration gradi-
ent by the equation

J= —DAE
ox

where D is the diffusion coefficient, A the area passed by the solute, ¢
the concentration, and x the distance.

The net rate of increase of concentration with time is given by the
expression

Use Fick’s first law to eliminate J from this equation, assuming that
D is independent of x.
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6. (a)

(b)

7. (a)

(b)

The molar mass M of a solute is given in terms of the sedimenta-
tion coefficient s and the diffusion coefficient D:

M RTs
D -Vp)

where R is the gas constant, T the absolute temperature, and V,
the volume per unit mass of the solute. When will it not be pos-
sible to calculate M using this equation?

For a solute that undergoes a dimerization reaction with equilib-
rium constant K, it can be shown that

_ K, (K,m-AT,)
(2AT, - K,m)*

where AT, is the boiling point elevation, K, the ebullioscopic
constant, and m the molality. Under what condition is K unde-
fined according to this equation?

If v is the total number of ions resulting from the complete dis-
sociation of a molecule, and i is the van’t Hoff factor related to
the colligative properties of electrolytes, then the degree of dis-
sociation ¢ is given by the equation

i-1
v-1

o=

By considering possible values of v, decide whether o is a con-
tinuous function for electrolytes.

For a single 1:1 electrolyte, the dissociation constant K is given
by the expression
2.2
ca
K=
1-a

where c is the concentration and a is the degree of dissociation.
Under what circumstances is K not defined?

8. The total volume V of a sodium chloride solution at 25°C is given by
the expression

3 5

5 2
V100304164 e 21 |+ 0003
cm? mol mol mol

where n is the amount of salt in 1 kg of water. Calculate the partial

molar volume V.

NaCl® which is equal to the derivative dV/dn when n =

0.15 mol kg™



9.

10.

The volume V of a solution of an alcohol in water is given by the
equation

2
Y 1004.08+ 3.9062("1} - 2.4362("1}

CI’I]3 m m

here m is the molality and m° = 1 mol kg™'. Determine the maximum
volume of this solution.

The density p(x) of a solution of a certain alcohol in water is described
by the function

p(x)
gem”

- =0.982 - 0.265x + 0.306x

at a temperature of 25°C, with x being the mole fraction of alcohol
in the water. Determine the value of the mole fraction for which the
solution density is a maximum or a minimum. Identify the nature of
the stationary point.
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Kinetics

In contrast to the thermodynamics discussed in Chapter 3, the range of math-
ematical techniques required for a study of kinetics is somewhat smaller. We
will make much use of a technique called integration, which is essentially the
reverse of the differentiation process we have already met. Analyzing the rates
of reactions normally involves taking a derivative, which describes the rate
of change of concentration with time, and then reversing the differentiation
process to obtain the original function.

5.1 Using a rate equation

For a chemical reaction between molecules A and B, the rate v of the reaction
will be given by an equation of the form

v = k[AJ[B]

where k is a constant known as the rate constant, which varies with tempera-
ture. [A] and [B] are the concentrations of A and B, respectively, raised to
powers x and y, which are often, but not always, integers. The reaction is said
to have order x with respect to A, order y with respect to B, and overall order
X+y.

Rate always has units of mol dm= s7'; because x and y take different values
for different reactions, it follows that k& will also have different units for differ-
ent reactions.

Worked example 5.1
For the reaction

2NO +Cl,, —»2NOCl,
the rate v is given by the equation
v =k[NOJ[CL]
where k is the rate constant whose value is 3.84 x 10~* dm® mol= s7%.
(a) Calculate the rate when a vessel of volume 2.50 dm? contains 4.00

mol of NO and 3.50 mol Cl,.
(b) What is the effect on the rate if the amount of NO is halved?
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Propionaldehyde is prepared
from ethane, hydrogen,

and carbon monoxide by
means of an homogeneously
catalyzed hydroformylation
reaction.

Chemical background
Nitrosyl chloride, NOCI, can be found as an orange gas, and is both toxic
and corrosive. Its oxidizing properties lead to it being used as a bleach-
ing agent in flour, and it can also be found in detergents.

Solution to worked example 5.1

(@) We can calculate the concentrations of NO and Cl, by dividing the
amount present by the volume:

B 4.00 mol

2.50dm?

3.50 mol

[NO] =1.60moldm™ [Cl,]= ;= 1.40mol dm™
2.50dm

We can now substitute directly into the equation given:

v=(3.84 x 10~* dm°® mol s') x (1.60 mol dm=)? x (1.40 mol dm™>)
=(3.84 x 10~* dm® mol2 s7!") x (2.56 mol> dm%) x (1.40 mol dm™)
= 1.38 x 107 mol™**) dm©-6- g
= 1.38 x 10~ mol dm™= s™!

because, as the units of each quantity are multiplied, we add the
indices each time.

(b) Because the [NO] term in the equation is squared, if we halve this,
the rate will change by a factor of (Y2)*> or %; in other words, it is
reduced by a factor of 4.

5.2 Rates of change

We saw in Chapter 3, Section 3.5.1, on page 66 that we can consider both aver-
age and instantaneous rates of change. For chemical reactions, we normally
monitor the change in concentration, or a related quantity, of the reactants or
products with time. If we know the initial concentration and its value after a
specified time interval, it is possible to calculate the average rate of reaction.

Worked example 5.2
In the reaction between propionaldehyde and hydrocyanic acid, the
concentration of the acid was 0.0902 mol dm= after 5.2 min and 0.1652
mol dm= after 20.0 min. What is the average rate of reaction?

Chemical background
Full details of this study are given in the Journal of the American
Chemical Society (75, 3106, 1953). The effect of variations in the ionic
strength, pH, and buffer solution on the reaction rate were monitored in
acetate buffers. The reaction was found to be second order.
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Solution to worked example 5.2
We need to divide the change in concentration by the change in time,
remembering that the change is calculated as final value minus initial
value for both quantities:

change in concentration = (0. 1652 — 0.0902) mol dm™
=0.0750 mol dm=?
change in time = (20.0 — 5.2) min
= 14.8 min
So,

0.0750 mol dm™

average rate of reaction = -
14.8 min

=5.07 x 10 mol dm™ min™'

This is a perfectly correct way of presenting the answer. However, it is
often useful to express such quantities in terms of SI units. In this case,
the SI unit of time is seconds (s), and 60 s = 1 min. Substituting this
information into our answer gives

average rate of reaction = 5.07 x 107 mol dm= (60 s)~".

If we apply the power of —1 to both the number and unit in the bracket,
we get
average rate of reaction = 5.07 x 107 mol dm= x 60! s~

Now, a power of —1 is equivalent to calculating a reciprocal (“one over
a quantity”)

60" =
60

and so

5.07 x 10~ mol dm s~
60

average rate of reaction =
=8.45 x 10> mol dm s7!

Worked example 5.3
In the reaction

H,  +Br —>2HBr(g)

2() 2(2)

the initial bromine concentration of 0.321 mol dm™ falls to a value of
0.319 mol dm= after 0.005 s. Assuming that this time interval is small

139



140

Chemical calculations: Mathematics for chemistry, second edition

compared to the time taken for the reaction to reach completion, deter-
mine expressions for the rate of change of concentration of each chemi-
cal species with respect to time.

Chemical background

Once a complex reaction is under way, it is possible for subsidiary reac-
tions to occur between the products and reactants. Because of this, the
system may only be completely defined in terms of the species present
and their states at the start of the reaction, and measurements of rate will
then be more reliable than later on. It is, of course, necessary to be able
to make measurements on a timescale that is short relative to that of the
overall reaction.

Solution to worked example 5.3
df (x)
dx

could be considered to be the gradient of the line joining two points that
had very similar values of x. Because we are told that the time interval
of 0.005 s is very short in this case, the rate of change of bromine can
be taken to be its instantaneous value and can therefore be represented
by the derivative

We saw in Chapter 3, Section 3.5.1, on page 66 that the value of

d[Br,]

dt

The square brackets are used to denote concentration, and the subscript
denoting the state is omitted for clarity.

To obtain the rate of change, we need to divide the increase in con-
centration by the increase in time, remembering that we always subtract
initial values from final.

change in concentration = (0.319 — 0.321) mol dm™
=-0.002 mol dm™
Because we have defined the change in concentration as an increase, the

negative value indicates that the concentration actually decreases, as we
can see in the question. Now,

change in time = 0.005 s

so the instantaneous rate of change is given by the expression

d[Br,] -0.002mol dm™

dt 0.0055s

=-0.4 mol dm s™!



We also need to obtain expressions for the rates of change of H, and
HBr. Because hydrogen and bromine react in a 1:1 ratio, they are being
consumed at the same rate, so we can write

d[H,]
dt

=-04moldm™s!

The equation also shows us that for every molecule of bromine con-
sumed, two molecules of hydrogen bromide are produced. Therefore,
although the concentration of bromine decreases, that of hydrogen bro-

d|[Br,]

mide increases. Because
d[HBr]
dt

has a negative value, it follows that

will have a positive value that is twice the magnitude:

d[HBr] __ d[Br]

dt dt

= -2 X (=0.4 mol dm™ s7")

=0.8 mol dm™s!

5.3 Zero-order reactions

From our definition in Section 5.1 on page 137, a zero-order reaction is one for
which the sum of the powers in the rate equation is zero. Taking our general
expression

v = k[AJ[B]

we need to have x + y = 0 for a zero-order reaction. This can most obviously
be obtained when x = y = 0. Then

v =k[A]’[B]’

and because, as we saw in Chapter 1, Section 1.5.3, on page 15, any number
raised to a zero power is one, the expression for the rate is therefore

v=kx1x1=k

i.e., the rate remains constant throughout the reaction and does not depend on
the concentrations of the reactants.
5.3.1 Integration

Integration is essentially the reverse of differentiation, so if we take a function,
differentiate it, and then integrate it, we should get back to our starting function.
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Let us consider what happens if we differentiate the function f(x) = x%
Remember that when we differentiate, we multiply by the power and reduce
the power by one, so that we obtain the derivative

M=2xx2’I =2x
dx

In words, the derivative of x*is 2x. Because integration is the reverse of this,
we can also state that

the integral of 2x is x?

Because the 2 in this expression is a constant, we can divide our statement
by two so that it becomes:

the integral of x is x*/2
Such statements in words are cuambersome, particularly when we have more
complicated expressions, and so, in mathematical terminology, we write

2
fxdx—x—
2

The precise words to express this are: “the integral of x with respect to x is
equal to x squared divided by 2.”
Using similar arguments, and remembering that

4
dx

3
fxzdx -
3

You should begin to see a pattern emerging. In fact, to integrate any poly-
nomial type function, we increase the power by one and divide by the new
power. This works for positive and negative powers but not for x™' (alterna-
tively written as 1/x) because this would involve dividing by zero. In math-
ematical terminology

3x?

we obtain the result

fx”=x for n=-1

There is one complication in considering integration to be the reverse pro-
cess of differentiation. Applying the standard methods of differentiation gives
us the derivatives

d ;5 2
—(x +1)=3x
dx( )

d .
—((x"+2)=3x
dx( )



because the derivative of any constant term (1 or 2 in these examples) is zero.
If we now try to reverse the process by integrating, we obtain

f3x2=3)3€3=x3

and we obtain no information about the constant term. It is usual, when calcu-
lating such indefinite integrals, to include a constant of integration, which is
usually given by the symbol C. We then obtain

f3x2dx =x+C

C can often be calculated if we know the value of the function f(x) at a certain
value of x. These known values are substituted into the equation, which can
then be solved for C.

More commonly in chemistry, we evaluate what is called the definite inte-
gral. We are frequently interested in a range of values that we include as limits,
and these avoid the need to calculate a constant of integration. For example, if
we were asked to calculate the integral of x* between x = 1 and x = 2, we could
express this as

2
f xXdx
1

where the lower and upper limits are included on the integration sign. To inte-
grate, we raise the power of the function x* by one and divide by the new
power, to obtain x*/4. This expression is enclosed in square brackets with the
limits outside, and so we write

2 4 >
f x3dx={x+C}
1 4

1

where C is the constant of integration.
We then evaluate the expression at the upper limit and subtract from it the
value at the lower limit, and obtain
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H

H H
N
N

Tungsten surface

Figure 5.1 Ammonia decomposing on the surface of hot tungsten.

this time using rounded brackets, if necessary. Notice that the constants of
integration are the same in each bracket so cancel and we obtain a definite
value for the integral.

Worked example 5.4
The rate equation for a zero-order reaction can be expressed as

where dc/dt is the rate of change of concentration ¢ of a reactant with
time ¢, and k is the rate constant. Obtain an expression for the concentra-
tion ¢ at a time ¢ assuming that the initial concentration value is c,.

Chemical background

Arsine AsH, and stibine A number of heterogeneous reactions obey zero-order kinetics. These
SbH, both have similar include the decompositions of phosphine or ammonia on hot tungsten,

properties to phosphine but shown in Figure 5.1, and the decomposition of hydrogen iodide on a hot

decompose more readily into

their elements. gold wire. This is the case as long as the gas pressure is not too low.
Solution to worked example 5.4

As the expression given contains a derivative, we need to reverse the
differentiation process by integration. The first step is to separate the
variables. This is necessary before we can integrate, and involves rear-
ranging the expression so that all terms in the variable ¢ are on one side
of the equation and all terms in the variable ¢ are on the other side. In
this example, this can be done by multiplying both sides by the term dt
to give

—dc =k dt
It is also usual to make the subject (i.e., the left-hand side of the equa-
tion) positive, and this can be achieved by multiplying both sides of the

equation by —1 to give

dc = —kdt



We have now separated the variables, and so this expression is now in a
form that can be integrated. We write

fdc=f—kdt

using the integral signs to show integration.
Note that because —k is a constant, it can be brought outside the inte-

gral sign:
f de = -k f dt

We now need to assign limits to avoid having to deal with constants of
integration. Because the initial concentration is Cpr this will occur when
t is zero, and so, our lower limits are ¢ = c,and t = 0. As we require an
expression for ¢ after time ¢, these are set as our upper limits. This may
seem strange at first, but this is a useful tool for obtaining expressions of
general use. Including these limits gives us the expression

c t
fdc= —kfdt
co 0

It may not be obvious at this stage what quantities we are going to
integrate. The terms dc and dt are part of the notation of integration that
say “with respect to ¢” and “with respect to ¢,” respectively. Remember,
however, that both the quantities ¢° and ° have a value of one, so we can
quite justifiably include them in the respective integrals:

f Cdc = -k f 10dt
0

‘o

We can now apply the rule that, to integrate we increase the power by
one and divide by the new power. Thus ¢? integrates to ¢ and #° integrates
to #. You may find it worthwhile remembering the rule

fdx=x+C

This type of standard integral should always include the constant of inte-
gration for mathematical correctness even if we do not show it when
calculating definite integrals.
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The base hydrolysis of
nitropentacyanoferrate(1II),
Fe(CN),NO,*, in aqueous
solution follows zero-order
kinetics at a pressure of 0.1
MPa and a temperature of
25°C when the concentration
of OH- is 0.1 mol dm=, the
rate constant being 1.20 x
107 mol dm™ s~

We now need to evaluate our integrated expression at the speci-
fied limits

We substitute the limits for the quantities in square brackets, and sub-
tract the lower from the upper to obtain

c-c,=—k(t-0)
c—c,=—kt
Alternatively, this could be multiplied throughout by —1 to give
c,—c=kt

Worked example 5.5
What are the units of the rate constant for a zero-order reaction?

Chemical background
The rate constant has different units for reactions of different order. In con-
trast, the actual rate of a reaction will always have the units mol dm= s-!
because it is defined as the rate of change of a concentration with time.

Solution to worked example 5.5
We need to rearrange the equation

cO—c=kt

to give an expression for k. If we divide both sides of the equation by f,
we obtain

Cy—C
0 - k
t
The units of k are therefore those of
concentration

time
which are

mol dm™
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Because division is the same as multiplying by a reciprocal,

and so the SI units of the zero-order rate constant are mol dm= s~!. This
is as expected, because, for a zero-order reaction, the rate of reaction is
equal to the rate constant.

Worked example 5.6
The half-life of a reaction ¢,, is the time taken for the concentration of
reactant to fall to half its initial value. What is the half-life for a zero-
order reaction?

Chemical background
Although the definition of a half-life is given in terms of the concen-
tration relative to its initial value, it does not actually matter when the
starting concentration is taken. The time interval for a particular concen-
tration to be halved will remain constant regardless of the starting time.

Solution to worked example 5.6
In this problem, we need to rearrange the integrated rate equation

co—c:kt

to give an expression for ¢. This is done by dividing both sides by & to give

From the information given in the question, when t is equal to 7, ,, ¢ will
be equal to 1/2 Cpr i.e., half the initial value. Substituting these values
gives us
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Worked example 5.7
If the concentration of a reactant in a zeroth-order reaction was moni-
tored as a function of time, what graph would you plot to obtain the
value of the rate constant?

Chemical background

Some of the practicalities of monitoring such reactions are illustrated by
the catalytic decomposition of hydrogen iodide on the surface of gold,
which was reported by Hinshelwood and Prichard in the Journal of the
American Chemical Society in 1925 (127, 1552). There is a difficulty
in following the pressure change during this reaction as the hydrogen
iodide attacks the mercury in a manometer. This was overcome by using
hydrogen gas as a buffer in the manometer because it has no effect on
the rate of reaction.

Solution to worked example 5.7
Whenever we are analyzing data, we try to plot graphs that give us
straight lines. The way in which we can compare an expression with
the general straight line equation y = mx + ¢ was outlined in Chapter 3,
Section 3.6.2, on page 78. Here, x and y are the variables, and m and ¢
are both constants representing the slope of the graph and the intercept
on the y axis, respectively.

In this case, we need to rearrange the equation obtained in worked
example 5.4 into this form. Note that ¢ and ¢ are the variables. If we start
with

c—c,=—kt

and add c,to both sides, we get
c=—kt + C,

This is now in the required form with ¢ and ¢ as variables, and —k and c,
as constants. If we plot ¢ on the y-axis and ¢ on the x-axis, we will obtain

a straight line with gradient —k and intercept c, as shown in Figure 5.2.

Co

Gradient = -k

>
t

Figure 5.2 Graph of integrated rate equation for a zero-order reaction.



5.4 First-order reactions

The rate equation for a first-order reaction is of the form
v=k[A]

where [A] is the concentration of a reactant and k is the first-order rate constant.
The rate of reaction now depends on the concentration of reactant, and as
this falls during the course of the reaction, so does the rate.

5.4.1 Integration of 1/x

We saw in Section 5.3.1 on page 141 that we could integrate any expression of
the form x" as long as n = —1. The integration rule involves raising the power
of x by one and dividing by the new power but, if n = -1, you find you need to
divide by zero, and this will not work. In fact, there is another rule for integrat-

ing xor 1/x:
1 d
fx'ldx=fﬂlx=f—x=lnx+c
x x

This tells us that when integrating x~' we obtain the natural logarithm In x.
Notice that the three forms of expressing this integral are all equivalent, and
you may well meet all of them.

5.4.2  Rules of logarithms

Chapter 3, Section 3.6.1, on page 75 mentioned that, in the past, logarithms
were used to assist in the processes of multiplication and division. If we have
two numbers X and Y, then

log(XY)=log X + log Y
log(};] =logX - logY

These rules apply regardless of the base to which the logarithms are taken. They
replace the process of multiplication of X by Y by the process of addition of their
logs, and the process of division of X by Y by the process of subtraction of log Y
from log X, if the logarithms of the required numbers can be obtained.

Notice that if X = Y we have

log (XX) =log X + log X = 2 log X
and because

XX=X

Kinetics
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Sulfuryl chloride, which is
a colourless fuming liquid,
hydrolyzes vigorously to
form sulfuric acid and
hydrochloric acid. It is used
as a chlorinating agent.

it follows that

log X*=2log X

Also

log[f() =logX -logX =0

and because

it follows that

log1=0

Generally,

log X" =nlog X

for all values of n.

Worked example 5.8
The rate equation for a first-order reaction can be expressed as

de _
dt

where dc/dt is the rate of change of concentration ¢ of a reactant with
time ¢, and k is the rate constant. Obtain an expression for the concentra-
tion ¢ at a time ¢ assuming that the initial concentration value is c,,.

Chemical background
Many reactions obey first-order kinetics. Examples include

2N.O. —4NO, +0O

2750 2(2) 2(2)

and
SO,Cl, = S0, +Cl,

Solution to worked example 5.8
Most of the stages in setting up this problem are identical to those in the
case of the zero-order reaction in worked example 5.4. To integrate, we
must first separate the variables. If the terms containing variable c are to
appear on the left-hand side as before, it is necessary to divide both sides
by ¢ and multiply both sides by dt before adding the integrals in symbols



complete with the initial and final values of ¢ and ¢. This then results in
the expression

c t
f£=—kfdr
C
0

€0

As before,

fdt=t

although we now know that

fldc =Inc
c
We then obtain
[1ncI0 = —k[t];

which, on substituting the upper and lower limits into the square brack-
ets, gives

Inc—Inc,=—k(t - 0)
= —kt

We saw earlier in this section that
X
logX - logY = log[Y]

so, in this case

Inc-1Inc, = m(CJ
Co

Putting this into the integrated first-order rate equation gives us the result

ln[c] =—kt
Co

Kinetics
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Worked example 5.9
What are the units of the first-order rate constant?

Chemical background
An example of a first-order rate constant is the value of 3.3 x 10~ s~! for
the cis-trans isomerization of Cr(en),(OH),*. The symbol en stands for
the ligand ethylenediamine, NH,CH,CH,NH,,.

Solution to worked example 5.9
As in the case of worked example 5.5 for a zero-order reaction, we need

to rearrange our integrated rate equation to make the rate constant, k, the
subject. Dividing both sides of the equation

m(cj =kt
Co

by —t gives

Because logarithmic quantities have no units, k£ will have units equiva-
lent to those of 1/tor ¢, i.e., s\

Worked example 5.10
What is the half-life of a first-order reaction?

Chemical background
The fact that different expressions emerge for the half-lives of reactions
of different orders leads to a very quick way of determining whether a
reaction is first order or not. The half-lives of zero- and second-order
reactions depend on the initial reactant concentration, whereas the half-
life of the first-order reaction does not.

Solution to worked example 5.10
We saw in worked example 5.6 that the half-life ¢, of a reaction is the
time taken for the concentration to fall to half its initial value. Rear-
ranging the integrated rate equation for a first-order reaction to give an

expression for f gives



Now, remember that
log X" =nlog X
from Section 5.4.2 on page 149, so when n = —1,
log X' = -log X

SO

1
Substituting ¢t =¢, and ¢ = ECO now gives
2

tl =lh'1 Cio
Lkl
2
_m2
k

1
because the ¢ terms cancel, and 1 + E =2.

Worked example 5.11
A determination of the pressure of gaseous N,O; as a function of time
gave the values

~

— 0 1200 4800 7200

p
mm Hg

350 190 34 10

If the decomposition of NZO5 is a first-order reaction, what is the value
of the rate constant?

Chemical background
This is a frequently quoted example of a first-order reaction, the equa-
tion for the decomposition being

2N,O,  —4NO, +0O

5(2) 2() 2(2)
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Solid N,O, consists of NO,*
and NO," ions. It is colour-
less and stable below 0°C.

At higher temperatures it
decomposes slowly into N,O,
and O,.
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The total pressure can be measured by connecting the flask to a manom-
eter, but it is then necessary to calculate the contribution from N,O..
Pressure is a useful quantity to determine because it is proportional to
concentration. If we consider the ideal gas equation

pV =nRT

and divide both sides by V, we obtain

n
=| — |RT
The quantity n/V has the units of mole per unit volume, so is actually a
measure of concentration c. We can therefore write
p =cRT

and because R is a constant at a constant temperature, p will be propor-
tional to c.

Solution to worked example 5.11
Because this is a first-order reaction, we will use the integrated rate
equation
Inc—Inc,=—kt

If the concentration c is proportional to pressure p, we can write

c=Kp
and
¢, = Kp,
where K (in this case equal to 1/RT) is the constant of proportionality
as explained in Chapter 3, Section 3.7.3, and P, is the initial pressure.
Substituting into the integrated rate equation then gives
In(Kp) — In(Kp,)) = —kt
We saw in Section 5.4.2 on page 149 that
InXY)=InX+1nY

and so

InKp)=InK + Inp
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and

In(Kp)=In K + Inp,
can be substituted into the left-hand side of the equation to give
(InK+Inp)-(nK+Inp )= —kt

The brackets can be removed, ensuring that the minus sign is applied to
both terms in the second bracket, to give

InK+Inp—-InK-Inp, =—kt
The terms In K and —In K cancel, to leave
Inp—Inp, = -kt
Adding In p, to both sides of the equation gives
Inp=—kt+1Inp,

Because p, is a constant, In P, is also a constant, and so we now have
an equation that is of the form y = mx + ¢, as discussed in Chapter 3,
Section 3.6.2, on page 78. Comparing corresponding quantities in the
two forms of the equation shows that if In p is plotted on the y-axis and ¢
on the x-axis, we will obtain a straight-line graph with gradient —k.

The mechanics of graph plotting were outlined in Chapter 3, Section
3.6.3, on page 80. We first need to draw up a table containing values of
In p and 7. We will actually calculate the values of In(p/mm Hg) because
we can only take the logarithm of a quantity that has no units. This actu-
ally has the effect of introducing a further constant but does not affect
the value of the gradient.

The first value in the table has

p
mm Hg

=350

so, if we use a calculator, we obtain

ln[ P ]= In350
mm Hg

=5.86
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| | | | | | | |y
2.0 >
0 1000 2000 3000 4000 5000 6000 7000 8000 s

Figure 5.3 Plot of ln( P j against time for the decomposition of N,O,.
mm Hg ?

We can obtain other values in a similar fashion, and the data we need
H to plot can be tabulated as
We use the

button to evaluate the natural ;
logarithms. S 0 1200 4800 7200

| —Z 5.86 505 353 230
mm Hg

The graph of In (p
mm Hg
we can obtain the gradient.

J against ¢ is shown in Figure 5.3, from which

increase in In Ep]
mm Hg

gradient = - -
increaseinft

_2.00-5.85
(7900 - 0)s

385
79005

=-49x107"s™
We have already seen that the gradient is equal to —k, so

k=49x%x10"s"!
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5.5 Second-order reactions

If we consider the generalized expression for the rate v of a reaction
v = k[A][B]

there are two ways in which it is possible to achieve an overall order of 2, i.e.,
to satisfy the equation

x+y=2
Case l: x=2,y=0
If x=2and y=0 (or x = 0, and y = 2), the rate equation is
v =k[A]?
This would arise in a reaction of the type
A + B — products

in which the starting concentrations of A and B were equal.

Case2:x=y=1

If x = y = 1, the equation is
v = k[A][B]

The first of these two cases is rather simpler to deal with than is the second.

Worked example 5.12
The rate equation for a second-order reaction in which the initial con-
centrations of the reactants are equal can be expressed as

dc
- =k’

dt
where dc/dt is the rate of change of concentration ¢ of a reactant with
time #, and k is the rate constant. Obtain an expression for the concentra-
tion ¢ at a time ¢, assuming that the initial concentration value is Cy

Chemical background
Typical reactions that obey second-order kinetics are

H2<g) + IZ(g) - 2HI(g)
and

CH,Br + OH- — CH,OH + Br-

The second of these is an example of an S 2 (substitution nucleophilic
bimolecular) reaction, which involves a transition state in which carbon
is partially bonded to both —OH and —Br, as shown in Figure 5.4.
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Br

—<

OH

Figure 5.4 Transition state in the S 2 reaction.

Solution to worked example 5.12
The initial stages involve rearranging the given equation to separate the
terms, i.e., to have all terms in ¢ on the left-hand side and all those in
t on the right-hand side. Then we can integrate and assign limits as in
worked examples 5.4 and 5.8. This results in us being required to solve
the equation

c

t
dc
— =—k|dt
St
0

C()

The integration on the right-hand side is straightforward and identical to
the previous problems.

t
fdt=t
0

Integration of 1/c? requires a little more thought but is not difficult once
we realize that 1/c? can be written as ¢™. Raising the power by one gives
us ¢! (not ¢, which would be a reduction of the power by one — this is
a common error), so we need to divide ¢! by —1. Note that dividing by
—1 is the same as multiplying by —1 because

x+—1=i1=—x and xx-1=-x

Consequently, we need to evaluate the expression



If we substitute the upper limits and then subtract the value obtained
with the lower limits, we get

_1_[_1j= —k(t-0)
c G

which, if we multiply every term by —1, becomes

LU kt
c ¢
Worked example 5.13

What are the units of the second-order rate constant?

Chemical background
An example of the second-order rate constant is the value of 2.42 x 1072
dm?® mol™" s! for the reaction

H2 + I2 — 2HI

Solution to worked example 5.13
As with other integrated rate equations, we need to rearrange it to make
the rate constant & the subject of the equation. We can do this by dividing
both sides of the equation by ¢, to give

The units we would obtain from substituting into this equation would
therefore be

1 1

s| moldm™

Note that

3

1
1 =g and ;= dm
S dm™

Then the units can be expressed as dm® mol™' s7'. We write the units with
the positive powers before those with the negative powers because, when
expressed verbally, we replace negative powers by the word “per.” Thus,
dm? mol™! s™! would be spoken as decimeters cubed per mole per second.
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An alternative method for
synthesizing hydrogen iodide
is by reducing iodine with
hydrogen sulfide. Hydro-

gen compounds generally
become less stable as a
group of the periodic table

is descended, so HF will be
more stable than HI.
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Worked example 5.14
If the concentration of a reactant in a second-order reaction, with equal
concentrations of reactants, was monitored as a function of time, what
graph would you plot to obtain the value of the rate constant?

Chemical background
The reactions of the carbonyl compounds acetaldehyde, propionalde-
hyde, and acetone with HCN to give cyanohydrins were found to be sec-
ond order in a study reported in the Journal of the American Chemical
Society in 1953 (75, 3106). Measurements were performed in acetate
buffers under various conditions to ascertain the influence of ionic
strength, pH, and buffer composition on the rate constants.

Solution to worked example 5.14
In order to obtain a value of the rate constant k, we need to plot the data
in such a way that we obtain a straight line. This can be done by rear-
ranging the integrated rate equation above into the form of the equation
of a straight-line graph, y = mx + ¢, as outlined in Chapter 3, Section
3.6.2, on page 78.
Starting with the equation

we can add the constant term 1/c, to both sides to give

l—kt+i
c C

This is now in the form we want, with 1/c corresponding to y and ¢
corresponding to x. If a graph of 1/c against ¢ is plotted, we will obtain a
straight line with gradient k and intercept 1/c as shown in Figure 5.5.

» o=

Gradient = k

1/cy

>
t

Figure 5.5 Graph of integrated rate equation for a second-order reaction.



Worked example 5.15
During the hydrolysis of methyl acetate, aliquots of the reaction mixture
were withdrawn at intervals and titrated with sodium hydroxide to give
the following results:

— 5.64 20.69 4574 175.76

- 2652 2798 29.88 31.99

where V is the titre of sodium hydroxide. Determine the order of this
reaction.

Chemical background
The data given refer to the acid hydrolysis of methyl acetate, which can
be represented by the equation

CH,COOCH, + H,0 = CH,COOH + CH,OH

The carbonyl oxygen becomes protonated and so the carbonyl carbon
atom is more susceptible to nucleophilic attack by the water molecule.
There are likely to be several tetrahedral intermediates in this reaction.

Solution to worked example 5.15
We have seen earlier that there are three distinct plots that will give a
straight line in reactions we are likely to meet. To summarize, we need
to plot

e cagainst t for a zero-order reaction
* In ¢ against ¢ for a first-order reaction
* 1/c against ¢ for a second-order reaction

To determine the order of a reaction such as this, we need to perform the
three plots and identify which one gives the straight line. Hopefully, this
will be easy to spot.

In this example, there are further complications. We are not given
the concentration of methyl acetate but the titre of sodium hydroxide.
However, because the rate of increase of methanoic acid is numerically
equivalent to the rate of decrease of methyl acetate, these quantities are
proportional, and we can write

V=Kc
where K is the constant of proportionality, and so

V, =Kc,

0
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Methyl acetate is an ester
that can be formed by the
reaction of acetic anhydride
with methanol. It melts at
—98°C and boils at 57.5°C.
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If we now substitute into the integrated rate equation for a zero-order

reaction
c=—kt + C,
we have
\% V.
—=—kt+ >
K K

We can multiply both sides by the proportionality constant K to give
V=-kKt +V,

so, in fact, a plot of V against 7 will be a straight line having gradient kK
and intercept V.

In a similar way, it is possible to show that straight-line plots will be
obtained for a reaction of appropriate order if a quantity that is propor-
tional to the concentration is used instead of the concentration itself. In
this problem, it is therefore possible to use the titre values directly rather
than converting them to concentrations.

A further complication is that we do not have the values of V,, the titre
value at zero time. However, as the time values are all relative, we can
subtract the first value of 5.64 from each, which is equivalent to assum-
ing that the reaction began 5.64 min later. If we do this, the data we need
to use become

- 0.00 15.05 40.10 70.12

— 26.52 2798 29.88 31.99

To consider the first- and second-order plots, we need the values of

In L} and l
cm 174

If we consider the first point, we have

V=26.52cm’
V3 =26.52
cm

ln(n]=3.278
cm

l =0.03771cm™
\%



The full table with these quantities is as follows:

t/min 0.00 15.05 40.10 70.12
Viem? 26.52 27.98 29.88 31.99
In(V/em?®) 3.278 3.331 3.397 3.465
V-/em 0.03771 0.03574 0.03346 0.03126

The graphs of V against ¢, In V against 7, and 1/V against ¢ are shown in
Figure 5.6. Since only the plot of In V against ¢ gives a straight line, the
reaction must be first order.

cm3
32
31
30
29
28
27

| | | | | | | | > _t
80 min

Figure 5.6 Plots of the integrated rate equations for the hydrolysis of methyl acetate: (a) zero-

order, (b) first-order, and (c) second-order.

Kinetics
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logarithms, and the

button to evaluate the
reciprocals.
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To analyze second-order kinetics in the situation when the starting
concentrations of the two reactants are not equal, we need some addi-
tional mathematical techniques.

5.5.1 Partial fractions

Partial fractions are useful for expressing a fractional product as the sum of
two fractions, which in some situations may be easier to deal with. For exam-
ple, if we have an expression such as

1
x+Dx+2)
it may be preferable to express it as the sum of two fractions such as

A B
+
x+1 x+2

where A and B are constants. Determining the partial fractions, in this case, is
a matter of finding values for the constants A and B. Because these expressions
are identical, we can write the identity

1 _ A B
+Dx+2) (x+1) (x+2)

Notice the use of the = symbol here. It is used instead of = because this
expression is true for all values of x. An equation, on the other hand, is only
true for certain values of x.

If we now consider the right-hand side of this expression, we can multiply
the top and bottom of the first term by (x + 2) and the top and bottom of the
second term by (x + 1):

1 _ A(x +2) . B(x +1)
x+Dx+2) - x+Dx+2) (x+2)(x+1)

because multiplying both the top and bottom of a fraction by the same quantity
does not change its value. The two terms on the right-hand side now have the
same denominators, SO wWe can now write

1 _AG+2)+ B(x+1)
x+Dx+2)  (x+Dx+2)

Multiplying both expressions by (x + 1)(x + 2) gives
1=A(x+2)+B(x +1)

Now, because this is an identity, it will be true for any value of x. If we choose
to set x = —1, the bracket containing x + 1 will become zero, and we have
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AFL+2)=1

A=s1

Similarly, if we set x = -2, the bracket containing x + 2 becomes zero, and
we have

B2+ 1D=1
-B=1
B=-1

Substituting into our general expression for the partial fractions then gives

1 _r -
(x+D(x+2) x+1 x+2
1 1

x4l x+2

There are more complicated cases of partial fractions, but this knowledge is
sufficient for our present purposes.

5.5.2 Differentiation of logarithmic functions and integration of fractions
We have seen previously in Section 5.4.1 on page 149 that

f@=lnx+C
X

where C is the constant of integration. If integration of 1/x gives In x, and dif-
ferentiation is the reverse of integration (Section 5.3.1 on page 141), differen-
tiation of In x will give 1/x, expressed mathematically as

d 1
L nx) = —
dx(l ) X

It is also true that

jfxan(a —x) -

so that, for example

d
5(111(3—16))=x_3
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Bacterial action is respon-
sible for 80% of NO in the
atmosphere, whereas the rest
is produced by combustion of
various types. Both NO and
NO, are toxic and take part
in photochemical reactions
in the atmosphere — they
are known as NO_ gases.

Because integration is the reverse of differentiation, we also have

f B na-x)+C

X—=a

where C is the constant of integration.

There is a complication in that we can only take the logarithm of a positive
number, and the correct expression for dealing with general integrations of
this type is

d 1
fexff=zln‘ex+f‘+c

The vertical bars denote that we take the modulus of the quantity enclosed
between them. This is the value taking no account of its sign, as we saw pre-
viously in Chapter 4, Section 4.4, on page 120. In the examples we meet in
chemistry, the modulus symbols are frequently omitted, so we would write

f dx =lln(ex+f)+C
e

ex+ f

Worked example 5.16
The rate equation for a second-order reaction in which the initial con-
centrations of the reactants are different can be expressed as

_da = kab

dt
where da/dt is the rate of change of concentration a of one reactant with
time ¢, b is the concentration of the second reactant, and k is the rate
constant. Obtain an expression for the concentrations a and b at a time ¢
assuming that the initial concentration values are a, and b,

Chemical background
The analysis of general second-order reactions of this type is quite com-
plicated. It is also possible to have reactions of higher order, but the
analysis of these will not be considered here as they are rarely encoun-
tered. One example of a reaction exhibiting third-order kinetics is that
between nitric oxide and chlorine

2NO + Cl, — 2NOCI

which obeys the rate equation

_dNoj _,

NOJP[CI
" [NOJ[CL, ]



Solution to worked example 5.16
As previously, we begin by separating the variables, i.e., rearranging the
expression given so that all the concentration terms are on the left, with
the rate constant and the time on the right. This gives us the expression

f@=—kfdt
ab

where the rate constant k is taken outside the integral on the right-hand
side. We immediately have a problem because we need to integrate

1

ab

with respect to a, and this cannot be done as the expression stands
because it also contains the variable b. To overcome this difficulty,
remember that the generalized equation for this reaction is

A + B — products

The initial concentrations of A and B are given as a, and b, respec-
tively. Suppose that, after time #, the concentration of A has reduced by
x; if A and B react in an equimolar ratio, then the concentration of B will
also have been reduced by x, and we can write for the concentrations of
A and B

a=a,—x
and

b= bo -X
Because qa, and bo are constants, we have now expressed the concentra-

tions of A and B in terms of a single common variable x. If we differenti-
ate the first equation, because a, is a constant, then

d
A
dx

and so we can replace da by —dx in the integration.

We are now able to substitute for a, b, and da to obtain

f (ay - xcjzcbo -0 kf a

Kinetics
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noticing that the minus signs cancel on the right-hand side. This expres-
sion now needs to be integrated between appropriate limits. Clearly, when
t = 0, none of A or B has reacted, so x = 0. We want to obtain an expres-
sion giving x after time ¢ so we use these values as our upper limits:

X dx t
— =k dt
[(ao - x)(by —x) _[

Integrating the right-hand side is straightforward:
t
fdt=|:t]; =1-0=1
0

However, we now have the problem of integrating the expression on the
left, which is not so easy. We saw earlier how an expression of this type
could be written in terms of two partial fractions. As before, we start by
setting up an identity in terms of two unknown constants A and B:

1 A B

= +
(ag—x)by—x) ay-x by—x

We multiply the first term, top and bottom, by (b, — x) and the second
term, top and bottom, by (a, — x); neither of these operations changes
the value of the expression, but it does produce fractions with the same
denominators:

1 _ A(by — x) . B(a, - x)
(ag — x)(by — x) - (ag—x)by—x) (by—x)a,—x)

Because the quantity on the bottom is the same for every term in the
expression, we multiply all terms by (a,— x)(b,— x) to give

1=A(b,-x) + Bla,— x)

This expression is true for all values of x, so we set x = bo to make the
first bracket zero and to leave

1=B(a,-b,)

This can be rearranged to give

B=
ay = b,
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Similarly, setting x = a, makes the second bracket zero, and we have
1=A(b,-a,)
which can be rearranged to give

1
by - a

A=
It is worth noticing that A = —B, as this will allow some simplification later.
Substituting in our original identity for the partial fractions gives

1 1 1
(@ —x)Nbo =) (by — gty —x)  (do — by)by - %)

If we multiply the top and bottom of the second term on the right by —1,
this becomes

1 1 1
(ay = x)(by = x) B (by = ag)ay = x) B (by = ag)(by = x)

We can then introduce brackets on the right-hand side and take the com-
mon factor of (b, — a,) outside the new brackets to give

1 _ 1 [ 1 )
(ao_x)(bo_x) (bo_ao) (ao_x) (bo_x)

Bearing in mind that b, — a,, and consequently is a constant,

. . . -a
we can now write our equation to be integrated as  ° °

X t

1 1 1
- dx=k ((d
bo-aoﬂ(ao-x) (bo—x)]x [’

or

x X

t
1 f de 1 dx =kfdt
by-ayJ a,—x bo—aoobo—x 0

0

We saw earlier that

f dx =lln(ex+f)+C
e

ex+ f
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Comparing this with the first integral

dx
fao—x

shows that e = -1 and f'= a,. Consequently,

f dx__ illn(-x +ay)

ay—-x -

=-In(gy,-x)+C
This allows us to write the following expression for the definite integral:

f dx = [—ln(a0 - x)];

ag—X
O0

Substituting for the upper limit and then subtracting the expression with
the lower limit gives

X

f dx  _ [—ln(ao - x)] - [—ln(ao - 0)]

ag— X
0 0

=-In(a; - x)+Ina,

because the adjacent negative signs combine to give a positive one. We
saw in Section 5.4.2 on page 149 that

1nD—1nE=ln[D]
E

f dx =ln[ a, j
) ay—x ag—x

so that

Similarly, we obtain

f dx —In bO
Obo—x by —x



Kinetics

and finally we have

as we have already seen several times for the other rate equations. Put-
ting the results of these three integrations into the overall expression

ln( 0 J—ln( 0 ] —kt
l() a() U() X l 0 X

One again we have the difference of two logarithmic terms, so we can

write this as
1 by )
In| —% 0 =kt
b, - a, ay—-x )\ by-x

which can be written as

(s,

b, - a, by(a, - x)

because

Our integrations above have been performed with respect to the variable
x because this could be related to the concentrations of both A and B.
However, it is now possible to eliminate x from the expression because
we set

a=a,—x
and
b=b0—x

where a and b represent concentrations after time 7. This gives the
expression as

171
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In fact, such a law can also
be used to describe other
processes, one of these being
the chirping of crickets.
This may seem surprising at
first, until we realize that the
chirping is itself controlled
by a chemical reaction.

#h} M = kt
by—a, \ ab,

Because

ab)_(aby )’
ab, ayb

this could also be written as

-1
! m(aboj ki
b, - a, ayb

From Section 5.4.2 on page 149 we know that

Inx'=-Inx

and so

mLE (UL W
by—ay, \ ayb

Multiplying this expression top and bottom by —1 gives the final expression

! m(abo]:k,
a, — b, ayb

The derivation of this expression requires several mathematical techniques
and not a few “tricks of the trade” to get intermediate expressions into the
required form; fortunately, few mathematical processes we have met or will
meet are of such length or complexity!

5.6 The Arrhenius equation

So far we have considered the rate constant k to be constant under specified
conditions. This is in fact true as long as the temperature remains constant but,
as you might expect, the rate of a reaction increases with the temperature. The
relationship between rate constant and temperature is described by an exponen-
tial function.



5.6.1 The exponential function

The exponential function can be defined in terms of our usual notation as
f=¢

where e has the value 2.7183 to four decimal places. This value is not exact,
but we rarely need to worry about the numerical value of e. When complicated
expressions are involved, you will also see the exponential function written as

J(x) = exp(x)

This has precisely the same meaning as the previous equation and is merely
a useful device for improving the clarity of some mathematical expressions.

Scientific calculators allow easy calculation of exponential functions.

It is worth noting that it is only possible to take the exponential of a quantity
that has no units; in other words, a pure number. The absence of units in an
expression should always be verified before attempting to calculate an expo-
nential term in a calculation.

5.6.2 Inverse functions

The inverse of a function f(x) is generally known as arcf(x) and reverses the

effect of the original function. For example, if a function f(x) is defined by
f)=x+10

this means “take a value of x and add 10 to it.” To reverse this we must there-
fore subtract 10, and we write

arcf(x) =x—10
Notice that
arcf(f(x) = f(x) - 10
=x+10-10
=X

which is a general result for a function and its inverse.
The natural logarithmic and exponential functions are actually the inverses
of each other, so that

arc In(x) = e¢*, and arc ¢* = In x

It also follows that

e =x,andIne*=x

Similarly,
10 ¢~ = x and log 10* = x

In other words, the inverse of log x is 10*.

Kinetics 173

A typical sequence of

buttons would be D
followed by n

in order to evaluate the
exponential function.
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NO, can be formed in the
laboratory by the catalytic
oxidation of ammonia gas

by oxygen from the air,
followed by the exothermic
oxidation of nitric oxide to
nitrogen dioxide.

Worked example 5.17
The value of the rate constant k for the decomposition of nitrogen diox-
ide was found to vary with absolute temperature 7 according to the

Arrhenius equation
-E
k=Aexp| —-

where A is a constant called the preexponential factor, E_is the activation
energy, and R is the gas constant that can be taken as 8.31 J K! mol.
Use the data below to determine the value of the activation energy E..

T
— 593 604 628 652 657
K
k
P 0.523 0.7511 1.70 4.01 5.01
dm” mol ™ s
Chemical background

For some reactions involving free atoms or radicals, there is a very small
activation energy, and a more accurate treatment of temperature dependence
must be used. This frequently involves using an equation of the form

k = AT" exp _E
RT

where the value of n depends on the nature of the reaction and the theory
being used in the analysis. The activation energy E in this equation is
related to that in the Arrhenius equation, E , by the equation

E=E,-nRT

Solution to worked example 5.17
A straightforward plot of k against T is shown in Figure 5.7(a) and is
obviously curved. As usual, we would like to obtain a linear plot, and
this can be done by taking the natural logarithm of each side of the
Arrhenius equation. This gives us

Ink =1n| Aexp| - E,
RT

The right-hand side of this equation now has the logarithm of a product,
and because

InXY)=InX+InY
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A i
5|.dm3mol-Ts
4 —
3 —
2+
1k
0 [ T T R I R Y By A
(@ 0 590 600 610 620 630 640 650 660 = K
k
An(————
In (dm3mol—1s-1)
1.6
121
0.8~
0.4 °
ol L 1111 L L 1y 1087
152 154 1.56 1.58 1.60 1.62 1647166 168 170~ K

Figure 5.7 Plot of (a) rate constant k against temperature 7, and (b) In k against 1/T for the
decomposition of nitrogen dioxide.

as we saw in section 5.4.2 on page 149, we can rewrite the equation as

Ink=InA+ ln(exp(—E"jj
RT

We have also seen that In e* = x, and so our modified Arrhenius equa-
tion becomes

Ink=InA - E,
RT

Reversing the order of the terms on the right and grouping the constants
E_and R in brackets gives us

e {53

which is equivalent to the general equation of a straight line y = mx + ¢,
with In k being equivalent to y, —E /R being equivalent to the gradient m,
1/T being equivalent to x, and In A being equivalent to the intercept c. We
therefore need to plot In k against 1/7 to obtain a straight line with gradient
—-E /R.
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Press n to obtain

the value of the natural
logarithm.

The key gives the

value of the reciprocal.

The plot of ln(

Because we can only take the logarithm of a pure number without
units, we will actually calculate values of

k
In| ———
dm?® mol™' ¢!

Strictly speaking, this is the quantity that should be on the left-hand side
of the equation above. However, it is tedious to keep writing this, so we
tend to use the equation as shown and remember that we need to deal
with the units in this way. For the first point,

k=0.523 dm?* mol™' 5!

SO

k
3 o =0.523
dm’ mol ™" s

and using a calculator gives

k
In| ——— | =-0.648
dm?® mol's™!

The temperature values are given in units of K, so directly give the
values of T. The first point has 7 = 593 K, and the calculator gives

T = % =1.69x 107 K"

It is worth looking at how this expression can be rearranged to assist in
the tabulation of data. It is neater to incorporate the power of ten into the
table heading, rather than including it for every value. The remaining val-
ues of 7! are calculated in the same way and can be tabulated as follows.

k
In| ———— -0.648 -0.286 0.531 1.39 1.61
dm mol s

1.69 1.66 159 153 1.52

3

dm® mol!s™!

] against T"! is shown in Figure 5.7(b).
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From this, we can calculate

. increaseinlIn k
increasein7’

_ -0.65-1.85
(1.70-1.50)x 10K

_ -2.50
0.20x107°K™!

=-1.25x10*K

We saw earlier that the gradient is equal to ——* so that

E
-4 - 125%x10°K
R

The negative signs on either side of the equation cancel, and multiplying
both sides by the gas constant R gives

E =125x10*K xR
Substituting the value of R gives
E =125x10*K x 8.31 J K" mol”!
=1.04 x 105 J mol™

As we might expect, the activation energy has units of J mol™'. Because
1kJ=10%J, and 10° = 10° x 102, we also have

E, = 1.04 x 102 kJ mol”

= 104 kJ mol

Worked example 5.18

The activation energy for the reaction
2H,0,=2H,0+0,

i8 48.9 kJ mol™ in the presence of a colloidal platinum catalyst. What is the
effect on the rate constant of raising the temperature from 20°C to 30°C?

177
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Chemical background
Hydrogen peroxide can be This is another example of a disproportionation reaction. If traces of
produced industrially by the certain ions are present, these catalyze the reaction, which then occurs
partial oxidation of 2-ethyl- rapidly. One such ion is Fe*, which may alternate with Fe** while the

anthraquinol or 2-propanol
by air. It can be extracted
into water.

reaction is taking place.

Solution to worked example 5.18
If we assume that the rate constant has a value of k, when the absolute
temperature is T, and a value of k2 at temperature 7,, we can write the
logarithmic form of the Arrhenius equation for the two cases as:

E E
Ink,=InA-—* and Ink,=InA-—*
RT, RT,

1 2

Notice that the preexponential factor is constant for a given reaction, so
the value of A is the same in both equations.
Subtracting the first of these equations from the second gives

Ink,-Ink, =InA- E, _ InA- E,
RT.

> RT,
—nA-nA+ Lo _ Ea
RT, RT,
_ Eu _ Ea
RT, RT,

Because

1nX—lnY=ln[X]
Y

as we saw in Section 5.4.2 on page 149, this then becomes

In| -2 [= =4 — - —
k) R\T T

and from the left-hand side of the equation we can obtain the ratio k,/ k,,
which indicates the change in the rate constant relative to its initial value
k
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We need to convert our temperature values in °C to absolute tempera-
ture values in K. This gives
T, =(20+273)=293 K
and
T,=30+273)=303K
so that we can now calculate the quantity enclosed in brackets in the
equation on the previous page, which is
o)t
I, T, 293K 303K
Evaluating these reciprocals using a calculator gives Use the reciprocal button

L 1 341x107°K "' -330x 10K
L T,

=(3.41-3.30)x 107K
=0.11x107K™"

=1.1x107*K™!

Substituting these values into our equation gives

k) E(1 1
In| -2 |=Za| -
k) R\1T T,

48.9kJ mol™

-
" 83141k mo 10K
48.9%10*Jmol™ 4
"Ik mor < TXIOTK
=0.647

. . . k . .
Notice that the units cancel to give a value for In [2] without units, as

required. Because !
1n[kQJ =0.647
ky
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To do this press m
followed by n

This reaction has an activa-
tion energy that is fairly
typical for reactions that

proceed at a reasonable rate.
A useful rule of thumb is that
a temperature increase of
10°C will produce a doubling
of the reaction rate.

we need to take the exponential function of both sides of this equation to
remove the logarithmic term and give

k, = 04

and with the use of a calculator we obtain

b 1o
ki

We see that for this reaction an increase in temperature of 10°C produces
almost a doubling of the rate constant.

5.7 The steady-state approximation

This provides us with a useful means of deriving rate equations for reactions
that proceed via the formation of one or more intermediate species. The con-
centration of such a species is assumed to increase rapidly at the start of a reac-
tion, remain relatively constant during most of the reaction, and then decrease
rapidly at the end of the reaction. The period when the concentration is con-
stant corresponds to a zero gradient on a graph of concentration against time,
as shown in Figure 5.8. As we saw in Chapter 4, Section 4.6.2, on page 127,
this corresponds to a zero value of the derivative, i.e.,

Concentration

1 1
1 1
1 constant : Concentration
' ' rapidly
' ' decreasing
N :
\ t
Concentration
rapidly
increasing

Figure 5.8 Schematic graph of the variation in concentration c¢ of a reactive intermediate with
time t.



5.7.1 Simultaneous equations

If we have a single equation, then the most we can ever hope to achieve is to
solve it to give the value of a single variable. If we have more than one variable,
then the only way we can determine their values is if we have more information.
In fact, we need at least as many equations as there are unknowns; it is also the
case that such equations must be independent of each other.

For example, if we have the equations

x—y=2 Q)]
and
2x+3y=9 )

which are true at the same time, then it follows that the same value of x and the
same value of y must satisfy each one at that time.

It is usual to label simultaneous equations as we have done here with (1)
and (2). Generally, we can solve a pair of simultaneous equations by adding or
subtracting them, or by adding or subtracting a multiple of one or both of them,
so as to eliminate one of the variables.

In this example we will choose to eliminate y. To do this, we first need to
multiply equation (1) throughout by 3; we will call this equation (3):

3x-3y=6 3)

We now add equation (2) and equation (3). To do this we need to treat each
side separately, so we obtain

2x+3y+3x-3y=9+6
This can be simplified to give
Sx=15
and dividing both sides by 5 gives
x=3

We can now substitute in either of our original equations. If we choose
equation (1), we have

3-y=2
and adding y to each side of this gives

3=2+y
from which, subtracting 2 from either side, gives

y=1

Kinetics

181



182 Chemical calculations: Mathematics for chemistry, second edition

As a check we can substitute these values of x and y into equation (2). On
the left-hand side of this we have

2x+3y=2x3)+3x1)=6+3=9

which is the required value on the right-hand side.

Worked example 5.19
In the reaction

CH,—»CH,+H,

which gives ethene from ethane, the two intermediates are the radicals
QH3, Cszf and H. Applylng the steady-state approximation to these
gives the simultaneous equations

d[CH;]

- 2k, [C,H4] - k,[CH;][C,H4] = 0 o

AGHD_ [ CHICH, 1~ KICH K HIGH - 26(CHF =0 @)
H

% = k;[C,Hs] - k,[H][C,Hg] = 0 3

Solve these equations to give an expression for [C,H,] in terms of [C,H].

Chemical background
The preceding equations are based on the fact that this reaction proceeds
by means of a chain reaction. It begins with an initiation step involving
the formation of radicals. This can happen in two ways, represented by
the equations

C,H, — 2 CH,
and
CH, +CH, — CH, + C,H,

for which the rate constants are denoted as k, and k,, respectively. The
propagation steps

CH,—-CH,+H
H+CH,— H,+CH,
can continue in a cyclical fashion to give the products of the reaction.

The rate constants of these steps are k, and k,, respectively. The final
step is that of termination:
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2CH,—»CH,,
for which the rate constant is k..
Solution to worked example 5.19
Because we require an answer in terms of [C H.] and [C H ], we need
to eliminate the terms [CH,] and [H] from the scheme of the preced-
ing equations.

We can eliminate [CH,] by adding equations (1) and (2), and we can
eliminate [H] by adding equations (2) and (3). Consequently, we can
eliminate both [CH,] and [H] by adding (1), (2), and (3). This gives

2k [CH]-2k [CH]=0
Adding 2 k, [C,H,]* to both sides gives
2k, [CH]=2k [CH]J
Dividing both sides by 2 k, gives

s _ KICH,]

5

[C,H;]

Taking the square root of each side then gives

k,[C,H¢]

C,H.] =
[C,H;] 3

Exercises

1. The variable y has the value 17.2 when x is 3.4, and the value 29.7 when
x is 10.1. What is the average rate of change of y with respect to x?

2. Determine the following indefinite integrals:

(@) f X dx

(b) f 7x%dx

© f x*dx
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3. Determine these indefinite integrals:

(@) f (6x% +9x + 8)dx
(b) f 3’ +4xP)dx

© f (3x* - 4x> +6)dx

4. Calculate these definite integrals:
1
@ f (o + 3% + x)dx
-1

3

(b) f (4x> + 2x + Ddx
0

4
© f (4x" - 6x° — 9x%)dx

-2

5. Determine these integrals:

() f x+i]dx
2

(b) f 23 + i]dx

1

© j‘ 8x° — ij

3

6. Determine:

d
@ [=

X

5
4
b f Fdx
1

5
dx

8
X

-3

©



10.

11.

. Determine:

(a) f3x2+5+23de
XX

. Simplify each of these expressions into a single logarithm:

(@ log3+log4
(b) Inl1+In2+1n3

© 2In4-3In2

. Express

X

x+2)(x+3)

in terms of its partial fractions.

Differentiate these expressions:
(@ 2x>+3Inx

(b) 3x+1In(x-2)

(© 4x*-InQRx+1)

Integrate these expressions:

1
() f()Hx—zjdx

2 _ 7 I
3x+1 4x-3

Kinetics
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12. Evaluate the integral
6
dx
,[ (x=4)(x+5)

13. Calculate these quantities:

(@ 23
(b) 4e?
by 3e°
14. Simplify the following expressions:
@ (&
(b) e
© ifﬁ

15. Solve each of the following equations for x:

@ 100=42
(b)y e=0.75
() e*'=32
16. Solve each of the following equations for x:
(@ Inx=3.6
(b) In4x=72

© log(x+3)=6.1
17. Determine the inverses of these functions:

@ f)=3x+5

() fx)=2Jx-8

© f(x)=2+é

18. Solve the simultaneous equations
4x+2y=5

3x+y=9



19. Solve the simultaneous equations

3x+4y=06

x—-2y=-8

20. Solve the simultaneous equations

3x+2y+5z=2
Sx+3y—-2z=4
2x-5y-3z=14

Problems

1. Azomethane at an initial pressure of 0.080 mm Hg was allowed to
decompose at 350°C. After an hour, its partial pressure was 0.015
mm Hg. What is the average rate of the reaction?

2. Trichloroamine reacts with liquid or concentrated aqueous HCI accord-
ing to the equation

NCI, + 4HCI — NH,CI + 3],

Write down a series of relationships between the rates of change of
the concentrations of each of the four chemical species.

3. For a reaction involving reactant A having a rate defined by the equation

d[A]
-8 KAy
i [A]

with k being the rate constant and a some number that may or may not
be an integer, obtain the integrated rate equation for the concentration
[A] after time 7 in terms of [A] , the value when 7 = 0. Are there any
values of a for which this equation is not valid?

4. It is reasonable to suppose that the rate v of the reaction
2NO, +Cl,, —»2NOCl,
is given by an equation of the form
v =k [NOJ"[CL]"

where k is the rate constant. Obtain the logarithmic form of this
equation and explain how this could be used to obtain the values of
m and n.

Kinetics
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5. The concentration of glucose in aqueous hydrochloric acid was moni-
tored and found to give the following results:

; c

min 10°mol dm™
120 5.94
240 5.65
360 543
480 5.15

Determine the order of the reaction and the rate constant.

6. At 20°C the rate constant for a reaction is 2.7 x 10° s~'. What is the value
of the rate constant at 50°C if the activation energy is 22.3 kJ mol™'?

7. Use the Arrhenius equation to calculate the activation energy for a
reaction whose rate constant increases by a factor of 3 when the tem-
perature is increased from 20°C to 30°C.

8. The Eyring equation gives the rate constant k for a reaction in terms
of the Boltzmann constant k, and Planck constant / as

AGO
T RT

k= BT
h

where T is the absolute temperature, R the gas constant, and AG° the
Gibbs energy of activation. Calculate AG® for the reaction

H2+I2—>2HI

for which the value of the rate constant is 0.0234 dm? mol™ s at
400°C.

9. For the reaction between hydrogen and bromine, application of the
steady-state approximation gives the equations

H
% = k,[Br][H,] - ky[H][Br,] - k,[H][HBr] = 0
d[jr] = 2k,[Br,] - k,[Br][H,] + k;[H][Br,]

+ k,[H][HBr] - 2k,[Br]* = 0

Solve these equations to give an expression for [Br] in terms of [Br,].



Kinetics

10. For the decomposition of N,O, the following series of equations is

obtained:
d[ﬁ?ﬂ = k,[N,O5] - k_,[NO,]INO, ]
- kz[Noz][Nos] - ks[NO][NO3] =0
APO)_ 1,INO,IINO, 1~ K,[NOINO, 1 = 0

Solve these equations to give an expression for [NO] in terms of
[NO,].
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Structural chemistry

Although the structural properties of solids, liquids, and gases are all important,
in this chapter we will be concerned mainly with the structures of solids, and
particularly those solids that are crystalline. One of the reasons for this is that far
more information is available on the structures of crystalline solids than any other
form of matter, it being obtained by the technique of x-ray crystallography.

The concept of symmetry is very important when we are studying structural
properties, and we will also look at the use of simple symmetry operators.
A more detailed treatment of symmetry involves a reasonable knowledge of
group theory, which will not be covered here because an elementary treatment
relevant to chemists is usually included in the appropriate section of physical
chemistry textbooks.

6.1 Packing fractions of atoms in metals

We can think of a metal crystal as comprising a series of spherical atoms
packed together. There are various ways in which the atoms may be packed
together, and these give rise to different types of structure. One way in which
these differ is in the volume of space actually occupied by atoms; this is known
as the packing fraction f, and is defined by

volume occupied by atoms

f,=

volume of unit cell
where the unit cell is the unit that defines the structure, and which is repeated
by symmetry.

Worked example 6.1
In a cubic close-packed structure the volume of atoms is determined as

4
4 x 3 7r® and the volume of the unit cell as (r\/g ), where ris the radius

of the atom. In body-centred cubic packing, the atoms have volume

3
4 4
2 x 5”3 , and the volume of the unit cell is r] . What is the ratio of

5

the packing fractions for the two cases?
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.......................... Layer 1

--------- Layer 2

Layer 3

Figure 6.1 Arrangement of atoms in (a) cubic close-packed and (b) hexagonal close-packed
crystals.

Chemical background
The most efficient way of arranging spherical atoms is closest packing. It
is possible to have both cubic close packing and hexagonal close packing.
Examples of cubic close-packed structures are calcium, nickel, and cop-
per, whereas magnesium, cobalt, and zinc are hexagonally close packed.
On the other hand, some alkali metals have a body-centred cubic struc-
ture, as do iron and chromium (Figure 6.1).



Solution to worked example 6.1
For the cubic close-packed structure we have

_ volume occupied by atoms

g

volume of unit cell
4 x inr3

e
(r/8)°

The denominator of this expression can be rewritten as

3
(r8) =182

because, using the rules of indices introduced in Chapter 1, Section 1.5,
on page 13

1
J8 =82

and

1 3

82) =8

Performing the multiplication in the numerator then leads to

The term r* now cancels, we can substitute for the value of 7, and the
use of a calculator finally gives

16
37" 16757
=3 1T g9y
3T 20627
82

There are slightly more elegant ways to obtain this solution, but as we
end up with a decimal fraction, we are vindicated in using a calculator at
the earliest stage possible.
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The calculator

button can be used to raise
numbers to fractional as well
as integral powers.
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For the body-centred cubic structure

_ volume occupied by atoms
volume of unit cell

£
2xﬂm’3
3
3
Ar
(\@j

From Chapter 1, Section 1.4.4, on page 12, we recall that dividing by a
fraction is the same as multiplying by its reciprocal. Consequently

3
4 \/g 2x4nr3x3\/§
fo=2x gt x| S5 | =S O S

4r 3x 433

2”‘26 - 0.680
4

because
(V5] =B x5 x5 =345

and several terms cancel top and bottom.
The ratio

[, (close packing) _ 0741

- — = =1.090
£, (body-centered cubic packing)  0.680

Note that because there is more empty space in body-centred cubic
structures, these tend to be more malleable and less brittle.

6.2 Arrangement of atoms in crystals

Crystals are characterized by having atoms in fixed average positions, even
though the constant movement of the atoms means that, at any instant, a par-
ticular atom may be slightly displaced. Consequently, it is possible to define
interatomic distances with constant values within a crystal.

In the previous section we met the concept of a unit cell. The unit cell
is defined by three edges of lengths a, b, and ¢, and three angles «, 3 and
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Figure 6.2 The relationship described by Pythagoras’ theorem.

v between these edges. The position of an atom within the unit cell can be
defined in terms of its position relative to the three edges; these are known as
fractional coordinates. It is also possible to define the position of an atom with
respect to three axes at right angles, and it is usual to denote these as x, y, and
z, with these quantities being actual rather than fractional lengths.

Here we will use the latter system. It is possible to convert from one to the
other, but this is a specialized operation that is beyond the scope of this book.

6.2.1 Pythagoras’ theorem

If we have a right-angled triangle such as the one shown in Figure 6.2, we can
identify the two sides b and c that define the right angle together with the third
longer side a, which is known as the hypotenuse. The lengths of these sides are
related by the equation

a’=b>+c?

or, by taking the square root of both sides
a=+b*+c’

We can now place this triangle within a two-dimensional coordinate sys-
tem and label the three corners of the triangle as P, Q, and R. The point P is
assumed to have coordinates (x,, y,), and Q is assumed to have coordinates
(x,, ¥,)- It follows from this that R must have coordinates (x,, y,) as shown in
Figure 6.2, that length PR is X, =X, and RQ is Y, =, The distance between P
and Q is then given by Pythagoras’ theorem as

\/(xz - 'xl)z +(y, - )71)2

195
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Thus, in a planar molecule, if we can assign x and y coordinates to a pair of
atoms, we can calculate the distance between them.

Worked example 6.2
A carbon atom in a planar alkene molecule has coordinates (0.250,
0.694), whereas a hydrogen atom to which it is bonded has coordinates
(=0.295, 0.250). What is the carbon—hydrogen bond length? The coordi-
nates are given in A.

Chemical background
A carbon atom in a double carbon—carbon bond occupies a planar envi-
ronment due to sp? hybridization. This ensures that electrons in all the
bonds are as far apart as possible and results in bond angles of 120°. In
practice it would not be possible to obtain atomic positions in this mol-
ecule from x-ray crystallography; ethane freezes at —183°C and is not a
crystalline solid.

Solution to worked example 6.2
Because we have the coordinates of both atoms, we can apply Pythagoras’
theorem. If we assign

x, = 0.250 y, =0.694

1

x,=-0295  y,=0250

2
We use to square we can substitute directly into the equation above to give the bond length

the quantities, and once ras

added, thebutton r= \/(x2 - x1)2 +(n, - )’1)2

to take the square root.

= (=0.295 - 0.250)? + (0.250 - 0.694)*

= J(=0.545)? + (~0.444)?
~J0.297+0.197
- J0.494

=0.702

Note that the answer will be in A. Strictly speaking, the units should be
included throughout the calculation, but here they are excluded for clar-
ity. Notice also that squaring a negative number gives a positive number.

6.2.2 Pythagoras’ theorem in three dimensions

Most molecules are not planar, and in such cases the position of an atom needs
to be expressed in terms of three coordinates, usually x, y, and z. A direct
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extension of Pythagoras’ theorem then gives the distance d between two atoms
having coordinates (x,, y,, z,) and (x,, y,, z,), respectively, as

d=\/(x2 —x)+ (-0 + (2 -g)

Worked example 6.3
The coordinates of two atoms in a metal complex are shown below.
Determine the distance between the barium and nitrogen atoms.

X y z
Ba 5.9000 -3.5985 6.6116
N  6.4452 —-4.3097 9.2980

Chemical background
X-ray crystallography with single crystals gives the positions of atoms
but no direct information on which atoms are bonded. This has to be
inferred from the distance between atoms; bond lengths between speci-
fied types of atoms are relatively constant.

Solution to worked example 6.3 We again use the

Substituting in the equation above gives 2
X and Nz

> > > buttons to facilitate this
d= \/(xz —x) + -0 +(-7) calculation.

= \/(6.4452 —5.9000)” + (—-4.3097 — (-3.5985)) + (9.2980 — 6.6116)*

= J0.5452% + (10.7112)* + 2.6864°

=0.2972+0.5058 + 7.2167

=+/8.0197

=2.832

because
—4.3097-(-3.5985) = —4.3097 + 3.5985

and the square of a negative number is positive. Once again, the units
have been omitted for clarity but are actually A.

6.3 Bragg's law
Bragg’s law is mathematically quite simple, and yet its study introduces many

of the techniques that will be of use to us later on. It governs the behaviour of
x-rays when they are diffracted from a crystal.

197
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The great advance brought
about by the Bragg equation
was that it considered radia-

tion of a fixed wavelength.
Previously, it had only been

possible to use “white” x-
rays, which were a mixture
of various wavelengths and
resulted in a far more com-
plicated diffraction pattern.

The trigonometric functions
are evaluated using the

H, E, and
E buttons. Prior to

this the appropriate degrees
or radian mode must be

selected using u
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Figure 6.3 Planes in a crystal lattice.

Because crystals consist of units (atoms, ions, or molecules) that are
arranged in an orderly fashion, they may be represented by a series of lattice
points, each of which has the same environment. Various planes may be drawn
through these points, as shown in Figure 6.3. Because the spacing of atoms in
a crystal is similar to the wavelength of incident x-rays, diffraction rather than
reflection occurs with such radiation from planes of atoms. The diffraction
angle 0 is therefore dependent upon the separation d of particular planes as
well as on the wavelength A of the incident x-rays.

6.3.1 Trigonometry

The trigonometric functions are a set of functions that take as their input an
angle. The simplest three are defined in terms of a right-angled triangle con-
taining an angle 6, as shown in Figure 6.4. The lengths of the sides of the
triangle are labeled as: opposite the angle of interest, adjacent to the angle
of interest, and the hypotenuse (which is opposite the right angle). The sine,
cosine, and tangent functions are then defined by the equations

. opposite
sinf = L
adjacent
adjacent
cosf = _adjacemt
hypotenuse
opposite
tanf = L
adjacent
hypotenuse
opposite
0 O
adjacent

Figure 6.4 Definition of the trigonometric functions.
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which show that each function is defined as the ratio of two lengths and there-
fore has no units.

Although angles are normally expressed in units of degrees, it is sometimes
more convenient to express them in terms of the quantity radians, which has
the symbol rad. These are related by the equation

2nrad = 360°
so that
 rad = 180°

In practice, it is not usually necessary to convert from one to the other because
scientific calculators have both “degrees” and “radians” mode. Make sure you
are working in the correct one!

The graphs of the sine, cosine, and tangent functions are shown in Figure 6.5.
It is worth remembering that

sin 0° = cos 90° =0

sin 90° =cos 0° =1

tan 0° = sin0 =9=O
cos0® 1
Worked example 6.4

The Bragg equation is expressed as
n\ = 2dsin 0

where n is called the order of reflection (having integer values of 1, 2,
3, etc.), and the other terms have been defined in the preceding text.
Calculate the lattice spacing d when copper K radiation of wavelength
0.154 nm is incident on a cubic crystal and produces a first-order (n = 1)
reflection with a scattering angle of 11°.

Chemical background

X-rays can be generated by firing high-energy electrons at a target,
which is most frequently copper metal. Copper electrons are displaced
from the innermost K shell and replaced by those from shells further out
such as L and M, which release their excess energy as x-rays, as shown
in Figure 6.6. When replacement of an electron occurs from the next
level up L, the radiation is known as K, although it is also possible (but
less likely) to obtain K when the replacement electron is from the next
highest level M.

Other targets used for the
generation of x-rays include
molybdenum, cobalt, iron,
and chromium.
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Graphs of trigonometric functions: (a) sin ¢; (b) cos ¢; and (c) tan 6.

Figure 6.6 Production of K  x-rays.
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Solution to worked example 6.4
To calculate the lattice spacing d, we need to rearrange the equation to
make d the subject. We can do this by dividing both sides by 2 sin 6:

d=—"N
2sin 6

We have the quantities required to make a straightforward substitution
into this equation, giving us H
We use the

calculator button to evaluate

_ M this sine function.

2xsinll’

_ 0.154 nm
"~ 2x0.1908

=0.404 nm

d

Notice that in working through this problem we did not need to convert
the units of the wavelength from nm to m, and the units of the spacing of
the planes follow directly from substituting into the equation.

6.3.2 Inverses of trigonometric functions

The idea of inverse functions was introduced in Chapter 5, Section 5.6.2, on page
173. An inverse function effectively undoes the effect of the original function.

201

Each of the trigonometric functions we have met has its own inverse. The inverse trigonometric

These are functions are evaluat
the combinations
arcsin x written as sin™' x

arccos x written as cos™ x

arctan x written as tan™' x

The use of ~! as a superscript in these expressions does not have any rela-
tionship to its use elsewhere to represent a reciprocal and is purely the nomen-
clature used to denote the inverse function.

To see how the inverse trigonometric functions are used in practice, con-
sider the function defined as

J00
EEE

respectively.

() = sin(x + 4)

When calculating the inverse of this function, we clearly need to generate x
from sin x, and this can only be done by using the inverse trigonometric func-
tion. We must therefore have the term sin™' x in the expression for the inverse
function arcf(x). Having done that, we work through the operations in reverse

ed using

, and
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order. In this case, that involves subtracting 4 and then dividing by 3 so that

we obtain
.|
sin” x) -4
arcf (x) = %
3

Worked example 6.5
Potassium nitrate can be A certain set of lattice planes in potassium nitrate crystals has a spacing
prepared by fractional of 543 pm. Calculate the first-order (n = 1) diffraction angle when cop-

crystallization from a solu-
tion of sodium nitrate and

potassium chloride. It is used .
in gunpowder. Chemical background

The crystal structure of potassium nitrate consists of an orthorhombic
lattice in which the angles are each 90°. The dimensions of the sides of
the unit cell are 5.431 A, 9.164 A, and 5.414 A, respectively.

per K radiation of wavelength 154 pm is incident on these planes.

Solution to worked example 6.5
It is probably easiest to determine the value of sin 6 and then to generate
0 by using the inverse function. The first stage is to rearrange the Bragg
equation to make sin 6 the subject. This can be done by dividing both
sides by 2d:

sinf = @
2d

which, on substitution of the values given, leads to

_ 1x154pm

sinf =
2x543pm

=0.1418

We now need to apply the inverse sine function to both sides of this
equation.

sin”'(sin 6) = sin7'(0.1418)

The calculator button Notice that sin™ (sin §) = 6. Using a calculator for sin™'(0. 1418) we find
sequence for this is

@l -

6.4 The unit cell

The monoclinic form of . . . .
sulfur crystallizes in the 1 ne lattice points referred to in Section 6.3 on page 197 can be used to define

space group known as P2 /c.  the unit cell of a crystal. This is a three-dimensional unit from which it is
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Figure 6.7 Example of a crystal lattice in two dimensions.

possible to generate the whole lattice (Figure 6.7). Unit cells may be primi-
tive, having lattice points only at their corners, or nonprimitive, in which case
additional lattice points are present.

6.4.1 Unit vectors

Vectors are numbers that are associated with a particular direction. Because of
this they are very useful for dealing with problems in three dimensions. Any
vector can be defined in terms of its components in three directions, normally
chosen to be mutually at right angles and denoted as x, y, and z. Unit vectors,
having a size of one unit, can be defined in each of the directions and are
denoted as 1, j, and k, respectively. Note the use of bold typescript to denote
vector quantities; when written by hand they can simply be underlined. These
unit vectors can be combined by simple addition, so that a vector a might be
defined as

a=2i+3j+k

This vector is shown relative to the three axes x, y, and z in Figure 6.8.
The preceding definition of a vector is of one that can be thought of as start-
ing at the origin and whose finish is found by moving 2 units in the x-direction,

AZ

Figure 6.8 The vector 2i + 3j + k.
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3 units in the y-direction, and 1 unit in the z-direction. The actual vector is
then represented diagrammatically by a straight line starting at the origin and
finishing at this second point, as in Figure 6.8.

6.4.2 Addition and subtraction of vectors

Vectors can be added and subtracted using the standard rules of arithmetic applied
to each direction separately. For example, if vectors b and ¢ are defined as

b = 2i + 3j

c=2j+k
then

b+c=2i+3j+2j+k
=2i+3j+2j)+k
=2i+5+k

Worked example 6.6
Figure 6.9 shows lattice points situated at the corners of a primitive
orthogonal lattice having dimensions a, b, and c; the origin O and axes
x, v, and z are shown. In terms of the unit vectors i, j, and Kk, determine
the position vector of each point A—G.

Chemical background
Such a crystal lattice, containing points only at the corners of each unit
cell, is known as a primitive lattice. Because it has the form of a cuboid
if a, b, and c are different, it is known as orthorhombic. An example of a
structure having a primitive orthorhombic unit cell is that of the mineral
Forsterite, Mg, (SiO,).

V4
A F
c G
B
D
o

X

Figure 6.9 The primitive orthogonal lattice.
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Solution to worked example 6.6
We need to consider each lattice point in turn and define the path that
takes us from the origin to that point.

(@ Tomove from O to A, we need to go a units in the x-direction. Because
the unit vector in this direction is i, the vector we require is ai.

(b) Point B lies on the y-axis at a distance of b units from O. The unit
vector along this axis is j, so the required vector is bj.

(c) Point C lies on the z-axis, along which the unit vector is k. We need
to move ¢ units, so this point is defined by vector ck.

(d) To get from O to D we need to move a units in the x-direction and b
units in the y-direction. The vector is consequently ai + bj.

(e) Point E is reached by moving a units in the x-direction and ¢ units
in the z-direction. No movement in the y-direction is required. The
defining vector is therefore ai + ck.

(f) Point F requires movement of b units in the y-direction and c units
in the z-direction, so the required vector is bj + ck.

(g) Point G is the only one that requires a movement in each of the
three directions; a units in x, b units in y, and c units in z. The vector
defining this point is consequently ai + bj + ck.

6.4.3 Multiplication of vectors

There are two ways in which a pair of vectors can be multiplied together. One
results in a pure number, also known as a scalar quantity, whereas the other
gives another vector. The first method is known as calculating the scalar prod-
uct, or dot product, because this is the symbol used to denote the process. For
example, the scalar product of two vectors a and b would be denoted as a-b
and is defined as

a'b=‘aHb‘cose

where ‘a‘ and ‘b‘ are known as the moduli of a and b, respectively, and 0 is
the angle between them.

The modulus or magnitude of a vector is its length (a pure number or scalar
quantity) and can be calculated by taking the square root of the sums of the
squares of the contributions of each unit vector to the total. In two dimensions,
this is Pythagoras’ theorem that we met in Section 6.2.2, on page 196. In three
dimensions, for example, if

v=2i+j-3k

V=@ + 12+ (=3))
=4 +1+9)
V14

then

The calculator functions

2
and

can be used to facilitate
this calculation.
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Figure 6.10 Definition of the angle 6 between two vectors.

There are two possible angles that can be taken as 6 because cos 6 =
cos(180° — #), and your calculator will offer the acute angle 6. The correct one
is shown in Figure 6.10, which shows that both vectors must be pointing away
from, or both must be pointing towards, the point of intersection. The cosine
of this angle, known as cos 6, is easily calculated using a scientific calculator,
but it is important to ensure that it has been set to the appropriate mode to
accept angles in degrees as input, and that you choose the correct angle 6, or
180° — 6. Notice also that a-b =b-a; it does not matter which order you take
dot products.

If we consider the scalar products of the various combinations of unit vec-
tors, we obtain a very useful set of relationships. For example,

i.i=\iHi\cose

Now, i‘ = 1, and the angle between i and i is zero, so 6 = 0°. Because cos 0° =
1, we then have

i-i=1
The same set of arguments leads to the relationships
j-j=1 and k-k=1

On the other hand, if we consider a scalar product such as i-j, we then have

i-j=liljlcos®
where again ‘1‘ =1and ‘ j‘ = 1, but this time the angle between i and j is a right
angle, so 6 = 90°. Because cos 90° = 0, we now have i-j=0. Notice then that

i-j=ji=0

Similarly

jk=k-j=0
and

i-k=k-i=0



Structural chemistry 207

Now consider what happens if we need to calculate the scalar product of
two vectors that are defined in terms of the unit vectors i, j, and k, such as

a=3i+2j+k,andb=2i-j+k
We can expand this product as we would with any pair of brackets:
a-b=CGi+2j+k)-Q2i-j+k)
=3i-QRi-j+k+2j-Qi-j+k+k-Qi-j+k)
=6i-i-3i-j+3i-k+4ji-2jj+2j-k+2k-i-k-j+k-k
Because
i-j=j-i=j-k=k-j=i-k=k-i=0
and
i-i=j-j=k-k=1
this leaves us with
a-b=6-2+1=5

As well as calculating the scalar product of a pair of vectors, there are occa-
sions when we need to multiply vectors and retain some of the information
about direction. To do this, we can calculate the vector product of a pair of
vectors. This is denoted as a x b, and is defined as

axb=]|a||b|sind n

where the symbols have the same meaning as in the case of the scalar prod-
uct. Notice this time, however, that the vector product is defined in terms of
a vector n .

This gives the direction of the resulting vector and is itself of magnitude 1. n
is perpendicular to both the vectors a and b, and its direction (up or down) can
be found by using the corkscrew rule. If we imagine a right-handed corkscrew
that rotates from vector a to vector b, then the direction of travel of the corkscrew
gives the direction of the vector fi .

Note that

axbzbxa

because the corkscrew rule results in the vector product pointing in oppo-
site directions.
However

axb=-bxa

We can apply this rule to calculate the vector products between pairs of the
unit vectors i, j, and k. Because the angle between pairs of unit vectors is 0°,
sin # = 0, and so the vector products between a pair of identical vectors must
be zero. This gives

ixi=jxj=kxk=0
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where the zero is technically a vector quantity. We also know that sin 90° is
1, so, for a pair of perpendicular vectors, we do not need to worry about this
term, and we again obtain a unit vector. If i, j, and k form a right-handed set so
that the corkscrew rule can be applied, we obtain

ixj=k
kxi=j
jxk=i

Because a x b = —b x a, we also have

jxi=-k
ixk=-j
kxj=-i

This information allows us to calculate the vector product of any pair of vec-
tors that are expressed in terms of the unit vectors i, j, and k. Using the exam-
ple just presented, where

a=3i+2i+k
b=2i-j+k
the expansion of the brackets gives
axb=Gi+2j+k)xQ2i-j+Kk)
=3ixQRi-j+k+2jxQRi-j+k)+kxQi-j+k)
=3ix2i-3ixj+3ixk+2jx2i-2jx%xj
+2jxk+2kxi-kxj+kxk
Now
ixi=jxj=kxk=0
This leaves
axb=-3ixj+3ixk+4jxi+2jxk+2kxi-kxj
We can now substitute for each of these individual vector products to obtain
axb=-3k+3(-j) + 4-K) + 2i + 2j — (i)
=-3k-3j—-4k +2i+2j+i

=3i-j-7k
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Figure 6.11 A carbon atom in a tetrahedral environment.

Worked example 6.7
The methane molecule may be thought of as containing a carbon atom
at the centre of a cube together with four hydrogen atoms at alternate
corners. Use this information to calculate the bond angle in methane.

Chemical background
Using the Valence Shell Electron Pair Repulsion (VSEPR) model, we
would expect the four regions of electron density around the central car-
bon atom to be as far away from each other as possible. This leads to the
arrangement described in the question, which is a regular tetrahedron.
Such a structure has been confirmed experimentally by means of elec-
tron diffraction.

Solution to worked example 6.7

It is necessary to formulate this problem in terms of unit vectors. If we
set up the cube as shown in Figure 6.11, we can define three axes x, y,
and z as shown. The carbon atom C is placed at the centre, and the four
hydrogen atoms at alternate corners. We choose to label two of these A
and B and will be calculating the angle A—C—B. Atom A is chosen to be
at the origin of our coordinate system, and we will assign the cube an
arbitrary length d. We are going to determine the angle by calculating
the scalar product between vectors AC and BC.

We can define each of these vectors in terms of the unit vectors i, J,
and k by referring to Figure 6.11. One way of moving from A to C is to
move along half the side of the cube in the x-direction, then by the same
amount in the y-direction, and finally by the same amount again in the
z-direction. This allows us to define the vector from A to C as

AC =Yadi + Y2dj + Yadk
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The tetrahedral structure of
methane was also predicted
by van’t Hoff in 1874 on
the basis of the observa-
tion that only one isomer of
compounds such as CH,CI

and CH,Br has ever been
observed.
Cl Br
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To move from B to C, we need to move Y2d in the negative x-direction,

Y2d in the negative y-direction, and Y2d in the positive z-direction. We
therefore have

BC = -1adi - Vadj + Yadk

Both of these vectors will have the same modulus, which is

2 2 2
aciepocl- [ La] o[ 3] +{1e]
2 2 2
> d* d*
=4 +t—+—
Va " 4" 4

and so the scalar product is
AC-BC = d,}é deé x cos 6
4 4
=d*x 3 x cos 6
4
=§d2 cos 6
4

where 0 is the required bond angle.
Calculation of the scalar product by combining the unit vectors

and using

iri=j-j=k-k=1
and

i-j=j-k=k-i=0
gives

s 1)



These two expressions for the scalar product can now be equated to give
éd2 cosf = —id2
4 4

Dividing both sides by d? and multiplying both sides by 4 gives

3cosf=-1

cosf = —l
3

and so 6 can be found by taking the inverse function:

6 =cos™ (—IJ
3

Using a calculator set to “degrees” mode gives 6 = 109.5°, which is the
tetrahedral value expected.

Worked example 6.8

A unit cell can be defined in terms of the three vectors a, b, and ¢ along
its edges. The angle between b and ¢ is known as «, that between a and
c as 0, and that between a and b as . A monoclinic crystal is defined as
one having « and y equal to 90° with (3 having a value greater than 90°.
In this case, the vectors a, b, and ¢ are related to the unit vectors i, j, and
k by the equations

a=asin Gi + acos fk

where a, b, and c are the magnitudes of the vectors a, b, and ¢, respec-
tively. Use the fact that the volume V of the unit cell is given by the triple
scalar product

V=a-(bxc)
to obtain an expression for the volume of the unit cell in terms of a, b, c,

and (. Note that, strictly speaking, we need to take the modulus la - (b x
o)l of the triple product to account for the fact that it can be negative.
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Use the calculator

buttons m followed
by E to perform this

calculation.
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Chemical background
Unit cells can be characterized into various types on the basis of the
relationships between the dimensions a, b, ¢, o, (, and . The most gen-
eral case in which these quantities are all independent is known as a
triclinic unit cell. In the hexagonal cell, a and b are equal, « and [ are
both 90°, and ~y is 120°.

Solution to worked example 6.8
This question requires us to calculate a triple scalar product; it is called this
because three vectors are involved and the result will be a scalar quantity.
We evaluate the vector product enclosed in brackets first and then use
this result to calculate the scalar product.
The vector product is given by

b xc=bjxck
=bcj xk

because the scalar quantities b and ¢ can be multiplied directly. Because
Jj x k=1, we now have

b x ¢ = bci
We are now able to calculate the required scalar product, which is given by

a-(bxc) = (asin Bi+ acos GK) - (bci)
= (a sin Bi) - (bci) + (a cos BK) - (bci)
=abc sin Bi - i + abc cos Ok - i

multiplying out the terms in the brackets. Because k-i=0andi-i=1,
this leaves

a-(bxc)=abcsinf

which is equal to the volume of the monoclinic unit cell.

6.5 X-ray diffraction

Bragg’s law gives us information about the behaviour of diffracted x-rays from
one particular set of planes in a crystal. However, as we have seen above, there
are many planes existing in a crystal lattice. Interpretation of the complex pat-
terns, arising from the diffraction of x-rays from many different crystal planes
simultaneously, enables us to obtain detailed information on crystal structure.
It is generally possible to locate the positions of atoms in a unit cell, and these
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positions are generally expressed in terms of fractions of each of the dimen-
sions a, b, and c, known as fractional crystallographic coordinates and often
written as x/a, y/b, and z/c.

6.5.1 Complex numbers

A complex number z is one of the form
z=a+ib

where a and b are “real” numbers, which may be positive or negative and have
values such as —3.4, 2.6, 7.0, and so on. The number i is defined by the equation

P=-1

which seems strange at first when you realize that taking the square root of
either side leads to

i=+-1

This i should not be confused with the unit vector i, which we met earlier in
this chapter. You may also see the square root of —1 represented by the symbol
Jj, not to be confused with the unit vector j.

In a complex number z, the number a is known as the real part of z, and b is
known as the imaginary part of z. So, if we have the complex number

z=2-3i

its real part is 2 and its imaginary part —3.

In chemistry, such numbers have uses in crystallography and also in quan-
tum mechanics, as we will see in Chapter 7.

We can perform the usual arithmetic operations on complex numbers. In
the case of addition and subtraction, we need to treat the real and imaginary
parts separately, so that for example,

B-=-2D0+0G+)=0B+5+2i+1iQ)
=8-i

In the case of multiplication, we need to consider every possible term as we
have seen previously when multiplying a pair of brackets. For example,

C-3)4+D=2x@+i)-3ix@+1i)
=8+ 2i—12i -3
Because 2 = —1, this becomes
8-10i-3(-1)=8-10i +3
=11-10i
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There is a useful relationship regarding the exponential of an imaginary
number, one which contains only an imaginary part. This is

e™ = cos kx + isin kx

e ™ = cos kx — isin kx

Worked example 6.9
The structure factor F(h k [) for a particular reflection of x-rays from a
crystal is made of contributions from each of the atoms (xj, YV zj) in a unit
cell and is governed by the values of the integers A, k, and I. The expres-
sion for its calculation is

F(hkl) = E £, exp2mi(hx; + ky, +1z,)

where f;is the atomic scattering factor for atom j. In a face-centred cubic
lattice, the atomic positions (xj, YV zj) are (0, 0, 0), (\2,2, 0), (2, 0, V2), and
(0, 2, ¥2) . Show that if &, k, and [ are all even or all odd, F(h k) = 4]_‘,,,
but otherwise F(h k [) = 0.

Chemical background
The structure factor gives the amplitude of all the diffracted waves when
the contributions from each atom in the unit cell are added together. The
square of this is then proportional to the intensity that can be measured.
The atomic scattering factor is a measure of how strongly an atom dif-
fracts and, because the electrons are responsible for diffraction, it is pro-
portional to the number of electrons in an atom of a given type.

International Tables for The integers A, k, and [ define particular planes in the crystal and, as this
Crystallography lists the problem shows, certain combinations of these values lead to zero struc-
reflection conditions for the ture factors and hence intensities for certain symmetries. In fact, these
space group P2,/ as systematic absences, as they are known, are characteristic of particular
hOll=2n space groups.
0kOk=2n
0011=2n Solution to worked example 6.9

The first stage is to expand the expression given for F(h k [) in terms of
Thus, for odd values of the the cos and sin functions. It is worth remembering that exp(ax) means

indices specified, no : :
168 5p! ’ €™, so these are exponential functions. Consequently,
reflections will be seen.

F(hkl) = E £, exp(milhx, + ky, +12,))

= E f; [cos 2nu(hx; + ky; +Iz;) +isin 2m(hx; + ky; + lz_,-)]

Remembering that the symbol ¥ denotes summation, we now need to
write this expression out in full by substituting the values of (x, y, z) for
each of the four positions given. We do this and obtain



F(hkl)= f;[ cosO+isin0 |

N | —

+ 1 COSZJ'I{;h+

k |+isin2m lh+lk
| 2 2
cos2m lh+ll +isin27 lh+ll
i 2 2 2 2

+ f,| cos2m lk+ll +isin2m 1k+1l
i 22 2 2

This can be simplified since, for example,

+f

w

1 1
cos2n| —h+ —k |=cosm(h + k)
2 2

and we know that cos 0° =1 and sin 0° = 0, so we obtain

F(hkl) = f, + f,[ cosm(h+ k) +isinm(h+k) ]
+f3[cosn(h+l)+isinn(h+l):|

+fi [cosn(k + D) +isinm(k + l):l

If we look at Figure 6.5(a), we see that the value of sin 0 is zero when 6 =
=27, —m, 0, 7, and 271. These are multiples of 7, so all of the sine terms in
the preceding equation will be zero because A, k, and [ are all integers. If
all atoms are of the same type, we put Jj = f, and so this leaves us with

Fthkl)=f[1+cosa(h+k)+cosm(h+1)+cosnk+ 1]

If we now look at Figure 6.5(b), we see that cos 6 is 1 when @ has the val-
ues — 27, 0, and 27: in other words, at multiples of 277. When 6 has values
of —m and 7, it is equal to —1; in other words, at odd multiples of 7.

We have four cases to consider. First, if 4, k, and [ are all even, then
the quantities 7z(h + k), #(h + [), and 7(k + [) will all be even multiples of
7, and so we have

FhkD)=f1+1+1+1]=4f

Equally, if &, k, and [ are all odd, then the quantities 7z(h + k), 7(h + 1),
and n(k + [) will all be even multiples of 7, and so, as in the preceding
equation,

Fhkl)=4f

Structural chemistry

215



216 Chemical calculations: Mathematics for chemistry, second edition

There are several types of
symmetry elements, which
include mirror planes, rota-
tion axes, and centres of
symmetry.

The situation is more complicated if one or two of 4, k, and [ are odd. For
example, if / is odd and k and [ are both even, then we have

h + kis odd
h + [is odd

k + [ is even

Because odd multiples of 7 give cos § = —1, and even multiples of 7 give
cos 6 = 1, this will give

FhkD)=fll-1-1+1]=0

The same reasoning applies if k or / is odd and the other two indices are
even. Now suppose two of &, k, and / are odd. If both & and & are odd,
we have

h + k is even
h + lis odd
k + lis odd
which leads to
Fhkh)=f[1+41-1-1]1=0

The same applies for other pairs of odd values of 4, k, and /.

6.6 Symmetry operators

We have already met the idea that crystals consist of regular repeating units.
Another way of expressing this is to say that they possess symmetry. As well
as being important in crystals, symmetry may also be evident at the molecular
level. For example, when we considered methane in worked example 6.4 it was
obvious that all the hydrogen atoms were equivalent and that we could choose
any pair when calculating the bond angle. In fact, if you were to rotate the
methane molecule by 120° about any bond, then you would obtain a molecule
that was indistinguishable in orientation from the one you started with.

The subject of symmetry is quite complex, and athorough understanding requires
some knowledge of the branch of mathematics known as group theory. Here we
will only look at how individual symmetry operations can be represented.
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6.6.1 Matrices

A matrix is a set of numbers arranged in rows and columns and enclosed by
one pair of brackets per matrix. An example would be

2 3

4 5
This is known as a 2 x 2 matrix because it has 2 rows and 2 columns. A 2 x 3
matrix has 2 rows and 3 columns, and an example would be

1 2 3
7 8 9
We can only calculate the sum or difference of two matrices if they have the

same dimensions. The operation is performed using the corresponding ele-
ments of the two matrices. For example, if

2 3 1 2
A= and B=
4 5 3 4
we have
2 3 1 2
A+B= +
b
B 2+1 342
4+3 5+4
_3 5
7 9
and

It is also possible to multiply a matrix by a number, which effectively acts
as a scaling factor. For the example above, we could scale matrix A by a factor
of 2 so that
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It is possible to define a
matrix for any symmetry
operation. For example, the
centre of symmetry converts
a set of coordinates (x, y, z)
into (—x, —y, —z) and could be
represented by the matrix

2A=2[2 3]=[zxz zx3J=[4 6J
4 5 2x4 2x5 8 10

Two matrices can only be multiplied together if the number of columns in
the first matrix is the same as the number of rows in the second. It is possible
for a 3 x 2 matrix to be multiplied by a 2 x 1 matrix; the result wouldbe a 3 x 1
matrix. However, you cannot multiply a 2 x 1 matrix by a 3 x 2 matrix because
the number of columns in the first (1) does not match the number of rows in the
second (3). The order of multiplying matrices is therefore important.

To perform the multiplication, we need to multiply each element in the rows
of the first matrix by the corresponding elements in the columns of the sec-
ond matrix. These pairs of numbers are then added to give the element of the
matrix, which appears in the position given by the intersection of this row and
column. For example, if we wish to calculate

2 4
1 2

6 8
5 6

7 1

then, because we are multiplying a 3 X 2 matrix by a 2 x 2 matrix, we expect to
obtain a 3 x 2 matrix. Matching elements from the first row of the first matrix
and the first column of the second matrix gives us

Cx1)+@x5)=22

This result appears in the position defined by the intersection, i.e., the first row
and the first column in the results matrix. Now, working along the second row
of the first matrix and the first column of the second matrix, we have

6Gx1)+(@8x5) =46

and this appears in the position defined by the first column and the second row
of the results matrix. We build up the whole matrix in this way to give us the
final result:

(2x1)+(4x5) (2x2)+(4x6)) (22 28
(6x1)+(8x5) (6x2)+(8x6)|=|46 60
(7x1)+(1x5)  (7x2)+(1x6)) (12 20

+ o+

Worked example 6.10
The operations defined by the symmetry elements in methane can be
expressed in matrix notation. The four hydrogen atoms can be repre-
sented by the 1 x 4 matrix

(HA HB HC HD)



Multiply this matrix by each of the following 4 x 4 symmetry matrices
to determine the 1 x 4 matrix, which defines the resulting position of
each hydrogen atom:

0O 1 0 O 0 0 0 1
@ 0O 0 1 O ®) 1 0 0 O
a

1 0 0 O 0 1 0 O

0 0 0 1 0 0 1 O

0 0 1 O 0 0 1 0
© 0O 0 0 1 @ 0O 1 0 O
c

0O 1 0 O 0 0 0 1

1 0 0 O 1 0 0 O

Chemical background

Methane is said to belong to the point group known as T,. A point group
characterizes the symmetry elements possessed by a molecule; in the
case of T, these are listed as E, 8C,, 3C,, 6S,, and 60,. E is an identity
operation that leaves the molecule unchanged. C, represents a rotation of
3603 (i.e., 120°), and C, a rotation of 360%2 (i.e., 180°). S, is known as
an improper rotation and involves rotation of 360°4 (i.e., 90°), followed
by reflection across the symmetry plane perpendicular to the axis of
rotation. G, is a dihedral symmetry plane that bisects the angle formed
by a pair of C, axes.

Solution to worked example 6.10
Application of the first symmetry operator matrix requires us to perform
the multiplication

0 1 0 0
0 0 1 0
(HA H, H. HD)1 0 o o
0 0 0 1

This is a 1 x 4 matrix multiplied by a 4 x 4 matrix, and will produce a
1 x 4 matrix result.

Structural chemistry
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A B C A

Figure 6.12 A three-fold rotation applied to a methane molecule.

We calculate this as shown in the example above, but the presence of
several zeros in the symmetry operator matrix assists this process con-
siderably. We will generate the 1 x 4 matrix by matching elements in the
initial 1 x 4 matrix with elements in each successive column of the 4 x 4
matrix. For the first column, we obtain

(H,x0)+(H, x0)+H.x 1)+ (H,x0)=H,
Subsequent columns give
(HAx 1)+(HB><0)+(HC><O)+(HD><O)=HA
H,x0)+H,x1)+MH.x0)+(H,x0)=H,
H,x0)+H,;x0)+H.x0)+H,x )=Hj
so that the final matrix is
(H.H,H,H,)

Comparison with the initial matrix shows that H, has moved to the posi-
tion formerly occupied by H, H, to that by H_, H_ to thatby H,, and H |
has remained in the same position. The matrix consequently represents
arotation of 120° about the C-H ; bond, and the net result of performing
this symmetry operation is shown in Figure 6.12.

Similar calculations give the following results for applications of the
remaining symmetry operator matrices:

(b) (H,H.H_ H,)
© (H,H.H, H)
d (H,H,H, H)
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2.2cm
1.8cm

0 N

1.3cm

Figure 6.13 The right-angled triangle referred to in question 4.

Exercises

1.

The two perpendicular sides in a right-angled triangle have the lengths
4.62 and 8.31 cm. What is the length of the hypotenuse?

. Calculate the distance between the following pairs of points:

@ (1,2) and 3,4)
(b) (7,-2) and (3,1)

() (=6,-5)and (-3,2)

. Calculate the distance between the following pairs of points:

(@ (3,1,6) and (4,34)
(b (2.1,-3) and (1,0,-1)

© (5,79,-2) and (6,-1,3)

. In the right-angled triangle shown in Figure 6.13, calculate sin 6, cos

0, and tan 6, giving your answers correct to 2 decimal places.

. Determine the angles in the triangle defined in Figure 6.13.

. Calculate the following, giving your answers correct to 3 decimal

places:

(@ sinl11°
(b) cos(=32°)

(¢c) tan 108°

. Calculate the following to 4 decimal places:

(@ sin(/3)
(b) cos(=37/4)

(©) tan(m/6)
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8.

10.

11.

12.

13.
14.

Solve the following equations, giving your answer in degrees.
(@ sinx=0.352
(b) cosx=-0.108

() tanx=0.764

. Solve the following equations, giving your answer in radians.

(@ tanx+1)=0472

(b) cos(3x +2)=0.564

(© sin(x—1)=0.552

Calculate the modulus of these vectors:
@ 2i-2j-3k

(b) 2i+4j-6k

(© =3i+2j+5k

Determine a unit vector in the direction of each of the following vectors:
(@ 4i-2j+6k

(b -i-2j+7k

(©) 2i-6j+2k

Ifa=i+2j-3kandb=2i-j+Kk, calculate

@ a+b
(b) a-b
© a-b
@ axb

Determine the angle between the vectors 2i + 2j + k, and i — j — 2k.

Determine the real and imaginary parts of each of the following com-
plex numbers:

@ 4+2i
(b) 1-8i

© 3-2i



15.

16.

17.
18.

19.

20.

Find the values of the following expressions involving complex
numbers:

@ (3 +60)+ 4 -3i)

(b) (1 +6i)+ (7 - 4i)

© (9-8i)—(7+4i)

Determine the following products of complex numbers:
@ G+2)3-i)

() (1 +)Q2+3i)

©) @-6)3+2i)

Obtain expressions for cos kx and sin kx in terms of e and e~**,

If

calculate

@ A+B
() A-B
© AB

Calculate the product

30 1)2
4 211
1 31

If

1 2 2
A= and B-= 3
4 2 3 1

calculate (A + B)A.

Structural chemistry
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Problems

4
1. In a simple lattice the volume of atoms is 1 x gnr3 , and the volume

of the unit cell is (2r)*. What is the value of the packing fraction?

. Two carbon atoms in a layer of graphite have coordinates (1.24, 2.62)

and (2.09, 3.82) with the distances measured in Angstrdms. What is
the distance between this pair of atoms?

. A metal complex has a copper atom at (6.562, 10.888, 4.923) and an

oxygen atom bound to it at (8.290, 10.352, 4.275). What is the Cu-O
bond length if these measurements in Angstréms?

. The second-order reflections from a potassium chloride crystal occur

at an angle of 29.2° when radiation of wavelength 1.537 A is used.
Calculate the spacing of the planes responsible for this diffraction.

. The (111) planes in molybdenum carbide have a spacing of 2.47 x

1071 m. What is the first-order diffraction angle when x-rays of wave-
length 2.94 x 107'° m are fired at this crystal?

. Suppose that the atoms A and B in Figure 6.11 are not equivalent so

that the bond lengths AC and BC are different and
AC=05di+05dj+04dk
BC=-05di-0.5dj+0.6dk

Calculate the new value of the bond angle.

. The atoms in a body-centred cubic lattice are situated at the corners

of a cube and at its centre, as shown in Figure 6.14. What are the four
unique interatomic vectors in this lattice if the cube has side a?

Figure 6.14 A body-centred cubic lattice.

. Calculate the volume of the unit cell in the mineral malachite, which

has the formula Cu,(OH),CO, and crystallizes in the space group
P2 /a. The unit cell is monoclinic and has dimensions a = 9.502, b =
11.974, ¢ =3.240 A, and B = 98.75°.

. A crystal containing a twofold screw axis has equivalent positions

(x,y,2) and (=x, =y, z + 0.5).

(a) Obtain a general expression for F(0 0 [).
(b) By considering the positions (0,0,0) and (0,0,0.5) show that F(0 0
) # 0 when [ = 2n.
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Cl Cl

Pt ——— 3y

NH; NH5

Figure 6.15 The structure of cisplatin.

10. The anticancer agent cisplatin has the structure shown in Figure 6.15,
which also shows a set of coordinate axes that can be used to define
the positions of each atom.

Write a matrix equation for finding the 2 x 1 matrix

b))
which defines the position of N2 or CI2 starting from the correspond-

ing matrix containing x, and y,, which defines the position of the
other atom of the same type (N1 and CI1).
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Quantum mechanics

The ideas involved in quantum mechanics can be expressed quite concisely,
yet a detailed study of individual quantum mechanical systems seems to rely
heavily upon mathematics. In some ways this is unfortunate, as there is a dan-
ger that the underlying concepts may be lost in this detail. However, it is essen-
tial to be able to apply these ideas if we are to obtain results that are of use, and
which may be compared with experimental data. In this chapter, we will deal
with the mathematics needed for some of the simpler concepts before looking
at more complicated situations that need more specialized tools.

7.1 Energy-level transitions and appropriate precision

It is important when performing calculations to quote results to an appropriate
number of figures, as discussed in Chapter 2, Section 2.2.2, on page 25. Often
we are concerned not to give too many figures. However, in quantum mechani-
cal calculations there are times when the temptation is to give too few.

Worked example 7.1
In 1963 the SI unit of length, the metre, was defined as 1 650 763.73
wavelengths of the orange-red radiation from krypton-86. Calculate the
(a) wavelength, (b) frequency, and (c) energy of this radiation.

Chemical background
Krypton-86 is one of the five stable isotopes of this element. Krypton is
a colourless gas that is generally inert, although it can form compounds
with fluorine. It finds use in fluorescent lamps.

Solution to worked example 7.1

(@) If there are 1 650 763.73 wavelengths in exactly 1 m, the length of a
single wavelength will be

1

———————m=6.05780211x 10" m
1650763.73

Notice that because we are dealing with a length of exactly Im, it is
the number of significant figures in the denominator that determines
the number of significant figures in the answer.

Isotopes are atoms of the
same element that differ only
in the numbers of neutrons in
their nuclei.

Use the button to

determine a reciprocal value.
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Use the button on

your calculator to enter
powers of 10; for negative
powers use the

H button.

(b)

©

Frequency v is calculated from wavelength 1 using the formula

c
V=—

where c is the velocity of light in a vacuum. In order to avoid los-
ing precision, we need to take the value of ¢ to at least 9 significant
figures; this is 2.997 924 58 x 108 m s7'. The calculation is then

_ ¢ 299792458 x10°ms”'
A 6.05780211x107m

v =4.94886516 x 10'*s7!

Alternatively, this could be written as 4.94886516 x 10" Hz. Note
that choosing the value of ¢ to 9 significant figures means that we
can also quote v to 9 significant figures.

Energy E is given by the formula
E=hv

where & is the Planck constant. Because v was obtained to 9 signifi-
cant figures in the previous part, we can ensure that £ can be quoted
to this level of precision by choosing a value of 4 to 9 significant fig-
ures. However, the uncertainty in 4 means that it is typically quoted
to a maximum of 8 significant figures, viz.,

h=6.6260755%x102*Js

Using this value gives

E=hv
=6.626 0755 x 10734 J s x 4.94886516 x 10" s7!
=3.2791554x 1077

where we are only justified in quoting 8 significant figures due to the
limitation in the value of A.

7.2 The photon

The concept of a photon is central to an appreciation of quantum mechanics. It
is one unit of electromagnetic radiation, also known as a quantum. This is an
example of the idea that quantities traditionally regarded as waves, in this case
radiation, can behave as discrete particles.

7.2.1 Mathematical relationships

We saw earlier in Chapter 3, Section 3.7.3, on page 88 that if we know that
a pair of variables are related proportionally, then it is possible to obtain an
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expression for the relationship between them. Sometimes, we do not know what
this relationship is, or even whether it exists at all. We then need to inspect the

data given to see if it is possible to obtain such a relationship.

Worked example 7.2
Derive an equation that relates the energy E of a photon to its frequency
v, given the following data:

E v
1077 10"s™
19.89 30

9.945 15
6.630 10
4.973 7.5
3.978 6.0

Calculate the energy corresponding to a frequency of 8.57 x 10" s~

Chemical background
When light is absorbed by the surface of a metal, electrons are ejected,
but this only happens when the frequency of light is above a certain
value. Classically, we would expect light of high intensity but low fre-
quency to also cause the ejection of electrons, and this discrepancy led
Einstein to propose that light consisted of discrete photons.

Light

Electrons |
4| > |

@

Figure 7.1 The apparatus used to demonstrate the photoelectric effect.

This is the basis of the
well-known photoelectric
effect, which is often used as
an introduction to quantum
mechanics. The experimen-
tal arrangement for this
demonstration is shown in
Figure 7.1. The maximum
kinetic energy of the elec-
trons is proportional to the
difference between the fre-
quency of the incident radia-
tion and the value known as
the threshold frequency.
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16
14
12
10

o N O

A E/10-19J

1 1 1 1 1 ] » /101451
0

Figure 7.2 Graph of photon energy against frequency using the data given in worked example 7.2.

Solution to worked example 7.2
Notice that the table headings are given as quotients including the units,
as we have seen previously. Although it would be possible to expand
each value in the table in terms of its units, it is actually neater not to do
this but to work with the table headings as they are given.

A casual inspection of the data shows that as the values of E increase,
so do the values of v, as shown in Figure 7.2. The simplest relationship
we could hope to find, then, would be that of direct proportion. In that
case, the ratio E/v would be constant and equal to the constant of propor-
tionality. If the ratio E/v is constant, it is also true that the ratio

’7
1077
1%

10%s7!

is a constant, this being easier to calculate from the data given. Our table
of data can then be extended to include this calculation.

E
E v 1077
10" 10" /
105

19.89 30 0.663
9.945 15 0.663
6.630 10 0.663
4.973 75 0.663

3.978 6.0 0.663
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The constant ratio term indicates that £ and v are indeed directly pro-
portional and are related by the equation

E/ -19
L1077T 663

v
10"~

We can multiply both sides by 1/10* s7! so that this becomes

E  0.663xv
10777 105!

We can also multiply both sides by 107! J to obtain

1%
1014S—1

E =0.663 x x107°7

The powers of 10, 107%/10** combine to give 10 or 10-*, and the
unit J/s7' is the same as J s. This then gives the relationship as

E = (0.663 x 103 J s)v
= (6.63% 10 J s)v

The quantity in brackets is known as Planck’s constant and is normally
given the symbol £, so we obtain the relationship

E=hv
where & = 6.63 x 104 J s. This expression should be familiar from the
previous section.
We can now substitute in the value of v of 8.57 x 10" s~! to give

E=6.63x102*]sx 857 x 10" s™

=568 %1077

231

because the units s and s~ cancel. Notice that because the frequency value Powers of 10 are entered

of 8.57 x 10" s! falls within the range of the values given in the ques- i
tion (6.0 — 30 x 10" s7"), this is known as interpolation. If we had been
calculating the energy by using a frequency value outside this range, it
would be known as extrapolation (Figure 7.3). We can be less confident
of extrapolating reliably because the relationship we have obtained may
not be valid over other ranges of frequency.

using the

button.
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VA

< Interpolation >
region

\ 4
>

Extrapolation
region

Figure 7.3 Interpolation and extrapolation.

7.3 Forces between atoms

Despite the successes of quantum mechanics, the classical view of atoms can
still be very useful and is more appropriate in some circumstances. We are
often interested in the interactions between atoms, as these allow the predic-
tion of properties such as the energy and structure of a system.

7.3.1 Proportionality

The subject of proportion was discussed in Chapter 3, Section 3.7.3, on page
88. There we saw that if two quantities x and y are proportional to each other,
then y/x = k, or y = kx, where k is the constant of proportionality.

Worked example 7.3

One model of a chemical bond is that of a simple spring, as shown in
Figure 7.4, in which the force acting on the spring is proportional to the
displacement of the bond length from its equilibrium value. In this case,
the constant of proportionality is known as the force constant of the
bond and has the value of 440 N m™ for a single bond between a pair of
carbon atoms. Calculate the force on this bond if it is displaced by 2.5
pm from its equilibrium position.

+ o~ (QUIRUIO0I00)

((((‘1“"!‘“.“»"))))

(b)

Figure 7.4 The (a) displacement of a spring from its (b) equilibrium position.
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A E
kJ mol-1
1.5
1.0
0.5
0 | L » )4

1.45 1.50 1.55 1.60

Figure 7.5 The energy arising from the displacement of a bond from its equilibrium length.

Chemical background
Such calculations form the basis of the molecular mechanics method
for calculating molecular structures and energies. The energy E arising
from the displacement of a particular bond is calculated from an equa-
tion of the form

1
=—k(l-1)*
5 (-1,
where k is the force constant, / the observed length, and [ the equilib- Typical values of these
rium length. Figure 7.5 shows a plot of E against [ for the displacement parameters for a single bond

between a pair of carbon
atoms would be k = 4.40
mdyn A~ and / = 1.523 A.

. These non-SI units are invari-
Solution to worked example 7.3 ably used in calculations of

We need to set up an equation to relate the force F to the displacement x. this type.
Because F < x, it follows that

of the bond being discussed here.

F =kx

and we are given the value of the proportionality constant k in the ques-
tion. We substitute the values given into this equation to obtain

F =440 N ' X 2.5 pm
=440 Nm”' x2.5%x 10" m
=11x10°N
=1.1nN
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The constants A and B are
related to the depth ¢ of

the potential well and the
equilibrium intermolecular
separation r,. For xenon
these quantities have the
values 1.9 kJ mol™' and 4.06
A, respectively, the potential
curve being illustrated in
Figure 7.6.

7.3.2  Stationary points

Stationary points were discussed in Chapter 4, Section 4.6.2, on page 127. We
saw that the stationary points of the function f(x) occurred when

I _,
dx
and that
2
1)
dx*
denotes a maximum, whereas
2
AN
dx?
denotes a minimum.
Worked example 7.4

The energy E(r) of the interaction between two molecules separated by a
distance r is given by the function

A B
E(r)=-"+—
r6 r12

Locate and identify the stationary points of the function E(r).

E(r)
kJ mol-1
2
1=
0 ] ] ] ] » I’/A
70 75 80 85
J [y
2

Figure 7.6 Graph of the interaction energy E(r) as defined in worked example 7.4.



Chemical background
The function given represents the interaction energy between a pair of
molecules, but such functions have been used as “interatomic potentials”
to model the interactions of atoms in the solid phase. Other types of
function can be used to represent these interactions, and parameters such
as A and B need to be varied to give the best agreement with experimen-
tal data.

Solution to worked example 7.4
We saw in Chapter 4, Section 4.6.2 that the stationary points of a func-
tion f(x) were given by those values of x that make

dfx) _
dx

0

and that the nature of those stationary points is determined by evaluating
the sign of

d’f(x)
dx?

The differentiation of E(r) is easier to perform if we rewrite it as
E@r) = -Ar®+ Br?

because

Using the rule that

d n n-
—ax ) =anx
I (ax™)

then gives us
L (-Ar) = - AY-6
=6Ar~’
and
%(Br’lz) = Bx(-12r""")

=-12Br"

Quantum mechanics
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so that

dE(r) 6A 12B

dr r7 r13

This will be zero when

6A 12B

7 1
r r 3

This equation can be rearranged by multiplying both sides by r'* and
dividing both sides by 6A to give

r? _12B
r’ 6A
ES 2B
A
2B
A

We can finally solve this equation by taking the sixth root of either
side because

r=r

In other words, the process of taking the sixth root is the inverse of rais-
ing a number to the power 6. The same relationship holds for any other
power. Having done this, we finally obtain

,oo?B
A

This tells us the position of the stationary point but nothing about its
d’E(r)

2
r

nature. We now need to calculate
tiating the equation

, which we can do by differen-

dE(r) 6A 12B

dr r7 1’13

which is easier to do if we rewrite it as

dE(r)
dr

=6Ar7 - 12Br™"
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Using the same rules of differentiation as before gives

2
TL _ (6x (DA + (=12 x (—13) B

art

= -42Ar 8 +156Br™
_42A 156B

+
8 14
r r

Because the minimum occurs when

it follows that

2
It helps if we can rewrite our expression for —- in terms of powers
d

of 7°. r

d*E  42A 156B
dr’ =~ 8 + 14

1[ 42A 1563]
== - +

r r6 }’12

Now,

and so

237
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d’E_ 1| 424 1568
ar* r’ 2ly 4B’
A A?

1 [_424% 156BA’
P 2B 4B’

1[_2147 394
r B B

1184°
r* B

2

Because A and B are both positive constants,

2
zero, indicating a minimum. dr

7.4 Particle in a box

One of the first quantum mechanical systems treated in a study of the subject
is usually the particle in a box. This consists of a particle constrained within a
one-dimensional box of a specified width, within which the potential energy is
zero and outside of which the potential energy is infinite. The model is readily

extended to two- and three-dimensional systems.

7.4.1 Complex numbers

We met the concept of complex numbers in Chapter 6, Section 6.5.1, on page
213. In particular, we saw that a complex exponential could be expressed by

the equation

e*=cos kx + i sin kx

Worked example 7.5

The wavefunctions ¥ for the particle in a one-dimensional box are given

by the expression

L

201211 e ik
w2 (B

where i? = -1, a is the length of the box, x is the position of the particle
within the box, and k is a constant. Simplify this expression.

must be greater than
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Chemical background
The constant k is actually given by the formula

\N8t*mE

h

k=

where m is the mass of the particle, E is its energy, and 4 is Planck’s con-
stant. If we apply the boundary conditions that the wavefunction must fall
to zero at x = 0 and x = a, we can solve this expression to give the allowed
values of the energy, as we will see in the next worked example.

Solution to worked example 7.5
We need to use the relationships

e = cos kx + i sin kx

and
e = cos kx — i sin kx

We then have

0| =
—_

- 2 2| (e ey
a 2i
L
2121 .. .
=| — | | == | [coskx +isinkx — (cos kx — isin kx)]
a 2i
L
2121 . .
=) 2 [cos kx + i sin kx — cos kx + i sin kx]
a i

The graph of this wavefunction is shown in Figure 7.7.
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0 a X

Figure 7.7 Graph of the wavefunction ‘¥ for the particle in a one-dimensional box of length a.

7.4.2  Sequences

In Chapter 3, Section 3.4.3, on page 64, we met the idea of a function for the
first time. This was represented by f(x), where x was a number upon which
certain operations (such as multiplication by a constant, raising to a power,
and so on) were performed. A sequence differs from a function only in that x
is replaced by n, where n is an integer (i.e., a whole number) and is therefore
restricted to the values 0, 1, 2, 3, 4, ...

For example, we could define a sequence as

fm=3n+1forn=0
We would then have

fO)=3x0)+1=1
f)=@xD+1=4
fQ)=3x2)+1=7

f3)=3Bx3)+1=10

and so on. It is necessary to specify the starting value of n, which will usually
be 0 or 1. This can be done using a greater than sign (>) or a greater than or
equal to sign ().

In quantum mechanics, we are often concerned with the idea that particles
may only occupy discrete energy levels that are also labeled with integers (usu-
ally from 1 upwards).

Worked example 7.6
The energy E of each level n in the one-dimensional particle in a box
problem is given by the function

2,2
n-h
2

E(n) =

8ma
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for n > 1 where m is the mass of the particle, a is the width of the box,
and A is Planck’s constant. Find the sum of the first five terms of this
sequence in terms of a, h, and m.

Chemical background
The pi electrons in hexatriene are delocalized, and each can be thought NN
of as being contained in a one-dimensional box of length 7.3 A, this =
being the distance between the terminal carbon atoms plus half a bond
length on either side.

Solution to worked example 7.6
We need to add together five terms of the form

n’h?

2
8ma

2
is common to each of these

Once we realize that the quantity
8ma

terms, we can write the required sum as

2 2
Sh 2(12+22+32+42+52)=8h S(1+4+9+16+25)

ma ma

_55K°

8ma’®

These energy levels are shown in Figure 7.8.

This is analogous to summing the energies of electrons in a molecule
where each pair occupies a separate energy level.

h2
8 maz2
A

25 ———n=5
16 — n=4
9 n=3
4 n=2
1 n=1

Figure 7.8 The energy levels available to a particle confined to a one-dimensional box.

241



242 Chemical calculations: Mathematics for chemistry, second edition

Because we are now dealing
with three quantum numbers,
it is possible to obtain degen-

erate energy levels. These
have the same energies but
different quantum numbers,
for example, E(1,2,1) and
E(1,1,2) whena=b=c.

This model could be used

to represent, say, nitrogen
gasina 10 cm x 10 cm x 10
cm container. The calcula-
tion would then show that
the separation between the
energy levels is extremely
small and so there is no
effective quantization on this
scale.

7.4.3 Inverse functions

This topic has been dealt with in Chapter 5, Section 5.6.2, on page 173. We saw
that the effect of an inverse function arcf(x) is to undo the effect of the original
function f(x). In particular,

f(arcf(x)) = x and arcf(f(x)) = x

Worked example 7.7
The quantum mechanical energy E of a particle in a three-dimensional
box is given by the function

2 2 2 2
nx ny 4

Eng,ngn)=—| =+ —+—
8m| a® b ¢

where £ is Planck’s constant and m the mass of the particle. The quantum
numbers n,n, and n relate to the directions x, y, and z in which the box
has dimensions a, b, and c, respectively.

Obtain an expression for the inverse function arcE(n) in the special case
wheren =n =n_=nanda = b = c=d which is the situation existing
in a cube.

Chemical background

The extension of the quantum mechanics of the particle in a one-dimen-
sional box to three dimensions is relatively straightforward. This is
because the motion in the three perpendicular directions x, y, and z can
be treated independently. If this was not so, the solution to the prob-
lem would be much more difficult to obtain. This ability to partition
the energy has important implications in both quantum mechanics and
statistical mechanics.

Solution to worked example 7.7
The first stage in this problem is to obtain an expression for E(n), the
energy of a particle in a cube. If we make the substitutions

and
a=b=c=d

into the given equation, we obtain
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W (n* n*
E(n’n,n)=8rn[d2+d2+dz

B 3h*n?
8md”>

Before we consider the inverse of this function, arc E(n), it is worth con-
sidering the stages involved in calculating E(n) from a given value of n:

1. Square n to give n>.
2. Multiply n? by 3h? to give 3h’n?.
3. Divide 3h*n* by 8md? to give

3h*n?
8md>

The reverse of this process is then as follows:

1. Multiply n by 8md? to give 8md*n.

2

2. Divide 8md’n by 3h* to give 8’;1;112 £

2

3. Take the square root of 2 to give

8md’n

arcE(n) =
3n’

7.4.4  Differentiation of fractional indices

When differentiation was introduced in Chapter 3, Section 3.5.1, on page 66,
we saw that

d n n-1
—ax )=anx
I (ax")

In other words, if we differentiate an expression containing a power of x,
we multiply by the power and reduce the power by 1. Although the examples
of this given so far have all involved integral powers of x, this by no means has
to be the case. So, for example,
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1
_25
3
This could also be written as
2
1
3x3
because
I |
= —
xn

A second example is
d 025 -0.25-1
dti ) =3x (—025)X
X
=-0.75x""%

Worked example 7.8
The density of states is the number of quantum states per unit energy at a
given energy and is an important characteristic of a quantum system. For
a system whose energy FE is given in terms of a single quantum number
n, the density of states p(E) is given by

dn
E)="
p(E) IE

Determine p(E) for the particle in a one-dimensional box.

Chemical background
The density of states function gives us a way of measuring energy level
spacing. For some systems this spacing will be constant, whereas for others
it will vary. A further complication occurs in degenerate systems, where
the degeneracy has to be included in the function as well as the spacing.

Solution to worked example 7.8
In order to calculate dn/dE we need to rearrange our expression for E to
make n the subject. Starting from

E- n’h?

2
8ma
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we multiply both sides by 8ma® to give
8ma’E = n*h?
Now divide both sides by /?* to give

8ma’E
2o

Finally, we can take the square root of each side to give
a l
— (SmE )2 =n
h
We can rewrite this in the opposite order with the variable E separate as
1 1

a 11
=—(8m)2E?
n h( m)

Before differentiating this, it may be useful to realize that

1 1 1
— 1 -
i(xz)=7xz ——x 2
dx 2 2
so that
1 1
— 1 ——
dn _a gy | Lgm
dE h 2
Because
1 1 1 1 1
82 =(4x2)2=42x22=2x22
and

1
g2 L

1
E2
we can write the expression for the density of states as

dn a 11
—=—2x2%)m? x
dE h

2E2
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so that

(i)

7.4.5 Use of standard integrals

In general the process of integration is more difficult than that of differen-
tiation. As chemists, it therefore makes sense when faced with an integral
to evaluate, to see whether the result is available, rather than starting from
scratch. This is the idea behind many books that consist entirely of tabulations
of such standard integrals. The trick in using these is to recognize which form
is appropriate; frequently, this requires a certain degree of manipulation of the
function to be integrated.
Suppose that we wish to determine the integral
0.5

dx

;!;\/1 -2x?

given the standard integral

b

The first step is to recast the function to be integrated into the required form.
This can be done by realizing that 2x needs to be become x2, which can be
realized by dividing the square root by 2 and balancing this by also dividing

the top of the fraction by \/5 . This gives

1

00 1—2x ()0 ’

1 . . . .
because the constant term T can be taken outside the integration. Comparing
2

. . . 1
the function to be integrated with the general form now shows that a* = 5 SO

fl 1
thata = 5= T . Applying the result for the standard integral shows that
2
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0.5
\/— \/7 sin 1
Yo 1-2x -

0.0

r 0.5
= 1 sin”! (X\/E)]
L 0.0

- \E [sin™ 0.5v2 = sin™ 0.0v2 J
- 0.7071[sin-' 0.7071 - sin"™! o.o]

=0.7071[ 0.7854 - 0.0000 ]

=0.5554

Worked example 7.9

The expectation value of the position of the particle within the box, <x>,
is given by the equation

Determine the value of <x> given the standard integral

2
1 1
fx sin’axdx = r —sin2ax — —cos2ax + C
4 4 8

Chemical background
The expectation value of a quantity is its average experimental value. It
clearly gives us a link between the sometimes abstract nature of quan-
tum mechanics and the real world. In some cases, expectation values
reinforce our classical view of systems, whereas in others they provide
surprising results that involve us in further thought.

Solution to worked example 7.9
We begin by recasting the standard integral given into the form sug-
gested by the particular problem. In this case the variable x is multiplied

nw . .
by the constant — ; we thus replace a in the standard integral so that
it becomes a
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2 2 1 2
fxsin2 T e = X _ X P 2 Leos| P |4
a 4 4 a 8 a

The definite integral we require is then

p . o nmx x x . [ 2nmx 1 2nmx i
xsin dx=|—-—sin ——cos
f a 4 4 a 8 a )

0

2
= a——gsinZnn—lCOSanc - 0—0—lc050
4 4 8 8

Because n can only take integral values, sin 2nmt = 0, and cos 2nn =
1. Therefore,

Consequently,

7.5 The free particle

Although a free particle that is not subject to any forces is not a particularly
interesting system from a chemical point of view, it does allow us to work
through a quantum mechanical treatment at a relatively simple level. A knowl-
edge of the potential energy of the system allows the Schrodinger equation to
be written and subsequently solved to give the general wavefunction. We then
need to apply the boundary conditions and normalize the function before it can
be used to predict properties.
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7.5.1 The complex conjugate

We saw in Chapter 6, Section 6.5.1, on page 213 that a complex number z was
defined in terms of real numbers a and b as
z=a+1ib
where i? = —1. The complex conjugate of z, known as z*, is defined as
F=a-ib

So, to obtain the conjugate of a complex number, we change the sign of the
imaginary part. If z = 2 + 3i, we would then have z* = 2 — 3i. Similarly, if z
= 2 — 4i, we would have z* = 2 + 4i. Therefore, z and z* are called a complex
conjugate pair; each one is the complex conjugate of the other.

Notice that because

e* =cos kx + i sin kx
and
e = cos kx — i sin kx

e and e~ are a complex conjugate pair.

7.5.2  The modulus of a complex number

We saw in the previous chapter that the modulus of a vector was its length,
without regard to direction. Complex numbers can be represented in a similar
fashion to vectors by use of an Argand diagram. This plots the real part a of a
complex number in the x-direction, and the imaginary part b in the y-direction.
Such a plot for the complex number 1 + 4i is shown in Figure 7.9.

The modulus of the complex number z is then given as

‘z‘ =va* + b’

y
A

4 1+4i
3+

2

1
| | | | |
-4 -3 -2-10]| 1

N
w
NG .

Figure 7.9 The Argand diagram for 1 + 4i.
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This can be compared with the expression for calculating the modulus of a
vector which we met in Chapter 6, Section 6.4.3. If we now consider the prod-
uct of z*, the complex conjugate of z, with z, we get

7%z = (a — ib)(a + ib)
= a(a + ib) — ib(a + ib)
= a® + aib — iba — i*b?
Because aib = iba, and i* = -1, we obtain
r=a’ + b

and taking the square root of both sides of this equation gives
\/z>i< =a’+b* = ‘z‘

so that the modulus of a complex number can be obtained by taking the square
root of the product of the complex number and its complex conjugate.

Worked example 7.10
One wavefunction ¥ that satisfies the Schrodinger equation for a free
particle that moves only in the x-direction is given by the equation

Y= Aexp(—i\ISJrsz ;]

where A is a constant, & is Planck’s constant, m is the mass of the par-
ticle, and E its energy when at position x. The probability of finding the
particle at a particular position is given by the function W*'¥. Determine
the equation that describes this function.

Chemical background

An example of a free particle in chemistry is an ionized electron, which
may have any energy value. The Balmer series in the spectrum of hydro-
gen converges when such electrons fall to the energy level with principal
quantum number 2.

Because the final value for the probability does not depend on x, the
free particle has an equal probability of being found anywhere in the x-
direction, and it is said to be nonlocalized.

Solution to worked example 7.10
From the expression for the wavefunction

Y= Aexp(—i\/STcsz z]
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we can immediately write down an expression for the conjugate
wavefunction

wo A exp(i\/Snsz ;J

where A* is the complex conjugate of A, and —i has been replaced by i.
We are now able to form the product of these two functions:

Y= A exp(i\/SIcsz ;jAexp(—i\ISnsz ;j

and because

this can be rewritten as

7.6 The hydrogen atom wavefunction

Wavefunctions can be defined for the electron in a hydrogen atom in both its
ground state and in higher energy states. Their form is found by solving the
appropriate Schrodinger equation, and details of this procedure can be found
in physical chemistry textbooks. The wavefunctions are normally expressed as
functions of three variables, which are the distance r of the electron from the
nucleus, the zenith angle 6, and the azimuthal angle ¢, as shown in Figure 7.10.
These quantities are known as spherical polar coordinates and define the posi-
tion of a particle in space, and are more useful than the more familiar Car-
tesian coordinates x, y, and z when we are dealing with systems such as this
where the symmetry is spherical.

In its ground state, the single
electron in a hydrogen atom
occupies the 1s shell; this
could be promoted to the

2s or 2p level in the excited
state. The numbers 1 and 2
are known as the principal
quantum number.
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X

Figure 7.10 The definition of the spherical polar coordinates r, 6, and ¢.

7.6.1 Differentiation of a product

We saw in Chapter 3, Section 3.5.1, on page 66, how to differentiate simple func-
tions. We also come across products of functions that need to be differentiated,
such as x?¢*. In this case, we need to be able to apply the standard rule for the
differentiation of a product. If our function f(x) can be expressed as the prod-
uct of two functions u(x) and v(x), such that

J&) = u@x)v(x)
then

du(x) . dv(x)

v(x)

df(x)
dx u(x)

This is perhaps more easily remembered in words as “differentiate the first
and multiply by the second, differentiate the second and multiply by the first.”
In our preceding example, we then have

u(x) = x%, v(x) = e*

and
du(x) =2x dv(x) =e* (Section 7.6.3)
dx dx
SO
2 x
d(x’e’) =" x2x+x*xe
dx

=2xe* + x%e"
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7.6.2 Integration by parts

The equation expressing the rule for differentiating a product can also be of
use to us when integrating certain more complicated functions. Writing this
with the omission of the function notation for clarity as

d(uv) du dv
=V—+u—
dx dx dx

can be rearranged to

dvd(uv) du

dx dx dx

d
by subtracting the term vd—u from both sides.
X

We can now integrate this expression:
fu@dx=fde—fv@dx
dx dx dx

Because integration is the reverse of differentiation, integrating a derivative
gives back the original function, and so we have

fde =uy
dx

which gives us
fuﬂdx=uv—fv@dx
dx dx

Here, u is a function that we will need to differentiate, and dv/dx is a function
we will need to integrate. This equation is used to perform the integration
process known as integration by parts. Now, consider the calculation of the

integral
f x In xdx

We can integrate and differentiate the term x, but with In x we would prefer to
differentiate. So, if we make the substitutions

u=Inx and ﬂ=x
dx

this gives, on differentiating «# and integrating dv/dx,
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du _ 1

dx x

2

and V=L
2

ignoring, for the time being, the constant of integration. We can now substitute
into the general equation

fuﬂdx =uy —fvﬂdx
dx dx

to give
2 2
fxlnxdx=x—lnx— x—ldx
2 2 x
2
= x—lnx—fidx
2 2
2 2
=X hx-2+C
2 4

where C is the constant of integration, normally inserted at the end of the cal-
culation for simplicity. Be aware that it is easy to forget it!

7.6.3  Calculus of the exponential function

The exponential function e* is the only function that does not change upon
differentiation and integration. We now need to use the slightly more general
result for the function e** where a is a constant. Examples are e** or ¢™**. The
rules we need are

™) =age™ and e“dx = ¢ +C
dx a

Some examples of these are

de™) .
dx

d(e4x) - 4e4x
dx

-3x

fe'“dx - _+cC
-3



Worked example 7.11
During the normalization of the wavefunction representing the lowest
electronic state of the hydrogen atom, the integral

fr2 exp(—zrjdr
ay

0

needs to be evaluated. Use integration by parts to evaluate this integral.

Chemical background

The process of normalization is used to ensure that the probability of
finding the specified particle within a given volume is correct. Because
the electron must be found somewhere within the hydrogen atom, the
probability of finding it is 1, and so the probability function derived from
the wavefunction must integrate over all space to give this value. It can
be adjusted by the inclusion of a normalization factor, which is usually
given the symbol N.

Solution to worked example 7.11
The function to be integrated is shown in Figure 7.11. We are obviously
going to use the preceding equation for performing integration by parts.
This problem is given in terms of the variable r, so the equation we need
to use is actually

fuﬂdr =uv —fvﬂdr
dr dr

when expressed in terms of this variable. We now need to assign the two

. . 2r
functions u(r) and v(r) to the two functions > and exp(—j . If we set
u(r) = r?, then we obtain, by differentiation, o

(D 0.040-
A% 0,035
0.030 -

0.025

0.020 -
0.0151
0.010+

0.005 -

0.000 T T T T T
0.0 0.5 1.0 1.5 2.0 25 A2

Figure 7.11 Graph of the function f(r) integrated in worked example 7.11.
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In some cases, the nor-
malization constant can be
represented by a generalized
formula. This is the case

for the harmonic oscilla-
tor, although the formula is
relatively complicated.
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du_

—=2r
dr

. dv . . .
whereas if we set — = r?, we obtain, by integration,
r

1 5
v(r)—3r

The first of these seems to be leading towards a simpler calculation, but

we also need to consider what happens to the second function.

2 . . .
If we have u(r) = exp(—rj , then, by differentiating, we obtain
ay

Lo dy 2r) . . .
whereas the substitution o exp| —— | gives, on integration,
r aj

There is no particular advantage in either of these substitutions for the
exponential term, so we choose arbitrarily to take

u(r)=r®> and V=exp(—2rj

so that
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Making these substitutions into our general equation

fuﬂdr =uy —fv@dr
dr dr

At this point in a problem involving the use of integration by parts, we
would now evaluate the integral in the second term on the right-hand
side of the equation, which is

frexp - dr
ay

In this case, however, it is not at all obvious how this can be done. A
closer inspection reveals that this integral can also be evaluated using
integration by parts. If we set

dv ( 2rj
u=r and —=exp|-—
dr

ay

we have

exp| - — 5
du v(r) = N D) aoexp( 4 J

dr 2 2

Substituting these values into

fuﬂdr =uv —fvﬂdr
dr dr

gives us
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frexp(—zrjdr = —aorexp(—zrj —f[—aoexp(—zrnx ldr
a, 2 a, 2 a,
=—@rexp _r +a—0fexp _r dr
2 a, 2 a,
2r
exp| -——
a, ( Zr} a, [ a(,j
=—?rexp el

a, 2 2
ay

a, ( 2r] ag ( Zr)
=——rexp| -—— |-—-exp| -——
2 a, 4 a,

Because we have been able to evaluate this integral completely, the
expression can now be substituted into our equation for the original inte-
gral to give

2
fr2 exp(—zrjdr =G0, exp[—zr]+a0 —a"rexp(—zrl—a"exp(—zr
o 2 dy 2 dy 4 o

We have not yet included the limits on our integration sign. It is actually eas-
ier to include them only at the end, so from our previous working we have

y 2 2 3\ "
[rew 2 g exp| 22| - a4
ay a, 2 2 4 X

0

Putting in an upper limit of r =  first, and realizing that
S T
a ( 2r ]
exp| —
dy

because e~ = 1/x, shows that the whole of this term will tend to zero for
the upper limit because we have the reciprocal of a very large number.



Quantum mechanics

Multiplying by zero gives a value of zero for the whole expression as r
— oo,

On the other hand, when r = 0,

because any number raised to the power zero is one. The first two terms
in brackets are zero when r = (0, and so we are left with

* 3
fr2 exp(—zrjdr = 0—[—%j
| aq 4

&

7.6.4  Multiple integration

In Chapter 3, Section 3.7.5, on page 92, we met the idea of a partial derivative,
where a function f(x,y) of two variables can be differentiated with respect to
either variable while keeping the other constant. Differentiating f(x,y) with
respect to x while keeping y constant gives the derivative denoted by

%)

whereas differentiating f(x,y) with respect to y while keeping x constant leads
to the derivative noted by

o

ay ).

When we consider integration of this function, we can determine

b

f fCx,y)dx

a

where f(x,y) is integrated with respect to x while keeping y constant, or

b

f S (x, y)dy

a
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where f(x,y) is integrated with respect to y while keeping x constant. In both
these cases the lower and upper integration limits are assumed to be a and
b, respectively.
Alternatively, we can also determine the double integral of f(x,y) with
respect to both x and y. This would be denoted as
d b

f f fx,y)dxdy

c

By convention this is read from the outside in. Thus the constants ¢ and d
are the lower and upper limits, respectively, when integrating with respect to
¥, whereas a and b are the respective lower and upper limits when integrating
with respect to x. The process involved can be made clearer by rewriting the

expression using brackets to give
d( b

f f fCx.y)dx |dy

c

Using the convention that we evaluate quantities in brackets first, we begin
by integrating f(x,y) with respect to x between limits a and b, and then integrat-
ing the result of this with respect to y between limits ¢ and d.

Applying this to a double integral such as

13

[ [ (3xy + 2x)dxdy

we begin by integrating 3xy + 2x with respect to x to give

3x? 2x* 3x?

y i y +x2
2 2 2
treating y as a constant. Substituting this into the original expression, and using
the standard notation for integration, gives

1 3

3 1
fz (Bxy + 2x)dxdy =.!‘{

0

3
3x2y )
+x°|d
) y
b

Substituting the integration limits gives

1

o g o]
=H(92y+9j-(6y+ 4)}dy

0

1

s
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This can now be integrated with respect to y in the usual fashion to give

1

1
3y 3y?
S5-=ldy=|5y-—
[5-3p 3
0 0

Consequently, the overall result is that

13

ff(?ucy + 2x)dxdy = %
2

0

It is also possible to evaluate triple integrals in a similar fashion.

7.6.5 Calculus of the trigonometric functions

The trigonometric functions and their inverses were introduced in Chapter 6,
Section 6.2, on page 194. In particular, Figure 6.5 showed the graphs of the sine
and cosine functions. Because we can plot these graphs, it follows that we can
determine the gradient of the function at any point. This, as we saw in Chapter
3, Section 3.5.1, on page 66, is equivalent to determining the derivative. Con-
sequently, we can discuss the calculus of the trigonometric functions.

In this section, we will merely note the results of differentiating and inte-
grating the general sine and cosine functions:

i(sin(ax + b)) = acos(ax + b)
dx
d .
—(cos(ax + b)) = —asin(ax + b)
dx
fsin(ax +b)dx = - lcos(ax +b)+C
a
1.
fcos(ax +b)=—sin(ax+b)+C
a

where C is the constant of integration.
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As an example of differentiation, consider
d
—(cos(3x - 2))
dx

Comparing with the general form of the function cos(ax + b) we see that
we have

and so
d .
—(cos(3x — 2)) = -3sin(3x - 2)
dx

noting in particular that the term on the right is negative. Now consider

L1

f coS Sxdx

0

Comparing with the general function cos(ax + b) shows that
a=>5
b=0

and so

fcos Sxdx = ésin 5x

However, we have been asked to determine the definite integral, so we need
to consider the lower and upper limits, which are 0 and 7, respectively. Unless
specified, such limits on trigonometric functions are taken as being in radians.
We then have

= lsinSn—lsinO
5 5

=0-0

=0

because the value of the sine of any multiple of & rad (180°) is zero.
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Worked example 7.12
Determine the integral

2 2
e “r’sin0drd0dd

000

which is required in order to evaluate the normalization constant for the
hydrogen atom wavefunction.

Chemical background
Notice that this equation is formulated in terms of the spherical polar
coordinates introduced at the start of the section. As we have seen ear-
lier in this section, the normalization constant is introduced in order to
ensure that the probability of finding an electron anywhere in space is
exactly 1. This is expressed mathematically by the equation

flp*lp=1

where W is the wavefunction and W* its complex conjugate, the integra-
tion limits being taken from minus infinity to infinity to represent the
whole of space.

Solution to worked example 7.12
We can begin by rewriting the expression to be integrated by changing
the order of the terms and using brackets, as

2n( = o o

f f sin® f e “dr |do |dd

0\ 0 0

Working from the outside in, the integral of d¢ is ¢, so we have

2w o 2 n *® 2r
ffsinﬁ frze “dr |do |dd = fsme frze “wdr |do (6]
0o\ o0 0 0 0
T
=27 fsine frze “dr |do
0 0

once the integration limits for ¢ are inserted.
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As we saw earlier,

fsinxdx=—cosx+C

so that

T

fsin 0d6 = [—cos 9]:

0
= [—cosn} - [—cosO]]
=[-(=DI-[-1]
=1+1
=2

remembering that 0 is, in this case, expressed in radians, and that the two
adjacent negative signs combine to give a positive. Our integral is now

o 2r
2 %2 frze “

0

The result of worked example 7.11 now allows us to write

2n( m o 2r

= 3
ffsine frze “dr |df d¢=2nx2x%
0 0

0

3
= Tty

7.7 The helium atom

The quantum mechanics of the helium atom are rather more complicated than
those of the hydrogen atom because we now have to account for the interac-
tions between electrons as well as that between an electron and the nucleus.
These interactions are illustrated in Figure 7.12. In practice, we build a trial
wavefunction based on the information we have already obtained for the 1s

orbital of hydrogen.
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Electron 1

Electron 2

Nucleus

Figure 7.12 Interactions between particles in the helium atom.

7.7.1 Stationary points

The method for determining the stationary points of a function has been pre-
sented in Chapter 4, Section 4.6.2, on page 127. The stationary points of a
function f(x) occur when

d
o _,
dx
and
2
d f(zx) < 0 for a maximum
dx
while
2
d f(zx) >0 for a minimum.
dx
Worked example 7.13

The energy E of the helium atom can be expressed as
2 4
E- [2“ e ][—2(2’)2 + 272']
h 4

where m, is the mass of an electron, e is the electronic charge, and # is
Planck’s constant. Z” is the effective nuclear charge on the helium atom
and is treated as an adjustable parameter. Find the value of Z’ that makes
the value of £ a minimum.

Chemical background
This approach leads to a value for the energy of —77.5 eV, which com-
pares with an experimental value of —79.0 eV. A calculated value of
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The method being used here
is actually an example of the
variation theorem, which
finds a number of applica-
tions in quantum mechanics.
It involves specifying a trial
wavefunction and then opti-
mizing a specified adjustable
parameter.

Figure 7.13  Graph of the function representing the energy of the helium atom. E,, = 27.2 eV.
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A E(Z)
Ey

0.5 1.0 1.5 2.0 2.5

—78.7 eV can be obtained by including a term for electron correlation in
the 1s orbital trial wavefunction. The function for E used here is shown
in Figure 7.13.

Solution to worked example 7.13
We will obtain a minimum value of E when

2
d—E = and

= >
dz’ dz’”?

The term in the first bracket of the expression for E is a constant, and so
this remains as a multiplier throughout the calculation. We know that

2
dx )=2x and M—l
dx dx
so that
d “2Z) + 2l ccaz s ?!
dz’ 4 4
This term will be zero when
-47" + 27 =0
4

Adding 47’ to both sides and dividing both sides by 4 isolates Z’ to give



Quantum mechanics

27

Z'=—
16

The full expression for the first derivative of E is

2 4
dE_| -2n"m,e Ay +£
az’ n 4

so the second derivative will be

d’E 2m’me* | 8mim,e!
=4 2 = 2
dz h h

This is a positive value, and the second derivative being positive con-
firms that this stationary point is a minimum.

Exercises

1. Determine the results of the following computations, expressing your
answers to the appropriate number of figures:
(@ 9.453 287 712 - 0.446 76
(b) 3.162 623 19 + 5.042 084 282 87
(©) 0.622 844 4 x 12.309 421 722 306 987

83.5919146149277511
4.706508322

@

2. From the following data deduce the relationship between the vari-
ables x and y:

X 1.42 3.62 4.75 6.24 7.08
y 7.12 2.79 2.13 1.62 1.43

3. Two quantities p and g are directly proportional such that

P47
q

(@ What is the value of p when g = 14.3?
(b) What is the value of g when p = 0.314?
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4.

10.

11.

12.

Determine the stationary points of the function

fx) =2 — 4x

. Determine the location and the nature of the stationary points of the

function f(x) = 2x>— 4x + 8. Hence state the location and nature of the
stationary points of g(x) = 2x? — 4x + 2.

. Determine the integral

41

ff(xzy + 3xy)dxdy
1 -1

. Determine the integral

213 1

[ff ( +—x>2]]dxdydz
Z Z

102

. Give the conjugates of the following complex numbers:

@ 4+6i
b 2-i
© 9-4i

. Calculate the product z, z, if

2 =3(4-3i)
and
2, =2(1-2i)
A sequence is defined by
fm) =4n*-2n

Give the first five terms of this sequence.

Find the next two terms of these sequences:
(@ 4,7,10,13, ...

(b 5,10, 17,26, ...

© -4,-3,1,10,...

Find the general term of the sequence

3,6,12,24,48, ...
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13. Find the inverse of the function f(x) = (2x + 1)*.
14. Find the inverse of the function f(x) = 2e™

15. Determine the following derivatives:

i 03
@ I (x™)

i -0.6
(b) o (2x7)

d| -4
© dy[yl.SJ

d| 1

dr| L
212

@

16. Differentiate these functions:
@ f@=x*Inx
(b gx)=xe>
© hy)=y'e?

17. Differentiate the functions:

(b e
(© expBx+2).

18. Evaluate the following integrals:

(a) f e dx

3

(b) f e dx



270

Chemical calculations: Mathematics for chemistry, second edition

19. Use the method of integration by parts to evaluate this definite integral:

1

fxezxdx

0

20. By writing In x as the product of 1 and In x, evaluate the integral

f In xdx

using the method of integration by parts.

Problems

1. The Bohr radius qa is defined as

Amegh?

ay
2
m,e

where g is the permittivity of a vacuum, m is the electron rest mass,
and e is the elementary charge. The constant 7 is related to the
Planck constant % by the equation

L
21

Determine the value of a to an appropriate number of figures, given
the values

€,=8.854 187 816 x 107> Fm™'!
h=6.6260755%x103*Js
m,=9.109 389 7 x 10~ kg

e=1.602 17733 x 10° C

You will need to select an appropriate value of & that retains the level
of precision implied by this data.

2. A function that can be used to describe the interaction energy E(r)
between a pair of molecules a distance r apart is
A B
E(ry=—-—
r‘) l"6
where A and B are constants. Locate and identify the stationary points
of this function.
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3. The energy E(n, n ) of a particle in a two-dimensional box is given by
the equation ’

W n* n
E(ng.n)=—|—++—=
] 8m az bZ

where n and n are quantum numbers in the x and y directions,
respectively, a and b are the dimensions of the box in the correspond-
ing directions, & is Planck’s constant, and m is the mass of the par-
ticle. Calculate the inverse function arc E(n) in the special case when
n=n=nanda=>b=d

4. The following data were obtained for the maximum kinetic energy
T of the electrons emitted from a sodium surface in a photoelectric
experiment as a function of frequency v. Determine the relationship
between T and v without using a graph.

T‘“—“ 0.0 0.5 1.0 1.5 2.0 2.5
eV
10"y
5.47 6.73 7.99 9.25 10.51 11.77
Hz

5. The wavefunction ‘¥, (r) of the Is orbital of the hydrogen atom is
given by the equation

3
2
W, (r)= 2(Z] exp(—zrj
ay Ay

where Z is the nuclear charge, a, the Bohr radius, and r the distance
of the electron from the nucleus. Determine the inverse function arc
¥ ().

6. The energy E(m) for the particle on a ring is given in terms of the
quantum number m as

2712
h
E(m)=""]
8l
where I is the moment of inertia and m = 0, +-1, +-2 ... . Determine

the density of states dm/dE for the particle on a ring.

7. The wavefunctions of the particle on a ring are of the form

v =Aeim¢

m

where A is a normalization constant. Determine the value of A if the
wavefunction satisfies the normalization condition
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10.

2m

f WW do=1
0

where ¥ * is the complex conjugate of 'V .

. The Variation Theorem is often used to determine the wavefunctions of

the helium atom. However, it can also be used with a trial wavefunction
for the one-dimensional particle in a box. This involves the integral

f(ax x)[ S J > (ax - x?)

where a is the length of the box and x is the position of the particle
of mass m within it. The constant % is Planck’s constant. Perform the
required differentiation of the function ax — x* and then evaluate this
integral between the limits shown.

. The expectation value of x? in the one-dimensional particle in a box

is given by

——fx sin [ ]dx

Determine the value of <x2> given the standard integral

3 2
fxzsinzaxdx—);—();—éjsin2ax_xcoizwc+C

The average distance of an electron from the nucleus in the s orbital
of the hydrogen atom is given by the expression

2w o ; 2r
rlc = fffr e “ sinfdfdrdo
ao
Determine the value of <”1s> given the standard integral

©

fx3e’kxdx = %
| k



Spectroscopy

The subject of spectroscopy provides us with a description of how chemical
particles interact with electromagnetic radiation. Spectroscopic techniques
can be classified according to the type of incident radiation (such as ultraviolet
or infrared), or according to the molecular phenomena giving rise to the spec-
trum (such as rotation or vibration). Because we are concerned with interac-
tions at the microscopic level, it is not surprising that the ideas of quantum
mechanics are important in a development of this subject. In mathematical
terms, most aspects of spectroscopy can be dealt with using techniques we
have already met.

8.1 Calculation of dipole moments

For a heteronuclear diatomic molecule with excess charge ¢ on each atom and
an interatomic separation of r (Figure 8.1), the dipole moment p is given by

u=gr

+q —-q
[ L

Figure 8.1 Charges of magnitude g separated by distance r forming a dipole.

Worked example 8.1
Calculate the dipole moment of CH, given that the excess charge on each
atom is 0.29¢ and the bond length 1.124 A.

Chemical background
For most second-row hydrides the hydrogen atom will denote the posi-
tive end of the dipole. The exceptions are LiH and BeH, and in these
cases the dipole would be given a negative value.
Partial charges cannot be measured directly, but they can be deter-
mined by quantum mechanical calculations at various levels of sophistica-
tion. The resulting dipole moment is then an indication of their accuracy.

Dipole moments are usually
given in units of debye (D).
The debye is a non-SI unit
that is equivalent to 3.336 x
103°C m.
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Solution to worked example 8.1
Notice first of all that the excess charge ¢ is given in terms of the elec-
tronic charge e, which has the value 1.602 x 107" C. Therefore,

q=029x%1602x 107" C=4.646x 10 C

At this point we will carry one more figure than is strictly justified in
order to avoid intermediate rounding errors.

The interatomic distance is given in terms of the non-SI unit Ang-
strom, where 1 A = 10-© m. We now have

w=gqr
=4.646x 102°C x 1.124 x 10 m
=5222x10%Cm

To express this answer in D, we rearrange
1 D=23.33564 x 103°Cm

by dividing both sides by 3.33564 x 107*° so that

1

ICm=——————2D
3.33564 x 10”

=2.998 x 10D

Consequently,
pu=5.222x107°%2.998 x 10¥® D
=1.566 D
Returning to the original data, we see that the lowest number of sig-
nificant figures is 2. Because all the arithmetic operations have been

multiplication and division, the final value of u should be given to 2
significant figures. The value to quote is therefore 1.6 D.

8.2 Dipole and quadrupole moments

The total electric potential ¢(r) for the charge distribution a distance r and
angle 6 from the axis of a linear molecule is given by

2
5(r) = q +pc052+®(3cos 93_1)+...
dme,r  Amegr 8me, r

where ¢ is the net charge, p the dipole moment, and © the quadrupole moment.
The constant € is the permittivity of free space.
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If the linear molecule consists of point charges, then
p=3%4z and ©= E a4z

where z, represents distance along the molecular axis, measured from the cen-
tre of mass.

Worked example 8.2
Calculate the dipole and quadrupole moments for HF that has a bond
length 0.917 A and partial charges 0.44e.

Chemical background
The fact that HF is quite polar is reflected in the relatively high value of
the partial charges.

Solution to worked example 8.2
It is straightforward to convert the partial charges to SI units. This gives

g=044x1.602x 107 C
=7.049 x 102 C

The appropriate values of z are less straightforward to determine.
Because the relative atomic masses of hydrogen and fluorine are 1.008
and 18.998, respectively, we need to divide the interatomic distance
0.917 A in this ratio. To do this we add the masses to give 20.006. The
centre of mass will be closer to the heavier fluorine atom, so

1.008

p = 20,006 x0917A
= 0.0462A
and
Zy = ;i:zzi x0.917A
= 0.8708A

The dipole moment is given by

P =243
= Gy + 9lr
=7.049 x 10 C x 0.8708 x 10" m
+(=7.049 x 10 C) x (~0.0462 x 10~'° m)
=6.138x 10 Cm +0.326 x 10 Cm
=6.464x 10 Cm
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This can be converted to units of D, as in the previous example, to give
6.464 x 1070 % 2.998 x 10 D = 1.94 D

Notice that, in calculating the dipole moment, we have applied the pre-
cedence rules as introduced in Chapter 1, Section 1.2, on page 5.
The quadrupole moment is given by

0= E%Z?

=0Tt 4

=7.049 x 102 C x (0.8708 x 107 m)
+(=7.049 x 107° C) x (0.0462 x 107 m)

=5.345 x 10*° C m* - 0.01505 x 10*° C m?

=5.330% 10 C m?

again using the precedence rules.

8.3 Electromagnetic radiation

Electromagnetic radiation is so called because it consists of an oscillating elec-
tric field and an oscillating magnetic field at right angles to one another. The
electromagnetic spectrum ranges from gamma rays with a wavelength of about
1072 m through to radio waves whose wavelength is approximately 100 m. In
between, in ascending order of wavelength, are x-rays, ultraviolet radiation,
visible light, infrared radiation, microwaves, and television waves (Figure 8.2).
As well as being characterized by wavelength )\, electromagnetic radiation can
be expressed in terms of its frequency v.

8.3.1 Direct and inverse proportion
These types of proportion were discussed in Chapter 3, Section 3.7.3, on
page 88.

Worked example 8.3
The relationship between the wavelength A and frequency v of electro-
magnetic radiation is

c=\

where c is its velocity, which can be taken as a constant. How can the
relationship between A and v be described?



log (1/m)
A
2 — Radio waves

0 [~ Television waves
—2 — Microwaves
—4 - Infra-red radiation
—6 [ Visible light
-8 [~ Ultraviolet
—10 |~ X-rays

—12 — Gamma rays

Figure 8.2 The electromagnetic spectrum.

The velocity of light is exactly 299 792 458 m s~!. As well as being mea-
sured experimentally, this value can be predicted from Maxwell’s equa-
tions that describe the behaviour of electric and magnetic fields.

Chemical background
The energy E of a photon is given by the equation

E=hv

where & is Planck’s constant. Therefore, as the frequency of the radiation
increases, so does its energy. Because the wavelength is inversely pro-
portional to the frequency, it also follows that higher wavelength radia-
tion will have a lower energy.

Solution to worked example 8.3
Because the product of the two variables is a constant, we should be able
to recognize instantly that they are inversely proportional. Alternatively,
we can rearrange the equation given, by dividing both sides by A, so that
A appears on one side and v on the other.

It should now be apparent that as we increase A, then v must decrease.
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An example is that of ultravi-
olet light, which has a lower
energy and frequency than
that of visible light. Conse-
quently, it is more effective
in inducing photochemical
reactions.
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This type of discharge is
typically seen in certain
forms of street lighting.

Worked example 8.4
In addition to wavelength and frequency, a quantity often used in spec-
troscopy is wavenumber. This is normally given the symbol v, defined
as the reciprocal of the wavelength, i.e.,

<
I

> | =

and has the units cm™'. What is the wavenumber of the sodium D line
having frequency 5.086 x108 MHz? Take the velocity of electromagnetic
radiation to be 2.998 x 108 m s7'.

Chemical background
When excited by an electric discharge, sodium vapour produces an emis-
sion spectrum that includes a yellow line at a wavelength of 589 nm. On
closer analysis, this is seen to consist of two very closely spaced lines (a
doublet) of wavelengths 589.76 nm and 589.16 nm, respectively.

Solution to worked example 8.4
We need to calculate the value of the quantity 1/ \. If we start with the
defining equation

c=\

we can divide both sides by v to give

S
14

As we wish to calculate 1/ A, we now need to take the reciprocal of each
side of this equation. The reciprocal of A is 1/, and the reciprocal of
any fraction is obtained by “turning it upside down.” This now gives us

[SYNEAN

> | =

_5.086x 10°MHz
2.998x10°ms™

The first thing to notice is that both the top and the bottom of this frac-
tion contain a 108 term, which can be cancelled. We then need to rewrite
the unit MHz in a form that is of more use to us. The basic frequency
unit Hz is equal to s7!, and the prefix M means 10°. This now gives

_5.086x10°s™

1
A 2.998ms™!
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The s~ unit now appears in both the top and bottom of the right side of
this equation, and can be cancelled. Using a calculator we now obtain

l =1.696x10°m™
A

Although this is an acceptable unit for wavenumber, it is more usual to
use units of cm™!. We can do this if we realize that

100cm=1m

or more usefully here,

10’°cm=1m
We replace m in our expression with 10? cm. This gives

i_ 1.696 x 10° m™!

=1.696 x 10°(10% cm) ™

The power of —1 is applied to every term in the bracket, so we need to
use the fact that (10>~ = 107 to give

i_ 1.696 x10° x 102 cm™

=1.696x10* cm™

8.4 The Beer-Lambert law

When radiation is incident upon some medium, it will be absorbed to a certain
extent, as shown in Figure 8.3. This will result in its intensity being reduced,

Iy I

Figure 8.3 The absorption of radiation.
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The distance / is commonly
known as the path length.

Spectrophotometers are
generally designed to work
in one region of the spectrum
only. Specific wavelengths
are produced by using a
rotating prism or a diffrac-
tion grating.

and such behaviour is described by the Beer—Lambert law, which can be
expressed by the equation

A =ecl

where ¢ is a constant known as the absorption coefficient, ¢ is the concentra-
tion of the absorbing medium, and [ is the distance through which the light
travels within the medium. The quantity A is known as the absorbance, and is
defined as

I
A=log-2
&1
where [ is the intensity of the incident radiation and [ is the intensity once it
has passed through the medium.

8.4.1 Rules of logarithms

These were discussed in Chapter 5, Section 5.4.2, on page 149.

Worked example 8.5
The fraction of incident radiation transmitted is the transmittance 7,
which is defined by the equation

Obtain an equation that relates the percentage transmittance 7, to the
absorbance A.

Chemical background
Many spectrophotometers are capable of displaying both absorbance
and transmittance, and the relationship between these quantities is not
immediately obvious. Generally, absorbance is the preferred quantity
because of its proportionality to both concentration and path length.

Solution to worked example 8.5
The percentage transmittance 7, is related to the transmittance T (a
fractional value) by the simple expression

Ty = 100T



This rearranges to give

Because we know that
X
log(YJ =logX - logY

we can rearrange the right-hand side of this equation to give

A =1log 100 —log T,

00

and because log 100 = 2, we obtain

A=2-logT

00

which finally can be rearranged to give

logT,,,=2-A

8.5 Rotational spectroscopy

Rotating molecules give rise to spectra in the microwave region. It is pos-
sible to define three mutually perpendicular principal axes of rotation that pass
through the centre of gravity of a molecule, and there are consequently three
corresponding moments of inertia that depend on the molecular shape. The
treatment of rotational spectra is consequently different for linear molecules
(such as HCI), symmetric tops (such as CH,F), spherical tops (such as CH,),
and asymmetric tops (such as H,O). These different types of molecule are
shown in Figure 8.4.

Spectroscopy
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e

)
Figure 8.4 Molecules classified according to their rotational properties: (a) HCI (linear); (b)
CH,F (symmetric top); (c) CH, (spherical top); and (d) H,O (asymmetric top).

(a) (b)

8.5.1 Sequences

This subject was discussed in Chapter 7, Section 7.4.2, on page 240.

Worked example 8.6
The rotational energy levels F(J) of a rigid diatomic molecule are given
by the expression

FJ)=BJJ + 1)

Each energy level has a where J is the rotational quantum number (taking values 0, 1, 2, ...) and
degeneracy of (2/+1); in other B is the rotational constant. What are the three lowest rotational energy
words, there are (2J+1) levels levels in terms of B?

having each energy value.
The population of each level

of energy F(J) is Chemical background
proportional to This problem shows that the rotational energy levels in a diatomic mol-
F(J) ecule are not evenly spaced. However, if we consider the differences
@7 l)exP(_j) ‘ between levels, then we do see an even spacing, and this is apparent in

rotational spectra.
Solution to worked example 8.6
To obtain the three lowest energy levels, we need to substitute the three
lowest values of J into the given expression. We then have
FO)=Bx0)0O+1)=0
Fl)=Bx1)(1+1)=2B

FQ2)=Bx2)Q2+1)=6B

as shown in Figure 8.5.



J F(J)
A

2 68

1 2B

0O ———0

Figure 8.5 Spacing of rotational energy levels.

Worked example 8.7
The rotational energy levels F(J) of a rigid diatomic molecule are given
by the expression

F(J)=BJJ + 1)
where J is the rotational quantum number and B is the rotational con-
stant. Obtain an expression for the energy of a rotational transition, given

that such transitions are subject to the selection rule AJ = +1.

Chemical background
The rotational constant B can be calculated from the equation

hz
8l

where £ is Planck’s constant and / is the moment of inertia. The selection
rule is obtained from the application of the Schrodinger equation.

Solution to worked example 8.7
To calculate the energy of a transition, we need to obtain expressions for
the energies of two adjacent levels. We choose these to have rotational
quantum numbers J and J + 1, respectively. We then have

FJ)=BJJU + 1)
as given above.
To obtain F(J + 1), we need to replace each occurrence of J in the
above equation by J + 1. This gives

FU+D)=BU+ D+ D+1

=BUJ + DU +2)
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A rotational spectrum will
only be seen in the case of
heteronuclear diatomic mol-
ecules. These will be able to
interact with the radiation as
their dipole moment changes
during the rotation. No such
spectrum would be seen for
Cl,, but it would for HCI.
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We multiply the two brackets together by considering the four combina-
tions of terms to obtain

FU+1) =BUJ*+2J+J+2)
=B(J*+ 3J+2)
The energy difference AF(J) is given by
AF(J)=F(J + 1) - F({J)
=BUJ*+3J+2)-BJJ+ 1)
=BUJ*+3J+2-J%*-))
=BQ2J +2)
We can remove the common factor of 2 from within the bracket to leave

AF(J) = 2B(J + 1)

8.6 Vibrational spectroscopy

The starting point for a study of vibrational spectroscopy is usually the model
of a simple harmonic oscillator, a system that is often treated in some detail in
courses on quantum mechanics. Any energy possessed by this system over and
above its equilibrium value is due to extension or compression of the bond. The
vibrational frequency, w,, of this system is given by the formula

where k is the force constant and p is a quantity known as the reduced mass of
the system, which is related to the masses of the atoms forming the bonds.

Worked example 8.8
The vibrational energy G(v) of the harmonic oscillator is given by

the equation
Gv)=|v+ 1 w,
2 e

where v is the vibrational quantum number (having values O, 1, 2, ...).
Calculate the energy of the vibrational level having v = 2 for the HCI



molecule. Its force constant is 516 N m™, and its reduced mass is given
by the equation

mymey

my + Mg

where m represents the mass of the specified atom.

Chemical background
In practice, there will be very few molecules in this vibrational level, so
it will not contribute significantly to the vibrational spectrum.

Solution to worked example 8.8
For 1 mol of HCI we would have

_35.453 gmol ™ x1.0079 g mol™
35.453g mol™ +1.0079 gmol ™'

_35.7133¢ mol ™
36.461

=0.98003 g mol ™

and for one molecule we need to divide by Avogadro’s constant:

_ 0.9800gmol™"
6.022 x 10* mol ™!

_ 0.1627 gmol ™!
10* mol ™!

=1.627x10g

=1.627x10" kg

so, from the formula above, the fundamental frequency can be calcu-
lated as

1 | 516Nm”
2w\ 1.627 x 10 kg

Because 1 N = 1 kg m s72, this becomes
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One way of remembering

the correct formula for calcu-
lating the reduced mass is

to consider the units. In the
formula here, we have units
of mass squared divided by
units of mass; the reciprocal
would clearly give incorrect
units.
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Use the calculator

key to determine the square
root.

This answer is easily trans-
formed into other quantities
by the use of appropriate
conversion factors. Multipli-
cation by Planck’s constant
h will give energy (in J), and
division by the velocity of
light ¢ will give wavenumber
(in m™, easily converted to
cm™).

The harmonic oscillator
approximation is valid for
vibrations that displace the
bond length by up to about
10% of its equilibrium value.
Above that, it is better to use
the model of an anharmonic
oscillator, as used in problem
6 at the end of this chapter.

516kgms~m™
1.627 x 107" kg

Cancelling units (kg top and bottom, and m and m™) then gives

1 516572
| s ———v
2n V1.627x1077

V3.171x10%s72

21

_5.631x10"s™!
2n

=8.962x10"s™!

We now need to substitute the value of v = 2 into the expression for the
vibrational energy. This gives us

G22)= [2 + ;]w

=2.5x%x8.962 x 108 57!
=2.241 x 10" s~!

=2.241 x 10 Hz
because 1 Hz =1 s\,

Worked example 8.9
The vibrational energy G(v) of the harmonic oscillator is given by

the equation
Gwv)=|v+ 1 w
2 e

where v is the vibrational quantum number. Given that the selection rule
for a vibrational transition is Av = +1, obtain an expression for the energy
associated with such a transition.

Chemical background
The energy associated with this transition turns out to be a constant value,
equal to the vibrational frequency of the system. This is because the vibra-
tional energy levels are equally spaced and the vibrating molecule will
only absorb energy of the same frequency as its own natural vibrations.
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Solution to worked example 8.9
As in the rotational case in worked example 8.4, we need to set up expres-

sions for the energy of two adjacent levels. We have from the question,

Gv)= (v+;]we

Replacing every occurrence of v by v + 1 gives
Goany=|(ve1)+t |
2 e
= (v +1+ 1]%
2
=[v+= |w,
2

The energy AG(v) associated with this vibrational transition will now be

given by

AG(v) = G(v+1)= G(v)

The spacing of vibrational energy levels is shown in Figure 8.6.

VA G (V) o,
33— 35
2 ——— 25
1 pP—15
0O ——— 05

Figure 8.6 Spacing of vibrational energy levels.
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It is important to realize that
the separation of the rota-
tional levels is much less than
that of the vibrational levels.
Typical values are 0.05 kJ
mol™ for rotational levels and
10 kJ mol™! for vibrational
levels. These compare with a
separation of the order of 500
kJ mol™! for electronic levels.

EA

Figure 8.7 Vibrational and rotational energy levels on the same scale.

8.7 Rotation-vibration spectroscopy

It is reasonable to suppose that a molecule will be undergoing both rotational
and vibrational motion at a given time, so it is not surprising that it is possible
to investigate the coupling of these motions by means of spectroscopic tech-
niques. We assume that it is possible to separate the vibrational and rotational
motion, and it is therefore possible to add the contributions from each to obtain
the vibration—rotation energy. Figure 8.7 shows the rotational levels superim-
posed on the vibrational levels for a molecule.

Worked example 8.10
The energy E(v, J) due to combined vibration and rotation is given by
the equation

EW,J)= BJ(J+1)+(V+;]w€

where v and J are the vibrational and rotational quantum numbers, respec-
tively. Given the selection rules Av =+ 1 and AJ =+ 1, obtain an expression
for the energy due to simultaneous vibrational and rotational transitions.

Chemical background
The selection rules given show that it is only possible for a vibrational
change to occur if a rotational change takes place simultaneously. It is
possible to have Av = 0, which represents the pure rotational change we
met in worked example 8.4, but it is not possible to have AJ = 0 repre-
senting a vibrational change alone.

Solution to worked example 8.10
We proceed as in the previous problems by considering the difference
between two energy levels, remembering this time that we need to deal
with two simultaneous changes. The notation usually employed is that



representing a transition from a lower vibrational level v” and rotational
level J” to an upper vibrational level v' and corresponding rotational
level J'. We then have

AE(v,J)=EW,J)-EW",J")
4 4 ’ 1 ” ” ” 1
=BJ'(J +1)+(v +2jwe—BJ J +1)—(V +2jwe
=BJ'(J'+1)-BJ"(J" + 1)+ (V' = v")w,

Because we have the selection rule Ay = + 1, it follows that
v —v"=1
because v’ is the higher level, and so,

AEW, J) =BJU' + ) =BJ"J" + 1) + w,

When we move to the higher vibrational level, it is possible for the change
in rotational quantum number to be either positive or negative. If

J=J"+1
we have

AEJ)=BJ'(J'+1)-BUJ'-1J + w,
=BJ?+BJ’ - BJ” +BJ’ + w,
=w +2 BJ’
Alternatively, if
J=J"-1
then
AEJ”)=B(J” - 1J"=BJ"U" + 1) + w,

=BJ?-BJ -BI”-BJ" +w,
=w —2BJ”

Note that either of these expressions could be obtained using J’ or J”.

Spectroscopy
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8.8 Nuclear magnetic resonance spectroscopy

Chemical shifts canbe ~ This form of spectroscopy is one of the most powerful analytical tools used
measured on the 7scale, on by organic chemists. Although spectra for complicated molecules can be quite
which tetramethylsilane has 4 fficy]t to unravel, the underlying mathematics are quite simple to understand.

a value of 10. The chemi- . e .
Such spectra are basically due to the splitting of the proton spin energy levels

cal shifts of most groups of . . . . . .
interest then fall between 0 DY @ magnetic field. Peaks are classified by their chemical shifts (measured in

and 10, with a phenyl hydro- ~ parts per million, ppm) relative to the standard tetramethylsilane, SiMe,.
gen having a value of 2.7, for
example.

8.8.1 Pascal’s triangle

If we wish to expand the expression (x + 2)%, we could rewrite it as
X+2P=@x+2)(x+2)

and multiply out the brackets to give

x+2P=x(x+2)+2(x+2)
=x*+2x+2x+4
=x>+4x+4

Similarly, (x + 2)* could be calculated as

(r+20 = (x + 2)(x + 27
=@+ +4x+4)
=x(xX2+4dx+4)+2(*+4x +4)
=x*+4x* +4x+2x+8x + 8
=x’+ 6x* + 12x+ 8

In a similar fashion we could obtain expressions for (x + 2)* and higher powers, but
this is obviously going to become more and more difficult as the power increases.

Fortunately, such step-by-step expansion is not necessary if we use a device
known as Pascal’s triangle. This is shown in Figure 8.8. You will be relieved
to know that this does not need to be memorized, as it can be set up using a few
simple rules that are easily remembered.

1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1

Figure 8.8 Pascal’s triangle.
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We start off on the top line with the number 1.
1
This will actually be of more use to us if we write it with zeros on either side as
010

To obtain the second line, we now add each pair of numbers in the line above
and write the result in the space underneath them. This gives

010
++
11
We now add the zeros on either side of this second line:
010
0110

To obtain the third line, we repeat the process of adding each pair of numbers in
the second line and writing the result in the space underneath. We then have

010
0110
+++
01210

The rest of Pascal’s triangle can be built up in the same way.

How does this help us to expand brackets to a specified power? From the
examples given, we can see that when a bracket such as (x + 2) is raised to some
power, we obtain a polynomial expression. These were discussed in Chapter 3,
Section 3.4.2, on page 61, where we saw that each term in x is multiplied by a
constant called the coefficient. For example, in a term such as 3x*, we say that
the coefficient of x* is 3. It is these coefficients that can be determined by using
Pascal’s triangle.

From Figure 8.8, we see that the first line of Pascal’s triangle gives us the
coefficient of a zero-order expansion (power 0), the next line a first-order expan-
sion (power 1), and so on. Therefore, to evaluate (x + 2)?, we need the coeffi-
cients from the third line, which are 1, 2, 1. As we saw earlier, we would expect
this expansion to give us terms in x?, x, and a constant term, so we have

coefficient of x> = 1
coefficient of x =2
coefficient of constant = 1
In fact, this expansion can be expressed as

+2P=1xx>x204+2xx'x2"+1xx"x2?
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where each term comprises the appropriate coefficient from Pascal’s triangle,
a term in x and a term in 2. Notice that as the power of x decreases, that of
2 increases, but the two powers added together are always equal to 2. If we
remember that any number raised to a zero power is 1, and any number raised
to power 1 is itself, this expression simplifies to give

x+2P=1xx*x1+2xxx2+1x1x4
=x*+4x+4

which is, of course, the result we obtained before.

Let us now consider an example which would be much more difficult to
evaluate without Pascal’s triangle, (2x + 3)* From Figure 8.8 we see that the
appropriate coefficients for an expansion of degree 4 are

14641
This time we need to consider terms in 2x and 3, so we have
Cx+3)'=1x2x)*x 3+ 4 x (2x)* x 3!
+6X(2x)x3P+4x2x)' x 33 +1x2x)° x 34
Notice that when we raise a bracket to the fourth power, we have five terms.

The power of (2x) decreases, whereas that of 3 increases, and the sum of these
powers is always 4. It is important to realize that, for example,

2x)* =244 = 16x*

so the power is applied to both quantities within the bracket. The expansion
can then be simplified to

Rx+3)'=1x16x*x1+4x8x*x3+6x4x>%x9
+4x2xx9+1x1x81

= 16x* + 96x° + 216x> + 72x + 81

Worked example 8.11
The peaks due to each group of protons in a molecule are split into n +
1 by an adjacent group of n protons, the intensity of these peaks being
given by the coefficients of Pascal’s triangle. What is the distribution of
peaks within the CH, and CH, signals of ethanol, ignoring any interac-
tion with the OH group?

Chemical background
The reason for ignoring any interaction with the OH group is that its pro-
ton undergoes rapid exchange with other molecules due to the presence
of small amounts of acid, and so it is unable to interact with protons in
the other groups of the molecule.



Figure 8.9 Nuclear magnetic resonance spectrum of ethanol: (a) triplet due to CH, group; and
(b) quartet due to CH, group.

Solution to worked example 8.11
The signal due to the CH, group will be split into three (2 + 1) peaks
by the CH, group, and from Pascal’s triangle these will be in the ratio
1:2: 1. The signal due to the CH, group will be split into four (3 + 1)
peaks by the CH, group, in the ratio 1 : 3 : 3 : 1. These peaks are shown
in Figure 8.9.

8.9 Fourier transform spectroscopy

Fourier transforms are used in both infrared and nuclear magnetic resonance
spectroscopy. Essentially, they allow conversion between waveforms and spec-
tra, allowing the analysis of a complicated spectrum to give its components
in terms of individual frequencies. The spectrometers used contain a built-in
computer that performs the necessary integrations.

8.9.1 Introduction to Fourier transforms

If two functions f(x) and g(y) are related by the equations

flx)= f g(y)e™dy
and

e
s =7~ f f(x)e™dx
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Nuclear magnetic resonance
spectra are most commonly
measured for the 'H nucleus.
Other nuclei that can be used
include F, 3P, and, since the
advent of Fourier transform
methods, *C.

A further use for Fourier
transforms is in x-ray
crystallography.
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f(x)

|
|
|
|
|
|
1

0 X

Figure 8.10 The function f(x) defined in Section 8.9.1.

then we say that g(y) is the Fourier transform of f(x) and that f(x) is the inverse
Fourier transform of g(y).

When determining Fourier transforms, we frequently have discontinuous
functions; in these cases the form of the function varies according to the value
of the variable. For example, a function f(x) could be defined as

Oforx <0
f(x)=<xfor O<x <1
0 for x>1

as shown in Figure 8.10.
The Fourier transform of f(x) is then defined by

1
1 )
=— [ xe dx
8= [

because the integrals for x < 0 and x > 1 will be zero. Because the remaining
integral is with respect to the variable x, we treat y as constant and therefore
need to use the standard integral

ax

fxe""dx = e—z(ax -H+C
a

Consequently,

1

1| e™ .
8y = m{ i) (—ixy - l)]

0
This can be simplified because
(=iyy = i%y?

= —y2
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so that

1

Lle™ |
g(y) = 27:{—))2(_1)0) - 1)}

1|e™ .
=2n{ y2 (1+UCY):|

Now, substituting for the limits in x,

1 —iy ) 0
g(y) = Zn{[‘} (1+ zyﬂ— [;}}

0

1

0

This can be further simplified to extract the real and imaginary parts of g(y).

Worked example 8.12
In Fourier transform spectroscopy, radiation can be applied to a sample
in terms of a pulse. This can be described in terms of a function of time
f(@); for example,

0forz<l
f®)=<2forl<t<?2

0 fort>2

as shown in Figure 8.11. Determine the Fourier transform g(w) in terms
of frequency w.

f(1)

) | E—
| |
1 1
1 1
| |
[ [
[ [
| |
1 1

0 1 2 t

Figure 8.11 The function f(7) defined in worked example 8.12.
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Readable introductions to
the use of Fourier transforms
in chemistry can be found

in Chemistry in Britain,
May 1987, pp. 440-446, and
Journal of Chemical Educa-
tion 64, A228-A233, 1987.

Chemical background
This is a very simplistic representation of the application of radiation, but
it does allow us to illustrate the use of the Fourier transform to move from
a time domain to a frequency domain. A more realistic shape for the pulse
of radiation would be a Gaussian distribution; in that case the resulting
Fourier transform is also a Gaussian-shaped normal distribution.

Solution to worked example 8.12
The equations for the Fourier transform in terms of the variables ¢ and
w become

f@6)= f g(w)e™dw
and
1 y —itw
glw)=—— f ft)e™dt
21
Consequently,

2
glw) = if2€""°“dz‘
21 1

This is a straightforward integration of the form

ax

fe‘”‘dx=e—+C
a

so that
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Exercises

1. Given the values

i 1 2 3 4 5
a, 2.3 1.8 0.6 4.2 5.1
X, —-0.16 0.19 -0.24 0.54 0.88

Determine the values of E a;x; and E ax}.
i i

2 I s=) and 1= calculate s if u = 41.6 and v = 15.8.
t v

3. If z is defined by

Xy
xX+y

Z=

calculate zif x = 14.9 and y = -3.2.

4. Identify the type of proportion between the appropriate functions of
x and y in the relationships:

@ xlny=K
2

b ==K
y

© xe¥=K

where K is a constant.

5. Identify the proportionality constant when y is written as a function
of x for the relationships

(@ ax=by
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6. Write each of these expressions as a single logarithm:
(@ Inx*—Inx?

(b) Inxy+Inx?

© ln[xj ~ In(xy)
y

7. Write each of these expressions as a sum or difference of logarithms:

@ |t
x -1
(b) In 5x*

2
© 1n[3x yJ
Z

8. Simplify the expressions:
@ log@x+2)—logx+1)
(b) log (x*—2x)—1log (x—2)
(©) log5x*—logx
9. The terms in a series are defined by the expression
fm) =3n*+ 4n* - 2n + 1
What is the value of f(2) — f(1)?
10. The terms in a series are defined by the expression
gN)=N?+ 2N
Obtain an expression for g(N + 1) — g(N).
11. Verify that the sequence

371531
2747816

can be represented as

1

n-1

fm)=2-

What is the limit of this sequence as » tends to infinity?



12.

13.

14.

15.

16.

17.

18.

The sine function can be represented by a series in x by means of
the equation:

sin x = a + bx + ¢x?

(@ Setx =0 to determine the value of a.

(b) Differentiate this equation to give an expression for cos x.
(©) Setx =0 to determine the value of b.

(d) Repeat the process and determine the value of c.

(e) Hence predict the series expression for sin x.

Use Pascal’s triangle to obtain expressions for
@ (+3)
(b Q2x-4y

© Gx+2F°

Use Pascal’s triangle to obtain expressions for:

@ (x+yy

3 4
X
© (@x+5y°

In the expansion of (x — 3y)*, what is the coefficient of y3?

Use Pascal’s triangle to obtain an expression for (1 — x)S. By setting
x to 0.002, obtain the value of 0.998 to 6 significant figures without
using a calculator.

Obtain a general expression for the sum of the numbers in each row n
of Pascal’s triangle.

The Fibonacci sequence
1,1,2,3,5,8 ...

is formed by starting with 1 and adding the two previous numbers.
It has recently been popularized by being featured in Dan Brown’s
The Da Vinci Code. Show that the Fibonacci sequence is given by
the sums of the diagonals in Pascal’s triangle if the triangle is written
with the first number in each line at the left margin.

Spectroscopy
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19. Determine the Fourier transform of
Ofor x < -7
f(x)=4sin3xfor —-mx<x<m

Oforx >m

using the standard integral

ax

5 2(asinb)c—bcosbx)+C
a +b

f e™ sin bxdx =
20. Determine the Fourier transform of
Oforx <0
f(x)=sx*for 0<x<1

Oforx >1

using the standard integral

1 n _
fx”e‘”dx =—x"e" - —fx" le™dx
a a

Problems

1. Calculate the dipole and quadrupole moments for HCI, which has a
bond length 1.31 A, and calculated partial charges of 0.673¢.

2. Express a wavenumber of 2318 cm™ in terms of frequency, wave-
length, and energy.

3. Lambert’s law states that each successive layer of thickness dx of a
medium absorbs an equal fraction

dl
1

of radiation of intensity I, so that

/4
—i— bdx
1

where b is a constant. Obtain an expression for the intensity 7 of light
that has traveled through a distance /, assuming that / = I, when [ = 0.
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4. The rotational energy levels F(J) of a nonrigid molecule are given by
the formula

F(J)=BJJ + 1)=DJ*J + 1y

where J is the rotational quantum number, B the rotational constant,
and D is the centrifugal distortion constant. Obtain an expression for

FJ+1)-F(J)

in terms of B and D.

5. Determine the energy of the J =1 to J = 2 transition in HCI, which
has a rotational constant of 10.5937 cm™ and a centrifugal distortion
constant of 4.1 x 10 cm™.

6. The vibrational energy levels G(v) of an anharmonic oscillator are
given by the expression

2
G(v)= [v+1ng —(v+1j W, X,
2 2

where v is the vibrational quantum number, w, is the vibrational fre-
quency and x, is the anharmonicity constant. Obtain an expression for
G(1) — G(0), which is the most likely vibrational transition because
higher levels will only be very sparsely populated.

7. Determine the wavelength of the v = 0 to v = 1 transition for HCI,
which has a fundamental vibrational frequency of 2988.9 cm™ and an
anharmonicity constant of 1.540 x 102

8. The wavenumbers ¥ of lines in the rotation—vibration spectrum of
carbon monoxide form a series defined by

v(”f? =2143.28 +3.813m - 0.0175m>
cm
wherem=....,-2,-1,0,1,2, ....

Obtain an expression for ¥ (m + 1) — v (m) and show that for positive
values of m the line spacing decreases, whereas for negative values it
increases with increasing magnitude of m.

9. The peaks due to each group of protons in a molecule are split into n
+ 1 by an adjacent group of n protons, the intensities of these peaks
being given by the coefficients of Pascal’s triangle. Describe the
appearance of the nuclear magnetic resonance spectrum of isopropyl
iodide, (CH,),CHI.
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10. The exponential decay function, exemplified by
0 forr <0
f(®)=<e“forl<t<?2
0 fort>2

is important in Fourier transform spectroscopy. Determine its Fourier
transform g(w).



Statistical mechanics

Thermodynamics only deals with a macroscopic picture of matter, and its prin-
ciples have all been derived by observing experimental behaviour. In contrast,
quantum mechanics is concerned with the microscopic view and it starts from
a more theoretical point, even though many of its results do explain experi-
mental behaviour. Invariably, in quantum mechanics we are considering only
single atoms or molecules.

The topic of statistical mechanics provides a link between these subjects.
We start with the microscopic view of matter and apply statistical techniques
to a large number of chemical entities in order to reproduce the macroscopic
functions of thermodynamics. This requires a few mathematical techniques
we have not yet come across, as well as some of those met in earlier chapters.

9.1 Molecular energy distributions

Much of statistical mechanics considers the distribution of molecules across
energy levels. As you might expect, when we are dealing with large numbers
of molecules, some of the ideas we need to use may not be immediately obvi-
ous. To overcome this problem, we can often learn much about the principles
we need to apply by considering simple systems.

Worked example 9.1
In how many ways can 4 molecules be distributed across 3 energy levels,
such that 2 are in the first level and 1 is in each of the higher levels?

Chemical background
Specifying the distribution of molecules in this way is equivalent to
specifying the state of the system. The more ways there are of achieving
a given state, the more probable is the chance that the state will exist. In
practice, it is found that one state of system predominates, and this can
aid the analysis considerably.

Solution to worked example 9.1
The arrangement of molecules within energy levels is illustrated in
Figure 9.1. If we denote the four molecules as a, b, ¢, and d, we can con-
struct a table of possible arrangements as shown:

d b
b d
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Strictly speaking, we are
dealing with instantaneous
configurations, which will
be constantly changing.

A typical calculator key
sequence for calculating a

factorial would be D
followed by .

Level 3 @
Level 2 @
Level 1 @ @

Figure 9.1 The distribution of molecules described in worked example 9.1.

This can be constructed by first considering each pair of molecules that
can occupy the lowest level, viz.,aand b, aand ¢, aand d, b and ¢, b and
d, and ¢ and d. For each of these, the remaining 2 molecules can then
occupy the upper levels in each of two ways. There are consequently 12
ways in which this can be achieved.

9.2 Configurations

The number of ways in which a specified number of particles can be arranged
in each energy level is known as the number of complexions. For example,
we might wish to specify 2 molecules in the lowest energy level, 3 in the next
level, and 4 in the level above. Such an arrangement can only be achieved in a
certain number of ways starting with 9 molecules.

9.2.1 Factorials

A factorial is a number written with an exclamation mark (!) immediately after
it, such as 2!, 45!, or 8! This strange-looking notation has a simple meaning, as
illustrated by the following examples:

S!=5%x4x3x2x1=120
MN=9x8xTx6x5x4x3x2x1=362880
In general, for a number n we have
nl=nxm-1Dxm-2)xmn-3)...3x2x1

Worked example 9.2
The number of complexions €2 is given by the equation

where N is the total number of particles and n, is the number of particles
in energy level i. The symbol IT denotes that we calculate the product



Level 3 @
Level2 ———@—@—

Levell —@—@—@—

Figure 9.2 The distribution of molecules as described in worked example 9.2.

of the quantities specified. What is the number of complexions if 3
molecules are in level 1, 2 molecules in level 2, and 1 molecule in level
3, as shown in Figure 9.2?

Chemical background
The arrangement of molecules between these energy levels is known as a
state and will be constantly changing. Normally, the broadest distribution
of the molecules across the energy levels will predominate. The expres-
sion for the number of complexions provides a starting point for the deri-
vation of the equation that describes the Boltzmann distribution law.

Solution to worked example 9.2
The first stage is to write out the quantities we have been given in the

question using the notation of the given equation. If there are n, mol-
ecules in level i, we can write

and the total number N of molecules is then given as

N=n +n,+n,

=3+2+1
=6
We can now calculate N! as
N! = 6!
=6x5x4x3x2xl
=720

The other factorials required are
n!=3=3x2x1=6
n!=21=2x1=2

and

n)l=1=

Statistical mechanics
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We can now substitute into our equation to give

N!
[T

N!

n!n,!n;!

Q=

6!
31211

720
6x2x1

_720
12
=60

This makes use of the There is, however, a slightly neater way of performing this calculation.
It will be shown here because the technique can be of use when we are
x7 dealing with symbols rather than actual numbers.

calculator button sequence.

Because
6l=6x5x4x3x2x1
and
31=3x2x1
we can write
6!=6x%x5x%x4x3!

If we now substitute into the equation for €2, we obtain
6!
31211

_6><5><4x3!
3

Cancelling 3! top and bottom, and writing 2! as 2, and 1! as 1 gives

_6><5><4
2

=6x5x%x2

Q

=60
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Number T,
of molecules
with a

given energy

Energy

Figure 9.3 The Boltzmann distribution with 7, > T,.

This second method makes the calculation easier when a calculator is
not available.

9.3 The Boltzmann equation

The Boltzmann distribution law allows us to specify the distribution of mol- It is not always appreciated
ecules among the energy levels. An increase in temperature results in an  that the Boltzmann distribu-
increase in molecular energy, as shown in Figure 9.3. Therefore, we would  tion is given in terms of gen-
t such a function to depend upon temperature eral energy levels, although

expect such a .unc . p P . P X ’ L. the Maxwell-Boltzmann

The essential process in its determination is to maximize the number of  gisyribution relates only to
complexions €2 with respect to the number of particles in each level n. If Q is  kinetic energy and molecular
a maximum, it follows that In Q will also be a maximum, so that the derivative  speeds.

that needs to be calculated and set equal to zero is

0lnQ
on;

1

9.3.1 Differentiation of logarithms

This topic was covered in Chapter 5, Section 5.4.2, on page 149. The important
result is
dinx 1

dx ;

9.3.2 Differentiation of products

This subject was described in Chapter 7, Section 7.6.1, on page 252, where we
saw that if f(x) = u(x) v(x), then
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du(x) . dv(x)

ACR u(x)
dx

Worked example 9.3
Stirling’s approximation states that

Inn'=nlnn-n

for large values of n. In the derivation of the Boltzmann equation, this
leads to the equation

dlnQ d
-2

on; Con,

1

n; Inn; - n,-)

i 1

on;

1

Obtain an expression for the derivative on the right-hand side of this
equation.

Chemical background
Stirling’s approximation is very useful when we are dealing with large
numbers, as is the case in statistical mechanics. Consider how difficult it
would be to calculate the factorial of Avogadro’s number. If you try it on
your calculator, you will see that it cannot be done, but it is straightfor-
ward using the equation above.

Solution to worked example 9.3
The expression to be differentiated consists of two terms that will be
considered in turn. The first involves determining

%(n, lnni)

1

Remember that the rule for differentiating a product is to differentiate
the first function and multiply by the second, then differentiate the sec-
ond function and multiply by the first. This will give us

%(ni lnn,-) = (lnn[)%(n[) +n, %(lnni)

i i i

Because
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and
0
—(Inn, )= —
on, ( ') n,
we obtain
—(n,.lnni)=lnni+n,.—
n n;
=lnn +1
and so

%(”i Inn, —”i)= —(lnn,. +1—1)

i

=-Inn,

Worked example 9.4
The Boltzmann equation for the number of particles n, in an energy level
i having energy €, is

where N is the total number of particles and & is the Boltzmann constant.
Obtain an expression for the number of particles in level i relative to that
in level j.

Chemical background

S

in this expression is known as the partition function and is usually given
the symbol 6. This quantity is of great importance in statistical mechan-
ics. We often calculate the partition functions for translation, vibration,
rotation, and electrons separately.

The quantity

309
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Solution to worked example 9.4
We can use the equation as given:

for level j. Notice that we are still considering energy levels i in the sec-
ond expression; it really does not matter what symbol we use as long as
that on the summation sign X corresponds to that inside the summation
(in this case on the energy level).

When we take the ratio of n, and n, we obtain

X - 8i
n; P kT

n; - £
€X -
Pl

because the denominator of the defining equations is the same for n, and
n. To simplify this expression, we need to use the fact that

SO we obtain

We can rewrite

—&-(-¢)
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as
—8]. + Ej
which is given more usually as
~€-¢)

and so the expression we obtain is

n; _(si - S]‘)
— =exp| ———

n; kT

J

9.4 The partition function

In the previous section, we met the idea of a partition function g and saw that  The partition function g
it was defined as defined here is actually the

molecular partition function.
20"
qg= ) exp| -
- kT
1

the whole system is equal

to ¢V, and this needs to be
divided by N! if the particles
making up the system are
indistinguishable, such as

in a gas.

] The partition function Q for

9.4.1 Integration by substitution

In Chapter 7, Section 7.6.2, we met the technique of integration by parts, which
was used for the integration of certain types of functions that could not be
treated using the simple rules we had already learned. Other functions may be
integrated by making an appropriate substitution.

Suppose we need to calculate the integral

1
f (x +5)*dx
0

One way of doing this, of course, would be to expand the bracket using
Pascal’s triangle as outlined in Chapter 8, Section 8.8.1, on page 290, and
then to integrate each term of the polynomial individually. However, a quicker
method, which is of more general use, is as follows.

If we make the substitution

u=x+95

we can differentiate this defining equation to give
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du_

—=1
dx

because the constant 5 will differentiate to zero. We can then rearrange the
expression for the derivative to give

dx = du

Because this is a definite integral, we can replace our limits in the variable
x with the corresponding limits in the variable u. For the lower limit, when
x = 0, we have

u=x+5
=0+5
=5
For the upper limit, x = 1, and so
u=x+5
=1+5
=6
We are now able to work through the original expression for the integral,

replacing terms relating to x with those relating to . This involves:

* Replacing the lower limit x = 0 withu =5
* Replacing the upper limitx = 1 withu =6
* Replacing (x + 5)* with u*

* Replacing dx with du

The result of these replacements is that the integral to be calculated becomes

6

fu4du

1

This is straightforward to calculate using the basic rule of raising the power
by one and dividing by the new power. We then have

6 5 6
de
5
1 5

Substituting the appropriate limits and using a calculator to evaluate the
terms then gives



_ 77763125
5

_ 4651
5

=930.2

Worked example 9.5
The rotational partition function ¢, of a diatomic molecule is given in
terms of the rotational quantum number J as

* 2
g, =f(2] + l)exp[—'w]dJ

0 82 IkT

where I is the moment of inertia, £ is Planck’s constant, k is Boltzmann’s
constant, and 7 is the absolute temperature. The upper limit on the inte-
gral sign is infinity, denoted by c. Calculate this integral in terms of
these quantities by using the substitution x = J(J + 1).

Chemical background
The fact that the rotational partition function is calculated using an inte-
gral rather than a summation is because the rotational levels are closely
spaced. We are effectively treating the rotational levels as being con-
tinuous rather than discretely spaced, and under these conditions, it is
appropriate to use the integral.

The actual expression for g for diatomic molecules contains an addi-
tional quantity known as the symmetry number. This takes the value
1 for heteronuclear diatomics (such as HCIl) and 2 for homonuclear
diatomics (such as Cl,) to allow for the fact that in the latter a rotation of
180° produces an indistinguishable orientation.

Solution to worked example 9.5
The substitution suggested in the question is clearly related to the expo-
nential term in the expression we want to integrate. As a first step, it is
useful to remove the brackets so we have

x=JU+) =1 +J

This can now be differentiated term by term using the rule that we mul-
tiply by the power and reduce the power by one. This gives

Statistical mechanics 313

There is no simple algebraic
expression for the rotational
energy levels of an asym-
metric top molecule, so the
calculation of its rotational
partition function is not
straightforward.
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dx

—=2J+1
dJ
so that
dx=QJ+ HdJ
and
dJ = dx
2J +1

We can now separate variables and integrate

fd“f(zfdi )

It is straightforward to change the lower limit in J to one in x. When
J =0, we have

x=02+0=0

Similarly, when J = o, it follows that x = . It is not really correct to use
infinity as a number in the above equation, but it should be apparent that
the two limits are the same.

We can now substitute for each term in the original expression. It is
actually easier to leave the initial (2J + 1) bracket as it is, but the other
changes required are:

» Toreplace J(J + 1) by x in the exponential term

dx

2J +1

» To replace dJ by

It so happens that, in this example, the limits on the integral sign remain
unchanged. The integral to be calculated in terms of x is therefore

y SR
q, =f(2J+ I)exp _x27
8 IkT | (2J +1)

0

The terms in 2J + 1 cancel top and bottom and we are left with

—wex - i’ dx
& .Of Pl smkr




This expression looks more complicated than it really is, and it is actu-
ally quite straightforward to integrate. The only variable in the exponen-
tial term is x, so we can group the other quantities to form a constant A
defined by

hz
A=
8’ IkT

We can now write a much simpler expression for the integral to be cal-
culated, which is

We saw in Chapter 7, Section 7.6.3, on page 254, that when we integrate
the exponential function we obtain the same function divided by any
constants. In this case the constant is —A, so we obtain

q, =fe’A*dx
0

Instead of dividing by —A within the brackets, this term can be brought
outside to give

Before we actually evaluate this expression at the specified limits, it is
worth realizing that because

Statistical mechanics
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If we now consider what happens at the upper limit of infinity, we see
that we are taking the reciprocal of the exponential of a very large num-
ber. The exponential of a very large number is itself very large, so the
reciprocal of this will be very small, and we will take it as zero. The
lower limit is zero, so Ax will be zero, and we need the reciprocal of °.
Because any number raised to the power zero is one, the reciprocal of e°
is also one, and this is our lower limit. Substituting into the expression
for g_now gives us

1
=~ o-1]

The two negative signs multiply to give a positive sign, so we obtain

!
q, A
Because we chose to define A as
h2
8 IkT
we finally have
1 8a’KT
q, A n

9.4.2 Calculating a series using a spreadsheet

The concept of a sequence was introduced in Chapter 7, Section 7.4.2, on page
240; if we sum the consecutive terms of a sequence, we have a series. We also
saw in Section 9.4 that the partition function ¢ can be defined as

-S| - &
q i p kT

where g are the energy levels in a molecule, k the Boltzmann constant, and T
the absolute temperature. Although we can obtain more usable expressions for
the rotational and vibrational partition functions ¢_and g, for the electronic
partition function g, we do usually sum over the actual energy levels. We then
also have to take the degeneracy g, into account, so the expression becomes
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€
= e -
q E,— 8i XP( kT]

This type of repetitive calculation is ideally suited to a spreadsheet, where
the numbers change in each term but not the form of the expression.

Worked example 9.6
In the oxygen atom, the first five electronic energy levels are given in the
table. Calculate the electronic partition function at 298 K.

Level Energy/10?'J  Degeneracy

P, 0 5
P, 3.160 3
P, 4512 1
D, 3154 5
1S, 671.7 1

Chemical background

In this example, each energy level is labeled according to its term sym-
bol. This has the general form

25+1L
J

The quantum number L represents the total orbital angular momentum.
When L = 0 we use the symbol S, when L = 1 the letter P, and when L =2
the letter D. The total angular momentum is represented by quantum num-
ber J, whereas S is the quantum number for spin angular momentum.

Solution to worked example 9.6
We begin by entering data for the energy and degeneracy into the spread-
sheet. Put a label gi into cell B2 and ei into C2, with degeneracies in B4
to B8 and energies in C4 to C8. Note the way of entering a number in
standard form, e.g., 3.160E-21 to represent 3.160 x 102!, We will also
need values for k and 7, so put these in cells F2 and F3, respectively, with
labels in the preceding columns.

We now begin to perform the calculations by entering a formula in cell
G4. This will be
= B4*EXP(-C4/($F$2*$F$3))

Note the use of $F$2 and $F$3 to ensure that the values are always read
from those actual cells rather than using relative addressing. G4 should
now contain the value 5 because the exponent in this case is zero.
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| Efvicrosoft bxcel - Chaptersxis [Readonl) =1l
|E Fie Edt wew Insert Former Took Data Window Hel TS|
DEHBSRY e - (&= f i 0eo: -7,
[T =] =SUM(G4.68)
AT 8 [ ¢ [ o E [ F Il el Al [ T Il L [ w [ I ol=

g =]
2] gi e k= 138623

EN T= 298

4] 5[0 5

B 3[3.16E-21 1.39203

|6 1]4.51E-21 0.33408

7] 5[3.155-19 26E-33

le| 1[6.72E-1% 13E71
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0 [zl

1]

[12]

[13]

[14]
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Figure 9.4 Spreadsheet used in worked example 9.6.

Now copy the formula from G4 into the cells through to G8. Note that
the values should decrease with increasing energy. The final stage is to
sum all these terms. Go to cell G10 and enter the formula

=SUM(G4:GS)

The value of 6.73 can actually be found by summing the first three terms
only; a little inspection shows that the contribution higher levels make to
the partition function is negligible. The final appearance of the spread-
sheet is shown in Figure 9.4.

Exercises

1. If two six-sided dices are thrown, in how many ways can the numbers
shown add to give an even number?

2. In how many ways could three cards belonging to the same suit be
selected from a standard pack of playing cards?

3. Evaluate these quantities without using the factorial button on a

calculator.
7!
(@ ;
6!
(b)
(51?
10!
©

41x 2!
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4. Determine the values of

n!
@ (n-1)!
n!
® (n-4)!
(n+2)!
© (n-1!

5. Write each of these expressions in factorial form:

(@ 6x5x4

b 13x12

(b) Sx4x3x2
I9x8x7

© —F
6x5%x4x%x3

6. Write each of the following in factorial form:
@ nn-Dn-2)
® @+ Dnnr-1)

© @m+6)n+S5n+4Hn+3)

7. Write each of these expressions as a multiple of a single factorial
quantity:

@ 6 +7!
(b) 23101 + 3(7!)

© 10!-8!

8. Factorize the following expressions by writing them as a single facto-
rial quantity:

@ n'—@-1D!
b n'—@n-2)

© m+DH+n—1)!
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9. Show that

d
—(Inkx) =
dx( )

= | =

regardless of the value of k.

10. Obtain a general expression for
d m
—(n+vx")
dx

11. Differentiate the functions:

@ x*Inx
(b) x3 er
() xe*

with respect to x.
12. Differentiate the following functions with respect to x:
(@ xsinx
(b) x?cosx
) e*cosBx+1)

13. Determine these integrals by using an appropriate substitution:

1
(@) f (2x + )*dx
0

(b) fx x? +2dx

2

© fezx+3 dx

0

14. Determine the following integrals by using an appropriate substitution:
(a) f e*Ne* +2dx

2

(b) f x(x® + 1) dx

0
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© f ln7xdx

15. Use an appropriate substitution to determine
dx
a
@ f x-=5

4

2
b d.
® [3x+2x

5
© f2x + ldx

16. Evaluate the following integrals by using an appropriate substitution:

[SYE]

@) f sin(3x + 2)dx

0

(b) f sin(x — 5)dx

27
© f cos(2x — 1)dx

19

17. Use a spreadsheet to determine the sum of the series defined by
fm =n’

fromn=1ton=10.

18. Use a spreadsheet to determine the value of

19. Obtain a general expression for the series
2+49+16+...+107

and hence evaluate this sum using a spreadsheet.
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20. Use a spreadsheet to evaluate the sum of the first 10 terms of the

series defined by
f(n) =3n+2

forn=>1.

Problems

1. From first principles, deduce how many ways there are of arranging 5

molecules in 3 energy levels, so that there are 2 molecules in each of
the 2 lowest levels.

. The number of complexions € of a system is given by the expression

N!

||ni!

1

Q=

where N is the total number of particles and 7, is the number of par-

ticles in level i. Obtain an expression for 2 when

(@) all N particles are in different energy levels, as shown in
Figure 9.5.

(b) all particles except one are in the lowest level, as shown in
Figure 9.6.

. The translational partition function g, _for a monatomic gas is given

by the expression

Level

12 —@——
" ——
10 ——
9 ——o——
8 ——&——
7T ———
6—————
5———
4—e—
3 —o—
2—o——
1———

Figure 9.5 All particles in different energy levels.



Level

1 0000000000000 00-

Figure 9.6 All but one particle in the lowest energy level.

3

QQumkT)?V
qtrans = T

where m is the mass of one molecule, k is Boltzmann’s constant, 7 is
the absolute temperature, V'is the enclosing volume, and 4 is Planck’s
constant. Obtain an expression for the pressure p of the gas by using
the formula

9ln
p = NkT qrrans
v o),

where N is the number of molecules present.

. (@ Obtain the equation for Stirling’s approximation by writing In N!
as a sum from n = 1 to n = N, replacing it by an integral that can
be evaluated using the result of Question 20 in the Exercises in
Chapter 7 and neglecting appropriate terms when N is large.

(b) Rewrite the expression for Stirling’s approximation in terms of an
exponential rather than a logarithmic function.

(c) What is the error introduced by using Stirling’s approximation
when N = 10?

. The partition function g is defined by the equation

€
=  EXp| —
- S|~

where €, is the energy of level i, k is Boltzmann’s constant, and 7T is
the absolute temperature. Show that if ¢ is multiplied by a positive
constant, it gives ¢’, which is the partition function for a system con-
taining energy levels with the same spacing but a different zero.

. It is often helpful to express the energy levels of a molecule in terms
of € /k as this assists computation. The electronic energy levels for the
nitrogen atom are expressed in this form below:

Statistical mechanics
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8
4 0

6 27658.7
4 27671.7
6 41492.4

The degeneracy g, of each level is also given. Use this data and direct
summation to show that only the ground state contributes to the elec-
tronic partition function of nitrogen at 298 K.

7. The rotational constant B of a rigid rotor is defined by the equation
hz
8’

where & is Planck’s constant and / the moment of inertia.
(a) The value of B for HCl is 10.5937 cm™. Convert this wavenumber
to an energy value.
(b) Use the relationship
kT

"y

to obtain the rotational partition function of HCI at 298.14 K. The
absolute temperature in this equation is represented by 7, and the
Boltzmann constant by k.

8. Use the data from Problem 7 in Chapter 8 to determine the ratio of mol-
ecules in the v =0 and v = 1 vibrational states at both 25°C and 100°C.

9. The Sackur—Tetrode equation gives the entropy S of an ideal gas as

S

T
——=-9.620+1247In M, +1247In| —
JK™" mol™ K

where M is the relative molecular mass and T the absolute tempera-
ture. Obtain an expression for dS/dT that describes the variation of
the entropy with absolute temperature.

10. When calculating the translational partition function for a monatomic
gas, it is necessary to evaluate the integral

p n2h?
exp| -—= dn
.[ P 8ma’kT *




where 7_is the quantum number for direction x, a is the correspond-
ing diménsion, m is the mass of the molecule, T is the absolute tem-
perature, & is Planck’s constant, and k is Boltzmann’s constant. This
integral is of the general form

%

2
fe‘“x dx

0

and its value can usually be obtained from tables of standard inte-
grals. In this problem we will derive the result, however.

@ If

I =fe'“x2dx

show that

where dA = dx dy.

(b) This double integral can be transformed to polar coordinates r
and O using the equations

rr=x*+y?
dA=rdrdg
Show that this gives

0

I’ =fre“”2d

0

do

o% [SIE]

because r and 0 are independent variables.

(c) Evaluate the integral

©

g
fre‘"dr

0

by using the substitution # = r* and hence show that

=8

SR

Statistical mechanics
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Appendix A: Units

A.1 SI Prefixes

Multiplier Name Symbol
1018 atto a
107 femto f
10712 pico p
10 nano n
10 micro u
1073 milli m
1072 centi c
107! deci d
10° kilo k
100 mega M
10° giga G
10" tera T

A.2 Equivalent Units

Unit Symbol Equivalent(s)
Angstrom A 10" m

Hertz Hz s7!

Joule J Nm kg m? s~
Litre 1 dm’ 107 m?
Newton N kg m s7?

Pascal Pa N m? kg m! s

Volt \% Jjct! kg m? s A~







Appendix B: Physical Constants

These are given to 4 significant figures. There will be cases where you will
need to find more precise values.

Constant Symbol Value

Avogadro constant L 6.022 x 10* mol™!
Bohr radius a, 5292 x 10" m
Boltzmann constant k 1.381 x 103 J K
Electronic charge e 1.602 x 107 C
Electron rest mass m, 9.109 x 103" kg
Faraday constant F 9.649 x 10* C mol™!
Gas constant R 8.314 J K-' mol™!
Planck constant h 6.626 x 107 J s

Velocity of light in a vacuum c 2.998 x 10° m s~







Chapter 1

L.

2.

3.

11.

12.

13.

14.

15.

16.

17.

18.
19.

20.

(@) 2
(a) 2

(a) 28

(@7

@9
@y=x-10
(a) 36

(@) 67!

(a) 4] 2

(a) 3?

(@) 47
4
(@ g
3i
@ 78
21
(@ 372
9
(@ E
(a) 3.6387 x 10*

(@) 36 200 000

3
@ - E
(@ -1

5
(@ ﬂ

(b) =5

(b) 7

(b) —12

(b) =7

(b) -1
(b)y=8—3x
(b) x°

(b) x~!

(b) x12

5

() x3

(b) 3x°5
2
b =
(b) 3
13
b =
(b) 3
16
(b) pYs
3
(b) 1

(b) 2.238 000 x 10°

(b) 16 600

Answers to exercises

© -6

© -5

©21

©9

©7
©y=2x-5
©x

©y°

—-12

©y

©ys
() 2y

2x
© 5

1
© 5
5
© E
9
© E
(c) 1.76 x 10~*

(c) 0.000 0127

8
© —5
(c) -117

41
© E
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Chapter 2
1. (a)350 (b) 0.0012 ©054 (@13
2. (2 13.85 (b) 0.25 (© 99.54 (d)0.01

3. @78500 () 0.00675 (0120  (d)80000

4. @31 (b) 12.8 ©00 (@10

5. (a)15.6 (b) 19.1 ©23 @22 (@139
6. (a) 6548 (b) 1160 (© 1.24

7. (@105 (b) 4.4 © 172

8. (a)2.85 (b) 0.36 (© 3.62

9. ()04 (b) 0.01 © 1%

10. (@ 186cm®  (b) 0.017 © 1.7%

11. (@ 108cm  (b)0.010 © 1.0%

12. (a)0.14 (b) 0.34 (© 0.10

13. @0020  (b)0.064 (© 1.0 x 107

14. 312+04ms"

15. (a) 10.63 (b) 10.62 (© 10.61
16. 0.17

17. 0.281

18. 0.08

19. 0.38

20. 0.04

Chapter 3

1. @y=7-x b)y=3x-6 (c)y—E
X

2 5
2. (a)y=ﬁ (b) y=—= ©y=>

Jx

3. (@ Xy +xy° G+ xy—xHy—xy* (©x*-y*



@04 (i1) 228 (i) 12x° + 6x* + 8x + 1
Mb)@ 6 (i1) 5589 (iii) 48x° + Sx*
© @3 (i1) 215 (iii) 24x*

L4 9,162
o XX X
. (2 1.380 b1 (c) 1.099
. () gradient = 6, intercept = 3

. 5 . 4
(b) gradient = 3’ intercept = 3

. 1 .
(c) gradient = 5 intercept = —4

Iny
A
—1.00 —
—1.20
—1.40
—1.60 —
—1.80 —
—2.00
—2.20 —
—2.40 —
1
—2.60 X I I —» x
0.0 0.2 0.4 0.6 0.8 1.0

Answers to exercises
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9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

30 -
25 1
20
15 1

<
-

10

o

x2

@ -1 (b0 © 16

3
@0 (b)0 © 5

f(x,y) is not defined when x =0 or y = 0.

@1 (b) 2.69 © 4.10
i=6x+2y+12x2y2, ¥ _ 2x +8x’y
0x ay

df (x,y) = (6x + 2y +12x*y*)dx + (2x + 8x°y)dy

2x + 2xy + Y4, x> 4+ 2xy + 2y
@x=0720rx=-972

(b) x=-1.39 or x =-0.36
©x=0.240rx=4.27

x=-1330rx=0.5



Answers to exercises

Chapter 4
1. 1.03
2. x?andy are inversely proportional.
3. y=3x?
4 r
Z
5. x=4.327
6. x=16
7. (a) y against In x, gradient = 6, intercept = 4
(b) log y against \/; , gradient = 2, intercept =0
(c) In y against log x, gradient = 2, intercept = —3
8. (a) r against s2, gradient = 1, intercept = -5
(b) w against v, gradient = 3, intercept = 9
(c) a against b, gradient = 1, intercept = 14
9. (a) y against %, gradient = 4, intercept = 7
(b) log 2y against x—z , gradient = 1, intercept = 6
© iz against %, gradient = 1, intercept = %2
10. y=18x-04
11. a=42,b=-38
12. @x=-3andx=3 (b)x:—%
13. @x=0andy=0 (b)x=0orx=1
14, x=1,y=0
1. dg;) — 45x* +9x =2
IO 50,0 4184

dx?
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16. 4 - %
y
17. x==%2
18. x =¥, minimum
19. x=0.397
20. Point of inflexion at x = 1
Chapter 5
1. 19
x(v
2. (a)?+C b x'+C
4
3. (@ 2x3+2x2+8x+C (b) §x4+—x3+C
2 4 3
4
© gx5 -—xX*+6x+C
5 3
2
4. (@) = (b) 48
3
5. (@) %xz +Inx+C (b) 6.746
1
6. (a) -+ C (b) 0.7997
2x
1
7. (@ x°+5Inx - — + C (b) 666 620.77
x
9 o 4 3
) —x——InBx-D)+—+C
© 8 3 ( ) 5x°
8. (@log 12 (b)In6
9 X _ 3 _ 2
' x+2)(x+3) x+3 x+2
3
10. (@) 4x +— (b) 3+ !
X X -
2
12x% - ———
© =
x2
11. (a) 5 +In(x-2)+C (b) 0.444

(©) —L+C

3x°

(©) 28 068
(c) 2425.8

(0 -6.71x 107

(©In2

(©) -1.262



Answers to exercises

12. 0.067
13. (a) 0.0996 (b) 29.56 ©3
14. (a) e® (b) e’ (c) x*e3
15. (@ x=1.623 (b) x=-0.288 () x=1.082
16. (a) x =36.6 (b) x =335 ©) x=62946 1
2
17. (@) arcf(x) = XT'S (b) arcf(x) = (;j +8
(c) arcf(x) = 7
\/ 8lx-2
18. x=6.5,y=-10.5
19. x=-2,y=3
20, x=2,y=-2,z=0
Chapter 6

I. 951 cm

2. (a)2.8 (1) 5.0 ©) 7.6

3. @30 (b)2.5 ©95

4. 0.82,0.59, 1.38

5. 34.9° 55.1°90.0°

6. (2)0.191 (b) 0.848 (c) -3.078

7. (a) 0.8660 (b) -0.7071 (© 0.5774

8. (@) x=20.6° (b) x = 96.2° (©) x = 37.4°

9. (a) x=-0.280rad (b) x =-0.343 rad () x=1.585rad
10. (a) 4.1 b 7.5 © 6.2
11. (a) 0.531i-0.27j + 0.80k

(b) —0.14i —0.27j + 0.95k

(c) 0.30i —0.90j + 0.30k
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12. @3i+j-2k (D)-i+3j-4k (©-=3 () —-i-7j-5k

13. 105.8°
14. (@ 4,2 (b)1,-8 (© 3,2
15. (@) 7+ 3i (b) 8 +2i ©2-12i
16. (@ 17 +i (b) -1 + 5i (c) 24 — 10§
kx —itkx ikx —tkx
17. coskx=l sinkx=e —¢
2 2i
3 2 1 2 10 4
18. (a b C
<>[7 3j <>(_1 _1] <>(7 2]
7
19. |10
6
32 22
20.
31 32
Chapter 7

1. (2900653 (b)8.20470747 (c)7.666854  (d) 17.760 919 33
2. xy=1011

3. (@6l (b) 0.007 35

4. Minimum at x = —-0.135

5. Minimum in f(x) at (1,6) , minimum in g(x) at (1,0)

6. 2
3

7. 12.76

8. (@)4-6i (b) =2 +i ©) 9 +4i

9. -12-66i

10. 2,12, 30, 56, 90



Answers to exercises

11. (a) 16, 19 (b) 37,50 (c) 26, 51
12. fm=3x2"fornz0
-1
13. arcf(x) = \/;
2
1 x
14. arcf(x)=, |—In (J
a 2
15. (a) 0.3x7%7 (b) -1.2x7'¢ (c) 6y (d) -0.25¢"
16. (@ 2xInx+x D) e*2x+1) ©) 2ye®—dy?e™®
17. (a) 2¢* (b) -3¢ (©) 3exp(3x +2)
et e —1 oS 2
18. (a +C b c
@ 2 (b) © p
2
0. D 5007
20. xInx-x+C
Chapter 8
1. 66,53
2. 0.380
3. —41
4. (a) x is inversely proportional to In y
(b) x? is directly proportional to y
(c) x is inversely proportional to e~
5. (a) y is directly proportional to x , constant = %
(b) y is inversely proportional to x?, constant = a*b
(c) y is directly proportional to In x, constant = %
1
6. @lnx (b) In x%y © ln[zj
y
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7. @%In(x+1)-YAn(x-1)
(b)In5+41nx
©In3+2Inx+Iny—-Inz
8. (a)log?2 (b) log x (¢) log 5x*
9. 31
10. 2N +3
11. 2

12. (@0 (b)cosx=b+2cx ©1 @do (e sinx=x

13. @ x*+ 12 x>+ 54 x> + 108 x + 81
(b) 32 x> — 320 x* + 1280 x* — 2560 x* + 2560 x — 1024

(©) 729 x° + 2916 x° + 4860 x* + 4320 x* + 2160 x2 + 576 x + 64
14. (@) x> + Sx*y + 1023y + 10x%° + Sxy* + y°

81 108y 54y* 12y°
O G-
X X X X

(¢) 16x* + 160x%y + 600x%y> + 1000xy* + 625y*

15. -108
16. 0.988 060
17. fm)y=2""fornz1

18. Write Pascal’s triangle in form

1

11
121
1331
14641

Diagonals arethen 1, 1 + 1,2+ 1, 1 +3 + 1, 1 +4 + 3, etc.

19, —6i sin 7ty
2m(9 - y*)
20. 1 g 1 e+ ! eV - L

- e
2w iy Ty iy iy



Answers to exercises

Chapter 9
1. 18
2. 1716
3. (a) 840 (b) 0.05 (c) 75 600
4. @n Onn-1)n-2)n-3) ©@r+2)(r+1)n
6! 13! 219!
> @ ASTET © 6
n! (n+1)! (n+06)!
6 @ (n-3)! ® (n-2)! © (n+2)!
7. (a) 8(6!) (b) 1443(7") (c) 89(8")
8. @mr-Dm-1D! bB@E-n-D®m-2)! ©©@+n-Dn-1!
0. -
mx
11. @2xInx+x (b) Bx* + 2x%) e* (c) e*(1-4x)
12. (@sinx+xcosx  (b)2xcosx—x?sinx
© e“cosBx+1)—3e sin Bx+ 1)
1 3
13. (a)24.2 (b) g(x2 +2)2+C (c) 539
2 3 (In x)?
14. (a) g(e +2)2+C (b)78 (©) - +C
15. @Inx-5+C (b) 0.373 © %ln(2x +Dh)+C
16. (a) —0.165 (b) —cos (x-5) + C (©) 0.0
17. 385
18. 1.198 862
19. 872
20. 797 148
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Answers to problems

Chapter 1
1. 0kJ mol™!
Ze*
2. -
o 4me v
3, 7o AH-AG
AS
[CH,]
4. (@) K= 4
[CO][H2]2
8[(:0]4 [H2]4
© K = SICHIH,0] _ [CH,][H,0]
[CO]4 2[H2]4
d) K = [CH4][H20] _ [CH4][H20]
[H,]* [CO}*
5 @ ke
[Noz] [N02]0
(b) kt = MOzl ~[NO, ]
[NO,][NO,],
6. 1 = (kg + kic + kise )(kg [R]+ kp + K" 150)
o kisckg [R]

7. (@) ¢ =2.998 000 00 x 10m s~
(b) R = 1.097 000 0 x 10" m™"
() F =9.649 0 x 10* C mol
d) p = 1.013 25 x 10° Pa

(© I=1.609 244 x 10° mm
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3RZ?

8. (@ v=

2
(b) 5282

9. 10.32 J K mol™

4 4

10. (a) v=K[O;]* = k[N,O4]

4

= 2 4
b v= MO 530,00

2

23
4
(©) v=0.072mol3 dm™

Chapter 2
1. (@@ 1.54A (i) 1.54 A
(b) (i) 25.0°C (ii) 25.01°C

© (i) =433 kI mol™ (i) —432.88 kJ mol™!
@ @) 16.0 (ii) 16.00

© (i) 8.31 J K" mol (i) 8.31 J K™ mol""

2. (@28gcm™ (b)15.03 g (c) 159 kJ mol™!
@79kJ () 0.042 mol dm™

3. (a) —283 kJ mol™! (b) 35.21 JK' mol™"  (c) 133 dm® mol™!

4. 1.0012

5. 0.12J K mol™!

6. 5.64 +0.24 m*

7. 3.07+0.05 %

8. mean = median = 494 kJ mol™!, mode = 493 kJ mol™,

variance = 4 (kJ mol™) 2, standard deviation = 2 kJ mol!
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9. 0.007 A
10. 0.001 A
Chapter 3
1. (@ AS=M (b)‘G:m (C)n=ﬁ SmE
T n, h
nR RT RT
2. @ — b) — ) —
@ v (b) v © ;

3. Plot Cp against T: gradient = b, intercept = a

4. 3.E+04
2.E+04
1.E+04
0.E+00

0.E00 2.E+03 4.E+03 6.E+03 8.E+03 1.E+04 1.E+04
-1.E+04

Data G

—2.E+04

-3.E+04

R RT
2 (”de-[” : Jdp
P )4
8. a=0.138 Pam® mol?, b =3.18 x 10~° m? mol™"

o v RT = \|R*T? - 4ap

2p

10. -0.32
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Chapter 4
1. 0.274 mol kg™
2. (a) wagainst ¢, gradient = R7, intercept = 0

(b) log k against \/7 , gradient = 1.02 z, z,, intercept = log k,

(c) A against \/Z , gradient = —(P+Q A ) , intercept = A

RT
3. (a) Plot E against In Q, gradient = — o intercept = E°
z
. . R .
(b) Plot E against 7, gradient = — o InQ, intercept = E°
Z
4. 0.325 mol dm™
2
5 de_pie
ot ax’
1
6. @V = (b) A7, = Ko
p
7. (a) Continuous, because v > 1
(b) o = 1, complete dissociation
8. 17.6 cm? mol™!
9. 1005.65 cm?®
10. Minimum at x = 0.433.
Chapter 5
1. 4.6x107°mol dm™s!
) d[NH,Cl] 1d[Cl,]  dINCl;] 1 d[HCI]
' dt 3 dt dt 4 dt
1 1-a 1-a .
3. ([A] -[Al, )= —kt , not valid when a = 1.
l-a
4. logv=logk+ mlog [NO] + n log [Cl,]

Keep concentration of one reactant constant. Plot log v against log
¢ where ¢ = concentration of other reactant. Order (m or n) is given
by gradient.
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5. First order, k =3.66 x 1073 s\,
6. 6.3x10°s™!
7. 81 kJ mol™!
8. 190 kJ mol™!

k
9. [Br]= k—'[Brz]

5

10. [NO]= &[NO,1

3

Chapter 6

L. .
2. 147A

3. 1922A

4. 3150 A

5. 36.5°

6. 110.2°

7. di, aj, ak, Y2ai + Y2aj + V2ak
8. 364.3 A

9. @ F(00/)=f exp 2nilz + f, exp 2mil(z + 0.5)

o (-6 A0

Chapter 7

1. 52917726 % 10""'m

f A
2. Minimum at r =3 3—
2B

3. arcE(n)= %\/mn

4. v-v =252x10%T wherev =547 x 10" Hz
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3
2
arcW, (r) = - G In I 4
Z 2\ Z

5.
1
6. dm_T 2P
" dE h\E
1
7. A=
27w
g, “H
6m
9. o) wnt
2nn 3
10. gaa
2
Chapter 8

10.

423D, 1.74 x 107 C m?

6.949 x 10" Hz, 4.314 x 10° m, 4.604 x 10~°J
I=1e™"

F(J+1) — F(J) =2B (J+1) —4D(J+1) 3

8.41727 x 1072]

G -GO)=w, -2 o, x,

3452 x 10°°m

37955 -0.035m

The peak due to (CH,) , will be split into two in the ratio 1:1. The
peak due to CHI will be split into seven in the ratio 1:6:15:20:15:6:1.

1 ) =2(a+im)
glw)= o
2n(a+iw) 2
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Chapter 9

1. 30

2. @N! (b N

4. (b) NV eV © 14%
5 ¢'= E & CXP[_(SI;; a)]

6. 4
7. (a)2.104 38 x 10722] (b) 19.561
8. 8.4325x 107, 1.4039 x 1075

das 1247
dT (T /K)







Chemistry

Many undergraduate students enter into chemistry courses from
a wide range of backgrounds, often possessing various levels of
experience with the mathematical concepts necessary for carrying
out practical calculations in chemistry. Chemical Calculations:
Mathematics for Chemistry, Second Edition provides a unified,
student-friendly reference of mathematical concepts and techniques
incorporated into the context of familiar chemical topics.

Uniquely organized by chemical topics, rather than by mathematical
topic, this book relates each mathematical technique to the
chemical concepts where it applies. The new edition features
additional, revised, and updated material in every chapter. It
achieves greater clarity with newly improved organization of topics
and cross-referencing where mathematical techniques occur more
than once. The text also contains numerous worked examples
along with end-of-chapter exercises and detailed solutions—giving
students the opportunity to apply previously introduced techniques
to chemically related problems.

Features:

e Highlights the relevant mathematics in the context of topics
covered in various branches of chemistry

* Emphasizes a practical, easy-to-use format that is accessible
to students and professionals from a variety of scientific
disciplines involving chemistry

e Features improved cross-referencing and separate indexes for
chemical and mathematical topics

* Includes numerous worked examples and problems for each
chapter

e Offers partial solutions at the end of the book and more
detailed solutions in a separate solutions manual

An ideal course companion for chemistry courses throughout the
length of a degree, the second edition of Chemical Calculations:
Mathematics for Chemistry may also extend its utility as a concise
and practical reference for professionals in a wide array of scientific
disciplines involving chemistry.
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