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MTH 202: Complex Numbers

April 21, 2024



0.1 Complex Numbers

In algebra it is often necessary to solve quadratic equations such as
> —32+2=0.
The general quadratic equation is ax? + bxr + ¢ = 0, and its solutions are given by

the Quadratic Formula,
—b+ Vb — dac
2a ’

=

L=

where the quantity under the radical, b* — 4ac. is called the discriminant. If b* —
4dac > 0, then the solutions are ordinary real numbers. But what can we conclude
about the solutions of a quadratic equation whose discriminant is negative? For
example, the equation 22 + 4 = 0 has a discriminant of > — 4ac = —16. In algebra,
it is clear that there is no real number whose square is —16. By writing

V=16 = \/16(-1) = V16v/—1 = 4v/—1,

we can see that the essence of the problem is that there is no real number whose
square is —1. To solve the problem, mathematicians invented the imaginary unit 7,
which has the property i> = —1. In terms of this imaginary unit, we can write

vV—16 =4y -1 =4i.
Definition 1. The number i is called the imaginary unit and is defined as

i=v-1.

Remark: When working with products involving square roots of negative numbers,
be sure to convert to a multiple of ¢ before multiplying. For instance, consider the
following operations:

V-l/-1=i-i=i*=-1 Correct
V-1v/=1=/(-1)(-1)=v1=1. Incorrect

Definition 2. If a and b are real numbers, then the number
a -+ bi

is a complex number, where a is the real part and bi is the imaginary part of
the number. The form a + bi is the standard form of a complex number.
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A complex number is uniquely determined by its real and imaginary parts. So, we
can say that two complex numbers are equal if and only if their real and imaginary
parts are equal. That is, if a 4+ bi and ¢ + di are two complex numbers written in
standard form, then

a+bi=c+di,

if and only if a = c and b = d.

0.1.1 The Complex Plane

Because a complex number is uniquely determined by its real and imaginary parts,
it is natural to associate the number a + bi with the ordered pair (a,b). With this
association, we can graphically represent complex numbers as points in a coordinate
plane called the complex plane. This plane is an adaptation of the rectangular
coordinate plane. Specifically, the horizontal axis is the real axis and the vertical
axis is the imaginary axis. For instance, Figure 1 shows the graph of two complex
numbers, 3 + 2i and —2 — 7. The number 3 + 2 is associated with the point (3, 2)
and the number —2 — i is associated with the point (-2, —1).

Another way to represent the complex number a+bi is as a vector whose horizontal
component is a and whose vertical component is b (Figure 2.)



v

0.1.2 Addition and Scalar Multiplication of Complex Num-
bers

Because a complex number consists of a real part added to a multiple of 7, the op-
erations of addition and multiplication are defined in a manner consistent with the
rules for operating with real numbers. For instance, to add (or subtract) two complex
numbers, add (or subtract) the real and imaginary parts separately.

Definition 3. Addition and Subtraction of Complex Numbers

The sum and difference of a+ bi and ¢+ di are respectively defined as follows:
(a+bi)+ (c+di) =(a+c)+ (b+d)i
(a+bi) — (e +di) = (a—c) + (b—d)i.

Example 1. Adding and Subtracting Complex Numbers
2—-4i)+B3+4)=2+4+3)+(-4+4)i=5
(1-3)—34+1)=1-3)+(-3—-1)i=-2— 4.

Using the vector representation of complex numbers, we can add or subtract two

complex numbers geometrically using the parallelogram rule for vector addition, as
shown in Figure 3.
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Many of the properties of addition of real numbers are valid for complex numbers as
well. For instance, addition of complex numbers is both associative and commutative.
Moreover, to find the sum of three or more complex numbers, extend the definition
of addition in the natural way. For example,

2+3)+B—2)+(—2+44)=2+4+3-2)+(1—-2+4+4)i=3+3:.

Definition 4. Definition of Scalar Multiplication
If ¢ is a real number and a + bi is a complex number, then the scalar multiple of ¢
and a + bi s defined as

cla + bi) = ca + chi.

Geometrically, multiplication of a complex number by a real scalar corresponds to
the multiplication of a vector by a scalar, as shown in Figure 4.

Example 2. Operations with Complex Numbers
32+ T7i)+4(8—1i) =6+21i+32—4i =38+ 17i
—4(14+9)+2(3—1)—3(1—4i) =—4—4i+6 — 2 — 3+ 12i = —1 + 6i.

With addition and scalar multiplication, the set of complex numbers forms a vector
space of dimension 2 (where the scalars are the real numbers).

0.1.3 Multiplication of Complex Numbers

The operations of addition, subtraction, and multiplication by a real number have
exact counterparts with the corresponding vector operations. By contrast, there is
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no direct counterpart for the multiplication of two complex numbers.

Definition 5. The product of the complex numbers a + bi and ¢+ di is defined as
(a+ bi)(c+ di) = (ac — bd) + (ad + be)i.

Example 3.
(—2)(1 —3i) = -2+ 6i

(2—1)(4+3i) = 8+ 6i—4i — 3i> = 8+ 6i —4i — 3(—1) = 8+ 3+ 6i —4i = 11 + 2.

Example 4. Complex Zeros of a Polynomial:
Use the Quadratic Formula to find the zeros of the polynomial

p(z) =2° — 6z +13
and verify that p(x) = 0 for each zero.
Solution: Using the Quadratic Formula, we have

—b+ V/b? — dac B 6 + /36 — 52

2a 2

L=

_6+v—16 6+4i
N 2 I

Substituting these values of z into the polynomial p(x), we have

=3+ 2i.

p(3+2i)=(3+2)*—6(3+2i)+13=9+121—4—-18—-12{+13=0
and

pB—2)=(3-2i)>—6(3—2i)+13=9—12i —4 — 18 + 12i + 13 = 0.

In Example 4, the two complex numbers 3+2i and 3—2i are complex conjugates
of each other (together they form a conjugate pair). A well-known result from
algebra states that the complex zeros of a polynomial with real coefficients must
occur in conjugate pairs.
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0.1.4 Powers of the Number :

The formulas for the powers of a complex number with integer exponents are pre-
served for the algebraic form z = x + iy. Setting z = 7, we obtain

F=Pai=ly P eduisn Pefais=l =M=
It can be proved by induction that for every positive integer n,

i-’!n = 1; ’i47'+1 — An+2 = __11

i i ~’4n.+.3 =

1 —1.

Hence, i" € {—1,1,—i,i} for all integers n > 0. If n is a negative integer, we

have Y
PG = (%) = (=)™

;42641 + _l-4-5+3 o i4'5 .

=1

Example 5. We have
el = ad Dl S =it 141=2
Example 6. Solve the equation

2% = 18 4 264, where z = x + iy and x, y are integers.

Solution:
(@ +yi)* = (z + iy)*(z +iy) = (z* — y* + 2xiy)(z + iy)
= (z® — 3zy?) + (32%y — ¥*)i = 18 + 26i.
Using the definition of equality of complex numbers, we obtain
z3 — 3zy® = 18,
3z’y — y* = 26.

Setting y = tx in the equality 18(3z%y — y*) = 26(x® — 3zy?). let us observe that
x # 0 and y # 0 implies 18(3t —t*) = 26(1 — 3¢?), which is equivalent to (3t —1)(3¢*—
12t — 13) = 0.

The only rational solution of this equation is t = % hence,

z=3, y=1, and z2=3+1.
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0.1.5 Complex Matrices

Definition 6. A matriz whose entries are complex numbers is called a complex
matrix.

Example 7. Operations with Complex Matrices:
Let A and B be the complex matrices below

i 1+
A= [2—31 4 ]

20
= [i 1+21‘,J

and determine each of the following: (a) 3A (b) (2 -i)B (¢) A + B (d) BA

and

Solution:
(a)
L[ i 144 [ 3 3+3i
3A_3[2—3z' 4}_[6—917 12]
(b)
4 280 [24+4i 0
(2_")3‘(2“)[i 1+2i]__1+2i 4+3i]
(c) )
i 144 [20 0 3 14
A+B‘{2—3¢: 4 ]+[i 1+2‘i,__[2—2i 5+2‘1]
(d)

2 o0 i 14d] _[-2 -2+
BA_[" 1+‘2-i] [2—31 4]_[7+i 3+9i]

Example 8. Finding the Determinant of a Complex Matrix
Find the determinant of the matrixz

am® 2

3 5—3i

3 5—3i
Solution:
2—4z 2 N e ; ; ;
det(A) = ‘ ’ = (2—4i)(5—3i)—(2)(3) = 10—20i—6i—12—6 = —8—26:i.
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EXERCISES

(a)
i
(b)
ii.
()
.
ii.
i
(d)
(e)
i
i,

(f)

i 2

il.

1ii.

Determine the values of the expressions
vV=2v-3, V-4vV—4, VBV-8

2, it (=)

Plot the following complex numbers.
z2=6-—2i, z=1+5i.

z2=3t, z2=T.

Determine x such that the complex numbers in each pair are equal.
x+ 3i, 6+ 3i

2z —8)+ (x—1)i, 2+ 42
(—z+4)+(z+ i, 2+ 3¢

Solve the following equations:

z-(1,2) = (-1,3);

(1,1) - 22 = (-1,7).

Compute the following:

j2000 | ;1999 4 ;201 | 82 | a7,

i 4 (—i)"T + (=i)13 4 7100 4 (—§)%

Solve in C the following equations:

Let a, b, ¢ be real numbers and w = —% + Hé Compute

(a + bw + cw?)(a + bw? + cw).

Perform the indicated matrix operation using the complex matrices A and B

1+i 1
= [2—21: —31:]



and
1—2 3z
s=[5 2

(i) A+ B (i) B — A (iii) 2iA (iv) 3iB.

0.2 Conjugates and Division of Complex Num-
bers

0.2.1 Definition of the Conjugate of a Complex Number

Definition 7. The conjugate of the complex number z = a + bi is denoted by z and
is given by
zZ=a-— b.

From this definition, we can see that the conjugate of a complex number is found
by changing the sign of the imaginary part of the number. For example,
2=-243%=2=-2-3i, 2=4-5i= Z=4+4 5i.
Remark: It should be noted that a number is its own complex conjugate if and only

if the number is real.

Geometrically, two points in the complex plane are conjugates if and only if they
are reflections about the real (horizontal) axis, as shown in Figure 5.
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0.2.2 Properties of Complex Conjugates

For complex number z = a + bi, the following properties are true.

i. 22=a?+?

il. 2220
iii. zZ =0 if and only if z =
iv. (;) =2

Example 9. Find the product of z =1 — 2i and its complex conjugate.

Solution: Because Z = 1 + 2i. we have

22=(1-20)1+2)=12+22=1+4=5.

0.2.3 The Modulus of a Complex Number

Because a complex number can be represented by a vector in the complex plane, it
makes sense to talk about the length of a complex number. This length is called the
modulus of the complex number.

Definition 8. The modulus of the complex number z = a+ bi is denoted by |z| and

s given by
(ol = V@ .

Example 10. Finding the Modulus of a Complex Number
For z = 2+ 3i and w = 6 — i, determine the value of each modulus. (a) |z| (b) |w|

(c) |zul

Solutions:

(8) |2] = V22 +3% = V13; (b) [w| = /6% + (-1)% = V3T;
() 2w =(2+3i)(6—i) = +1(n=>|u|—\/m—\/4T

Theorem 1. For a complex number z.
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0.2.4 Division of Complex Number

Consider z = a + bi and w = ¢ + di and assume that ¢ and d are not both 0. If the
quotient

~
~

—=xI+1y
w

is to make sense, it has to be true that
z=w(x +iy) = (¢ + di)(z + iy) = (cx — dy) + (dx + cy)i.
But, because z = a + bi, we can form the linear system

cr —dy = a

dr + cy = b.
Solving this system of linear equations for x and y yields
ac + bd be — ad
= —, Y= —.
ww ww

Definition 9. The quotient of the complex numbers z = a + bi and w = ¢ + di is

defined as
a+bi ac+bd be—ad. 1

w c+di A+d*? 2+ d? |w|?

provided ¢ + d* # 0.

In practice, the quotient of two complex numbers can be found by multiplying
the numerator and the denominator by the conjugate of the denominator, as fol-
lows:

(c+ di) (¢ — di) 2 +d?
ac+bd be— ad.

= — == = (2
c2+d2 24 d?

a+bi a+bise—di a+b)(c—di ac + bd) + (be — ad)i
b l( d)~_ b 1 B bd b d

¢+ di :c+d'i c—di

Example 11.
(@) 11 (1—7')_ 1—1 _1—17_1_12,
Vs T ANl =g T B=4 T 8 T 9 3
o) 2—77_2—15(3—411)_2—11:',_3_57,
3+4i 3+4i\3—4i/ 9+16 25 25°
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Example 12. Find the inverse of the matrix
2—1 —5+4+2i
S [3—1'. —6+2i]
and verify your solution by showing that AA™' = I,.
Solution: Using the formula for the inverse of a 2 x 2 matrix, we have

1 [—6 +2i 5-— 25]

-1 _ =
A= -3 +i 2

Furthermore, because

Al = (2—i)(-6+2i) — (5—2i)(-=3+1) =3 — 1,

we can write
) [(—6 +20)(3+1) (5—2)(3+ i)]

g1 L [-6+2i 5-2] 1 (1
T 83—i|-34% 2—-i]| 3—-i\3+4+i/ | (-3+9)@B+i) (2-9)(3+17)
1 [-20 17—
T 10|-10 7-i|°

To verify, we multiply A and A~ as follows:

gt [2-i —5+2i] 1[-20 17—4] _ 110 0] _[t 0
T 3-i —6+2i|10[-10 7—i| 100 10/~ |0 1]

Theorem 2. Properties of Complex Conjugates
For the complex numbers z and w, the following properties are true.

. zFw=z+w

Z — W

|
2

¢

. z2—w

”Y
=

) =

) =

Wi 2

g Jwl &

= l(u

w. (
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EXERCISES

a. Find the indicated modulus, where z =2 + i, w = —3 + 2i, and v = —5i.
(i) [2] Gii) [22] (iii) [=u0] (iv) o] (v) 20?].
A2
b. Verify that (1—&%‘) =1

c. Determine all values of the complex number z for which A is singular.
(Hint: Set det(A) = 0 and solve for z)

(d) Solve the following equations:
i |z] =22z =3 — 43;
ii. |2| 4+ 2z =3+ 43;
iii. 22 =24 11, where z =z + iy and 2,y € Z
iv. (144)22+2+11i =0.
(e) Find the real numbers = and y in each of the following cases:
L (1-2)z+(1+2)y=1+¢4;
i A =g
iil. (4 —3i)a? + (3 + 2i)ay = 4y — 12® + (3zy — 2y%)i.

(f) Let z; = 1+ and z3 = —1 —i. Find z3 € C such that triangle z;, 25, 23 is
equilateral.

(g) Find all complex numbers z such that

42% + 8|z|* = 8.
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0.3 Complex Numbers in Trigonometric Form

0.3.1 Polar Form and DeMoivre’s Theorem

To work effectively with powers and roots of complex numbers, it is helpful to use a
polar representation for complex numbers, as shown in Figure 6.

Specifically, if a + bi is a nonzero complex number, then let # be the angle from the
positive z-axis to the radial line passing through the point (a,b) and let r be the
modulus of a + bi. So,

a=rcosl, b=rsinf. and r =+Va%+ b2
and we have
a+ bi = (rcosf) + (rsinf)i,
from which the polar form of a complex number is obtained.

Definition 10. The polar form of the nonzero complex number z = a+ bi is given
by
z=r(cosf + isinf),

where a = rcos@, b = rsinf, r = a? + b%, and tanf = b/a. The number r is the
modulus of z and 0 is the argument of z.

Remark: The polar form of 2 = 0 is expressed as z = 0(cos @ + isin ), where # is
any angle.
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Because there are infinitely many choices for the argument, the polar form of a
complex number is not unique. Normally, the values of # that lie between —7 and
m are used, although on occasion it is convenient to use other values. The value of 6
that satisfies the inequality

T <f<m

is called the principal argument and is denoted by Arg(z). Two nonzero complex
numbers in polar form are equal if and only if they have the same modulus and the
same principal argument.

Example 13. Find the polar form of each of the complex numbers. (Use the principal
argument.) (a) 2=1—1 (b)) 2=2+3i (¢) z=1i.

Solution:
(a) Because a =1 and b= —1, then 72 = 12 4+ (=12 =2 => r = /2.
From a = rcos# and b = rsinf, we have

cosf i ! and sin@ 0 : \/5
=—=—=— and nf =-=——=——
VL) r V2 2

So,
m .. T
0:—7’1’/4 and 2:\/§|:COS<—Z)+1.5111(_Z)}.
(b) Because @ = 2 and b = 3, then r2 = 22 4 32 = 2 = r = v/13. So,

cosb‘=g= 2 and sinﬁz?‘zi

and it follows that # ~ 0.98. So, the polar form is

z~ V13 [cos(O.QS) +1 sin(0.98)] :
(¢) Because a = 0 and b = 1, it follows that r =1 and 0 = 7/2, so

= | cosE+1'si11E
& = 2 ) 2 o

The polar forms derived in parts (a), (b), and (¢) are depicted graphically in Figure
7.
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Example 14. Converting from Polar to Standard Form
Express the complex number in standard form.

Z= 8[(:()5(— g) +isin(— g)]

Solution: Because cos (— %) = § and sin (— %) = — 5? we can obtain the standard
form Ji
il
z =8[cos(— g) + isin(— g)} =8[~2- —i;] =4—43i.

Suppose we have two complex numbers in polar form
21 = ri(cos by +isinfy) and zy = ra(cosby + isinb,)
Then the product of z; and 25 is expressed as

z120 = rira(cos @y + isinfy)(cos bz + isinby)
=TT [(cos #; cos B, — sin f; sin 92) + 19 ( cos #, sinf, + sin f, cos 02)] ;
Using the trigonometric identities
cos(; + 6) = cos B, cos Oy — sin by sin 0,

and
sin(f; + ,) = sin #; cos @, + cos @, sin b,

we have
Z1Rg = T'II'Q[COS((}l + 02) ~+ isin(()l + 02)]

Theorem 3. Product and Quotient of Two Complex Numbers:
Given two complex numbers in polar form

21 =ri(cosf; +isinby) and zo = ra(cosby + isinhy),

the product and quotient of the numbers are as follows.

2129 = rirafcos(0y + 62) + isin(6y + 63)] Product
- :—][cos(ﬁl —02) +isin(fy — 62)], 220 #0 Quotient.
22 2
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This theorem says that

(i) to multiply two complex numbers in polar form, multiply moduli and add argu-
ments;

(ii) to divide two complex numbers, divide moduli and subtract arguments.

Example 15. Find z,z, and le for the complex numbers

2= S[COS (g) + i sin (g)] and zp = %[cos (g) + i sin (%)]

Solution: Because we have the polar forms of z; and z;, we can apply Theorem 3
as follows:

2129 = (5)(%) [cos (g + %) + isin (l—r + %)] = g[cos?—g + isin ?—g]

4 ( g ) cos (7r 7() + 7sin (7T ﬂ) 15| cos i + 2sin %
—=— . - — = 1 ———=)| =15| cos — +1sin —|.
Z9 1/3 4 6 4 6 12 12

0.4 DeMoivre’s Theorem

Repeated use of multiplication in the polar form yields
z=r(cosf +isinf)

2?2 = r(cosf + isin #)r(cosf + isin @) = r*(cos 260 + i sin 26)
22 = r(cos f + i sin 0)r*(cos 26 + isin 20) = r*(cos 30 + i sin 36).

Similarly,

r!(cos 46 + i sin 46)
°(cos 50 + i sin 56).

.4
-
|4
i)
b

Theorem 4. If z = r(cos@ + isin#) and n is any positive integer, then
2" = r"(cosnf + isinnh).

Example 16. Raising a Complex Number to an Integer Power
Find (=1 + v/3i)'? and write the result in standard form.
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Solution: First convert to polar form. For —1 + /3i

r=1/(-1)2+ (V3)2=2 and tanf = L’l_ =—V3

which implies that § = 27/3. So,

—1+V3i= 2[COS (2?7{) s (2?‘”)]

By DeMoivre’s Theorem,

(-1+ v3i)2 = [2(cos (12(3—2”)) i fsin (E(gﬁfl))] N
(o2 (22

= 4096(cos 87 + i sin 87)
= 4096(1 + 7(0)) = 4096.

Definition 11. nth Root of a Complex Number
The complex number w = a + bi is an nth root of the complex number z if

z=w" = (a+b)".
DeMoivres Theorem is useful in determining roots of complex numbers. Let w be
an nth root of z, where
w=s(cosfB +isinfB) z=r(cosf+isinf).

Then, by DeMoivre’s Theorem. we have w" = s"(cosnf + isinn3) and because
y) o ? !
w™ = z, it follows that

s"(cosnfB +isinnB) = r(cosd + isinf).

Now, because the right and left sides of this equation represent equal complex num-
bers, we can equate moduli to obtain s = r, which implies that s = {/r and equate
principal arguments to conclude that # and nB must differ by a multiple of 27.



Note that r is a positive real number and so s = {/r is also a positive real number.
Consequently, for some integer &, nj3 = 6 + 2wk, which implies that

_ 0+ 27k

=

5}

Finally, substituting this value of 3 into the polar form of w produces the result
stated in the next theorem.

Theorem 5. The nth Root of a Complex Number:
For any positive integer n, the complex number z = r(cos@ + isinf) has exactly n
distinct roots. These n roots are gien by

0+ 2wk 0 + 27k
\'/F[cos (%) + isin (%)]

where k=0,1,2...,n— 1.

Remark: Note that when &k exceeds n — 1. the roots begin to repeat. For instance,
if k£ = n, the angle is
0+2mn 6
—=—+427
n n

which yields the same values for the sine and cosine as k = 0.
Note: When Theorem 5 is applied to the real number 1, the nth roots have a special
name- the nth roots of unity.

Example 17. Finding the nth Roots of a Complex Number:
Determine the fourth roots of 1.

Solution: In polar form, we can write i as

=1 cos7r+-isi117r
N g 9

so that r = 1 and @ = 7 /2. Then, by applying Theorem 5, we have

it = \Vf[cos (# + QATW) +isin (%—2 i %Tﬁ)]

= COS (%-&-%) + 2 sin (g—k%)
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Setting k£ = 0,1, 2, and 3, we obtain the four roots

T o pii
21 = cos — + isin —,
8 8

br .. oW
Z9 = €08 — + 281N —,

8 8

O oL O

Zg = COS F + 2 sIn ?"
3 .o 3T
24 =C€0S — +2SIn ——.

8 8
EXERCISES

1. Compute
(1—d)1°(V3 +i)°
C1—iv3)m

A
L

2. Compute
(L k™

3. Find the polar representations for the following complex numbers:

1 1 V3
(i) z = 6+6iV3; (ii.) 20 = 9-9iV3; (iti) 23 = —ZH?; 2z = ———i£.

4. Given that z is a complex number such that z + = = 2co0s3°, find the least

integer that is greater than 2290 + —is.

e |

e. Compute 2" + %, if z+ 1 = /3.

5. Find the square roots of the following complex numbers:

(i) 2 =1+i (id) 2=7-24i; (i) 2= -2(1+iV3); (iv) 2 = ==+ \/%

6. Find the cube roots of the following complex numbers:

(i.) 2= —4; (i1.) 2 =18+ 26i; (i) z=—2T; (iv) 2 = % - 1—2@
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7. Find the fourth roots of the following complex numbers:

(i) 2=2—4iV12; (i) 2=V3+4; (i8) z = -7+ 24i; (iv) z = —2i.

8. Find all the solutions to the equation and represent your solutions graphically.

(i) z*—i=0; (4i.) 2®+1=0; (3i.) 2> +64i =0; (iv.) z°+243 =0.

9. Recall that the Maclaurin series for e*, sinz, and cos x are

22 3 g
—1+.’I‘+a+§+—+
g8 a8 7
slnL—1—§+§-—F+
o R S
cos:r—l——2—|+I-a+

i. Substitute x = ¢ in the series for ¢* and show that

e = cosf + isiné.

ii. Show that any complex number z = a+ bi can be expressed in polar form
as

z= T(?ig.

iii. Prove that if z = re®, then z = re=%.

iv. Prove the amazing formula
e” =-1
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